On Errors in Determinants
By I. M. H. EtaeriNgTON, Edinburgh University.

(Recetved 6th March, 1931. Received in Revised Form 6th March. 1932.
Read 1st May, 1931.)

§ 1. Introduction. Care is needed in dealing with determinants whose
elements are subject to experimental error, particularly when a
determinant itself is small compared with its first minors., For, as
these examples show, a relatively tiny error in one element may be
responsible for a large error in the determinant :

— 73 78 24 — 73 78 24
92 66 25| =1, 92 66 25 = — 11894,
— 80 37 10 — 80 37 1001

Consider a determinant A, of order =, with elements a;
(i=1, ....,n%. Let the actual error in each element a; be e;, and
let the resultant error in A be E. In §§2-4, I shall find expressions
for (i) E in terms of ¢;; (ii) the maximum range of £ in terms of the
ranges of e;; (iii) the probability distribution P(E) of £ in terms of
the probability distributions p;(e;) of e¢;, assumed independent and
(for simplicity) symmetrical. In §§5-7, I shall investigate corre-
sponding results for the quotient of two determinants which are
identical except for one row or column. Such quotients are of
importance in practical work, occurring in the solution of a set of
simultaneous linear algebraic equations. In §8, the method is
applied to an arbitrary function whose arguments are subject
to error.

To apply the formulae to numerical determinants, it is necessary
for first approximations to calculate the complete set of first minors;
the second, third, ete., minors are required for closer approximations.
The calculation of these minors is very laborious in the case of a
determinant of large order. It may be pointed out, however, that
all the first minors can be found in the course of evaluating a
determinant and its adjugate by extant methods, for example that!
of T. Smith, Phil. Mag. (7), 3 (1927), 1007.

1 There is also a method suitable for use with a calculating machine, due to Dr
Aitken, and as yet unpublished.
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§2. Actual error tn a determinant. Let 4;, A, Ay, .... denote the
first, second, third, .... minors of A corresponding to the elements
indicated by the suffixes. An error e, in the term a, will cause
an error ¢; 4;,in A; errors ¢;, ¢ in the terms a;, a; will together cause
an error (¢; A; + ¢, A, +e;e;A;) in A; and so on. Hence in general:

E:EeiAi—l—Zeiq/Ai,-—}—Ze,-q;ekAi/k+...., (1)

the suffixes in each summation running from 1 to n? (This result
follows at once from Taylor’s Theorem, 4., A;;, 4, . ... being partial
derivatives of A.) It is to be observed that none of the errors occur
squared or to higher powers in (1).

§3. Range of error. 1If |e;| e, we deduce from (1):
‘E|<ZEL|AZ"—!—261'6.;)/1@1+z€i€;6klAijk}+ ..... (2)

vertical bars denoting absolute values. If we put ¢; = ¢, and neglect

€2, (2) becomes
B < eZ]A4;]. (3)

Thus X |4;| may be regarded as a measure of the sensitivity of a
determinant to small errors whose squares may be neglected.

As an application of these formulae, consider the first deter-
minant in §1, and suppose that the range of error in each element is
+ 3. We find £|4,| = 33099, 2|4;;|=2%|a; =970, and (for any
third order determinant) |4, | = 6. Hence (3) gives + 16550 as a
first approximation to the range of error in A. More accurately, (4)
gives:

B <}.33099 +1.970 + 1.6 < 16793

If we suppose that the determinant has occurred in some practical
calculation, and that the elements as given are only rough first
approximations (with e¢=1}), then the important question arises:
To what further degree of accuracy » should the elements be
evaluated, in order that the error in A may not exceed a given limit,
say for example 0-2?

We have in general, when the range of error in each element
is + 17,

Bl <nZ| B+ 73 Bl+ ...,

where B, B, .... are the correct values of the minors to which
A;, Ay, .... are approximations.
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Now
| A; — B;| = error in minor of a;

<€21Aij|+€22‘ilé{iﬂc'+ eo vy
J e
and hence
'B'bl <}A11+521Aul+€22kl14”k|+ e e e
J 7

Summing for¢e=1, ...., n,
Z|B|<ZIAi| + e Z Ayl + EZ) A + ...
Similarly,
LBy < Z[4|+ X Agl+ .. ..
Hence
|E| <n[Z|A;|+eZlAy| +EZ]Ap|+ ....]

+772[EIA1/|+€Z|AW¢I+ T

This formula gives the range of error in a determinant when the
elements are correct to within + %, in terms of the minors in a first
approximation in which the elements are correct to within + e.

Let us apply this to the determinant already considered, for
which

S|4l +eX|4y]+ 2T | 4| = 335855,

Putting 7 = '000005, we find |E|<0°17. Thus, in order that the
error in A should not exceed 0°2, it is sufficient to evaluate each
element to 5 decimal places.

§4. Probability Distribution. Denote the probability distribution of
e; by p; (¢)), and the r** moment of this function by

m,; = J-— efpi (el) dei N (4)

The functions p; being given, we can assume that these moments
m,; are known; in terms of them we can calculate the r** moment
M, of P(E). We have in fact:

M, = r B P(E)dE =j-: .. er I} [p: (e:) de] . (5)

On the right hand side of (5), £” is to be interpreted as a function of
e;, by means of (1). Consequently, for any value of r, we can expand
E" and integrate term by term, making use of (4), and of the con-

oL

ditions j pide; = 1.
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For example,
E? = EA?e? -+ 2ZA1AJ €; € -+ 2EA1A“ e?ej =+ 2EAiAjkCie,'ek+ e

On integration this gives
ZA%?ngi -+ 22Az Aj my; my; +2E Ai Aij Moy My; —+ 22A1 Aﬂc my; My; Mg —+ ...
as the value of M,.

The given functions have been assumed to be symmetrical; i.e.
pi(e;) = p: (— e;); consequently the odd moments my;, mg, .... all
vanish. We need, then, only take account of those terms of E” which

contain only even powers of the errors e;; all other terms vanish on
integration. We then find

M, —o, (6)
M2=2Az2‘m2i+ZA?jmzimw‘f‘ZA?ﬂmﬁmzjmzk‘*‘ ) (7)

M; =62 A, 4, Aymgmy+6X A; Ay Ay mg; mo, mo+6Z A A Aije Moy Mgy M +- -
M, =S Aim,; +6Z A2 A% mgmy+ ....,

and so on.

Each of these expressions has only a finite number of terms,
but they rapidly become very complicated. However, if the original
errors are known to be sufficiently small, é.e. if p; are practically zero
except where ¢; are small, then the moments m,; are also small
quantities; we can therefore approximate to M, successfully with
only a few terms, and the succeeding moments M, will rapidly
diminigsh in order of magnitude.

With a change of notation, equation (7) can be rewritten:

S =FA P+ BA? T A ol ... (8)

[/ [ A
giving the standard deviation 8 (= /M) of the determinant in terms
of the standard deviations o; (= 1/m.;) of the elements.
Having thus found M,, M,, M,, ...., we can approximate to P(E)
in one of the usual ways. For instance, if we assume that the errors
e, follow the normal law of distribution,

1
(e) = —= — ¢2/20?
pb (eb) o; '\/27T eXp( 61./ Ul)

(or, more generally, that they follow a symmetrical law of Charlier’s
Type A), then the law for the determinant must necessarily be of
Charlier’s Type A. We can thus assume

P (E) = {1 + 4 @ Bi ] 1 - Bj2gt
dE3+ dE-l_{'— e s a0 . gt\_/—i;':n'e .
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S is given by (8), and the other constants by:

4
A — _%3, Bzu’ ete.,
3! 4!
these results being found by comparing the moments of the function
with M,, M, ....
To a first approximation,
§2=2XA4%0}; 4,B,.... =0.

To a second approximation,
S = ZA?O'?—*—ZA?A;O‘?Q?;

A= —-34;4,4,0;
41B= ZAim;+ 6247 Aloiol —3(ZA] 0} + 2847 4] 0] of)
= 0,

since for normal distributions m,; = 3¢7.

For practical purposes a more important case arises when the
elements have been calculated correct to = places of decimals, the
last figure being forced, i.e. the last digit retained is increased by 1
when the first digit not retained is 5, 6, 7, 8 or 9. We may take it
that all errors between 4-110-” are equally likely, and that none

)

exceed these limits. Remembering that J p (e) de must be unity,

we have )
ple)=10°, if —310" {e<}1077,
=0, otherwise;
the same law of distribution applies to all the elements.
Then we have

m=mg=.... =0;
3107" , 1
my = j_%lo_xe .10°de = TRTEL
.%1;)"" . i 1
m, = J‘A“O_Te .107de =50 10%°
M, =0;
z A2 T AL
M= 51 T 00 T
X4, 4. A4, .
= Sage T
A X447

—_ J
* 80.10“’+24.104”+""
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Hence, neglecting terms involving 10-%, we find:

- A A, dB 4 d* 1
Py =[1-Thchds & 2AL a9 1
144.10% dE® 288.10% dE*] 8V 2xn
where
3 A2 T 42
2 __ i ij
§ = 12.10% + 144, 10%° (10)

As an application of these formulae, consider the determinant:
Voo V2Z o V2
V2 v11 V3
V3 VB 46 |
the value of which, to five places, is 6:93899. Evaluating each
element to two places, we get:
2:65 1-41 1-41
1-41 3:32 173 |,
L 173 224 2445
the value of which, to five places, is 6°98983. For the latter deter-
minant we find (correct to the number of places given in each case):

3

|
|
|
1

4] = 26-8,
T A2 = 111-9,
X A% =178,

2 A4;4;4,; = 287,
T 48 = 1078,
€ = +005.

By (3), the maximum range of error is 4- "135. By (10), the standard
deviation (to a first approximation) is '031. These results may be
compared with the actual error -051. The second approximation to
the probability distribution is given by:

S =-0314, 4= - 0002, B= —-0004.

§5. Error in quotient of determinants. Consider the quotient A of
2

the determinants?!:
A1=[aia“aﬂ....ain_1f, (7:=1....7l)

A2=l bianam ... a1 .

1 The notation means that the determinants have these as ith rows. The deter-
minants are identical except in their first columns. As pointed out in §1, such
quotients occur in the solution of a set of n simultaneous linear equations.
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Suppose that the elements a;, b;, a; are subject to errors ¢;, f;, ¢;; and

that the resultant errors in A;, A, %—1 are B,, E,, E. Form the

2

determinant
Ag=| c;an i .c.. Qypon l,
where ¢, =a; — Xb;,
X = the calculated value of % ;
2
so that A; = the calculated value of A; — X A, =0. (11)

The correct value of A, — X A, is, however, not zero.

Let ¢; = error in ¢; = ¢; — Xf;,
B, = errorin A;=E, — XE,,
A; = minor of a; in A,
= minor of b; in A,
= minor of ¢; in As,
A, = minor of a; in A,
B;; = minor of g, in A,,
C;; = minor of a;; in A; = A; — X By
It follows from (11) that the minors of any one row of A; are
proportional to the minors of the first row, i.e.

_4: 0y
Oz;/ - T . (12)

Using (1), we have as first approximations,
E,=2f; A; + Zey By,
E,=%g, 4, + Ze; Cy

Correct to the second order,

A+E A

A+ E, A,

_ AE,—AE,

A (A + By

_ E] —_ XEQ <1 +EZ>—1
A? 2

_Es<1_€2>
_Ag AQ '

E =
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Thus, to the first order,
E—[Z(e— Xf)di+Te;Cil. (13)

To the second order,

E = % — é[ifi A;+Ze; Bl [Z (e, — Xfi) A, + Ze,; Cy], (14)
2 2

= Klg[z (e: — Xfi) Ai + Zey; O] (15)
2

§ 6. Range of error in quotient of determinants. Suppose
el e [fil <& ley] e

From (13), the range of F is given to a first approximation by :

E| < ;JA_IQ( [Z (e + | X|8) 1 4s] + Zey | G4 1.
If the given ranges are all equal, i.e., ¢ ={; = ¢; =¢, we have,
using (12)
B <y [0+ 130 214y 4 5[40
ST AL+ [ X)) 4, [+ 20y (16)

S A4

This can be expressed in the form

14| X

'8, 8,
\A2A1\ 102

Bl <«

where S; = sum of absolute values of first minors of first column of D,

S; = sum of absolute values of first minors of first row of D,

D being the determinant % — Xb,

§7. Probability distribution for quotient of determinants. Let the
standard deviations of e, f;, ¢; be o;, 7, oy, it being assumed that
the first moments are zero. Let M,, M,, M, .... be the moments of
the probability distribution P (EF) of E. Using (14) and (15), pro-
ceeding as in §4, and remembering that in accordance with (6) the
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first moment of E; is zero, we get, correct to the second order in the
deviations:

1
Ml = A—g[XZTzAz—‘ 20’3] B{J Cij}?

1
My = 53 [E(of+ XPa) Ai+ 2 O,

Thus, assuming that the required function is of Charlier’s Type 4, we
have as a first approximation:

_(E-a)2,282
e( (‘)/S,

PE) = oo

where a=M =[XZ+4}— T o} B;Cy]] A},
S* = M, — M2 = [Z (o} + X?73) 47 + o, C3)/ AL

The second approximation to P (£) involves many complicated

summations.
If the given standard deviations are all equal, i.e. 0; = 7,= oy=0,

we have, using (12):

a %[X T4 - ZBUA,i 3, (17)
1

§ = AL 10+ XY 4+ 203 (18)

As in §6, we note that (18) can be written

O el S

where S; = sum of squares of first minors of first column of D’,

S, = sum of squares of first minors of first row of D',

- Xb;
(1 1+ X
As an application of these formulae, consider the value of X
found from the equations
X714 Y2 + Zy/2 = /17,
X3+ Y11 + Zy/3 = — /2,
X2+ Y5 + Z4y/6= — /3.

D’ being the determinant iy Qig + v - Aip-1 |
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To four places, the value is X = 3:1468. Let us however approxi-
mate by evaluating each coefficient to two places. We then have:

412 141 141 |
A =| —141 332 173 ‘: 21-842244,

—173 294 245 |

265 141 141 |
Ay=| 141 332 173 J — 6°089832.

173 224 245

The following results are correct to the number of places given in

each case: A

X = Kl = 3:1249,
—4°16 1-41 1-41

Ag=| —582 332 173 | =01,
—714 2-24 245

A, = 426,

$|4i| = 68,

T A? = 23-25,

X B;A; 0y = — 264,

1+ 1X )4+ 2|0y =30,
Xsdi— L 5B 4,0, =134,
4,20

(14 X?) 42 + £C2, = 313,
e = 005,
1
2__
7T 1210
From (16), (17) and (18) we deduce that the range of error is - ‘035,
and that ¢ = 00002, § = :008. The actual error is ‘022.

§8. Error in an arbitrary function. The method of §4 may also be
used to determine the probability distribution of error in an arbitrary
function F (instead of the determinant A) of the quantities a;.
Equation (1) is then formally the same, but, since Fy; =&F / éa}==0,
it includes terms with higher powers of the errors ¢;, The following

are the corresponding results, suffixes of F indicating partial
derivatives.
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If the given laws of distribution are symmetrical,
M, = %2F¢1m2i+iZF¢iiim4i + 12 Fogymggmy; + ..
M?. = EF My +lZF”m41 + E(FiiE/j + F?;) m2im2j S R
M,= X F} m41—+62Ff-Ffm2im2j+ (t=F=7).
If the given laws of distribution are normal, the required function
will be of the form

d? dt 1 B ayiase
P(E) = 1+A*+B~+....] __ - (B-epst,
dE? dE* SV 2
The constants are given by
M, M, M, M} M, M M2
=M, S?=M,—M?} A=-—-_"24 172 "1 B 2 M A
e= o 5 2 3 24 712 +ah4

To a first approximation
a =3XZF,0}; S8*=3XF;oi; A,B,....=0.
To a second approximation
a::%ZF“oZ—f—‘ZFmia-i- ZFuj_} ;O"],
S2=EF2 +22F3101+2F1,)0'10'1’
A=_%ZF7.2F31 szF)Ut ];
B,....=0.
If the arguments of F have been calculated correct to z decimal

places, the last figure being forced, then the second approximation
is given by:

— E F“ + Z Iviiii E F“)/
= s1.10% T 1920 10¢ T 576 10%
g 2F EF; | ZFqEF, 3 b

12.10% ' 720.10%  288.10%* ' 144 .10%°

LSF:F; XLF;F ¥,
720.10% 144 .10% °
3 F!
2880 . 10%

A= —
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