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PERTURBATION OF NODES AND POLES IN

CERTAIN RATIONAL INTERPOLANTS

M.A. BoKHARi

Recently, E.B. Saff and A. Sharma proved a result on Walsh's type

equiconvergence for certain sequences of rational interpolants

having uniformly distributed poles and nodes of interpolation.

Here we examine the sensitivity of this result to a slight

perturbation of the poles and nodes. Some problems related to

our work are also formulated.

1. Introduction

Our object in this paper is to obtain an analogue of the Saff-Sharma

extension ([2], Theorem 2.3) of Walsh's equiconvergence theorem ([4],

p. 153) when the nodes of interpolation and the poles of the rational

interpolants are slightly perturbed. Our methods are slight variants on

those of Szabados and Varga ([3]/ Theorem 2) who obtained similar results

for complex interpolating polynomial sequences.

2. Notation and main result

Let u. (j = l,...,n) denote the n roots of unity and let
d i ft
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G Cp,a > 1) denote the class of infinite triangular matrices S whose

n row S is given by 5 = {a, }r,_7 where

(2.1) \ak n - au>k n\ < p~
n , k = l,...,n ; n = 1,2,3,... .

For any fixed integer m > -i , we introduce another class F of

p,m

triangular matrices whose n row Z = {z7 t\_1 > (n' = n+m + 1) ,

satisfies the inequality

(2.2) \z7 , - o), , | < p , k = 1,... ,n'(=n+m+l) ; n = 1,2, . . .

When 0, - an), = 0 , (k = 1,2,.. . ,n) , we shal l denote the matrix by
K. jYl K. }Yl

S* and when z, , = u, , , (k = 1,2, . . . ,n') , we shall denote the matrix
K. jYl K.j Yl

by Z . We shall denote by S the matrix whose n row S is given

by
s" = {o o , --1 , --1 ,..., --1 } .

- ^ °l,n °2,n
m+1

We shall associate with the rows S and Z , the monic polynomials

n n'
(2.3) yfz,^) = n fz-a, ; and y(z,Z?) = II (s-3, ,̂  .

fe=i K'n k=l >n

Similarly, we have the monic polynomials

y(z,S ) = z -a , y(z,Z ) = z -1 , y(z,S ) = z (z -a ) .

If f e A (the class of functions analytic in \z\ < p but not in

\z\ < p, p > 1 ) , Z e F ^ and S £ G Q , let i?^^ Jz,f,Z,S) be the

rational function of the form

which interpolates f(z) in the nodes {2, , }j,_i » the zeros of

Yfs.,Z J . From this it follows that

(2.5) « <n3ftz,s)-±j ^iLilha^-^'^mLdt
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w h e r e T i s a c i r c l e | i | = P 7 J P7
 < P

If we replace Z by § in (2.4), then from a theorem of Walsh ([4],

p. 224) we know that the rational function R (z^f^S^S) is the best
nTfn y n

Lp-approximant to / on \z\ = 1 over all rational functions of the form

(2.4).

We shall prove

THEOREM 2.1. Let a > 1 and let the integer m > -1 be fixed. If

and if S and Z

respectively, then

f e A ,!<?<<*>, and if S and Z are infinite triangular matrices

in G and F
PjO (

(2.6) Urn = 0

\z\ < p , if o > p

if a < p ,

where

(2.7)

The convergence in (2.6) is uniform and geometric on compact subsets of

the region described above.

3. Representation of b(z,f,ZniS
n)

The proof of Theorem 2.1 requires some estimates similar to those

given by Szabados and Varga in C3]. For this purpose, we write

5
(3.1) ACs./.z".^; =

0=1

A (zj)

where

(3.2)

The third difference A ,(z,f) in (3.2) is the same as that considered
n,6

by Saff and Sharma (C23, Theorem 2.3).
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The lemma given below is based on the formula (2.5).

LEMMA 3.1. If f e A , then the differences, A^ . , defined in

(3.2) have the following integral representations:

n+m+l .
z -1
n+m+l 7

tn-on

n_n

/n+m+l n+m+l
t - s

n+m+l
fit)
t-z

V(t,z)dt ,

,n n - y(z,Sm)

y<t,s

where

(3.3)

y(t,Sm)
) W (t,z)dtt-z ' n,m *

v ( t z ) ._

a (t z) .- £=£
U (t3z) .-

t a

w

n,m
(t,z) : =

t -a y(BjS )

n -n

z -a z y(t,

4. Some upper bounds

LEMMA 4 . 1 . Let p , a > 1 and let m be an integer > -1 . Suppose

(i) 1 < \t\ < p , if a > p and (ii) a < \t\ < p , if a < p . Then

we have

(4.1) \V (t,z)\ < c np~n for \z\ > 1 ,
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f \U(t,B)\

(4.2)

Un

for \z\ > 1 j \z\ / a

where c7J a., e, are positive constants independent on n .
•L Ci o

Proof. Using the definition of y(z,Z?) we can rewrite V (t,z)

as

vn m(t,z) = n {l +
 k'n>—^^-}{i + k'n' k'n' } - i

where ID, , , (n' = n+m+1), are the n'th roots of unity. Set

a, := max \z ,\ , n = 1,2,3 ...

If we let |t| = p , then for sufficiently large n, \t\ = p. > a ,

and \t-a , \ t p - a , . Also, for \z\ > 1 , we have \z-u-, , | >

This together with (2.2) gives us

From (2.2) we see that a , •*• 1 as n -*•<*>. If we set

dn := min(p--1,\z\-l) , then for sufficiently large n , it is easy to

see that

\ 2 n >

This proves (4.10).

In order to prove (4.2), we observe that

n 0-t — oh*-, ®

u (t,z) = n {i+ -^2 ^L
k=l z - ak,n

and
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w
n.m

-1
n a,, - a to,

(t,z) = n {1+ — ^ 5—
- 5.

-1 S 1

k>n . k'n} ~ 1 •
-a

s - a
 % K

F o l l o w i n g c l o s e l y t h e a n a l y s i s given above fo r t h e proof of (4.1) we can

deduce t h e r e l a t i o n s (4 .2) on us ing ( 2 . 1 ) . D

LEMMA 4.2. Under the hypotheses (i) and (ii) of Lemma 4.1, we have

the following estimates for all sufficiently large n :

(4.3)

and

(4.4)

Jn)
y(t^)

for \B\ , \t\

,n ns c , I " I , for Is I , 1*1 5̂  a ,
4 i n n' ' J ' ' ' '

s -a

where the positive constants e_ and c. are independent of n .

_
Proof. If we write 3 - a, as

-l

z ~
- I 5 ^ w " al< n

then

x£4!i ._ I (..i )
m-f-l , , K,n

z k=l
I {1+

k=l s - a u

Similarly, we have

-1
-1

k=l t- o
-1

1 _2 2

From (2.1) , i t is easy to see that \o, - o u, | < o p . Hence
rC j Yl fcj Yl

jn+l ,t y(z, n -n
z -a
,n -n
t -a

l+o p (\z\-o )
- -1 - n . i . i , -1,-J
1-a p (\t\+a )
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where the second factor on the right side approaches 1 as n ->••».

This shows that there exists a positive constant e, , independent of n ,

such that

i(t,Sn)
^ e. , for all sufficiently large n , which

is the desired estimate (4.3).

Similarly, we can prove (4.4) by repeating the above argument for

y(t,Sn) and y(z,Sn) . 0

5. Region of convergence of {A .(z,f)}. ,

As pointed out earlier, the sequence {A ?(z,f)}n (compare (3.2))

n , o 1

is identical to the one considered by Saff and Sharma ([2], Theorem 2.3).

We shall show in the following proposition that the sequences
{A .(z,f)} _7 , (j = 1,2,...,5) , have the same region of convergence.

rl, J 71—1

PROPOSITION 5.1. Let a > 1 , p > 1 and an integer m > -1 be

given. J f Z e F , S e G and f e A then for j = 1,2,3,4,5
P j"? P j O P

(5.1)
n***>

I 6 . j. £

z\ < p , %f a >: p

\z\ =t a , if 0 < p*
where A .(z,f) is the same as defined in (3.2). The convergence in

(5.1) is uniform and geometric on any compact subset of the regions

described above.

Proof. For 0=3, (5.1) is known [2]. Next we consider the case

when j = 1 . From Lemma (3.1) we know that

n+m+1 ,
tz -1\

where T is a circle \t\ = p. , 1 < p^ < p

and (4.4) to the above integral shows that

Vn,m(t>z)dt

An application of (4.1)
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„ i in-Hn+1 , p " + on

. _ _ . I . , „ , I . nC c\z\ + 1-s vl
(5-2) Ki(zf)\ t 1 ^ H Tir

- 1 \z -a

for all n sufficiently large. Here C is a positive constant independ-

!t

1/n

2
ent of n . If a 5 p and T S p , we get

lim { max |A^ 1<z3f)\}
 /n i -1- .

Letting p •*• p , we conclude that

lim A Jz,f) = 0 , for

o
If a < p j again it follows from (5.2) that

l i m A -,(z,f) = 0 , fo r a l l z w i t h \z\ ^ a .

This completes the proof for the sequence {A ~(z,f)}- .

We omit the proof for the remaining three cases when j = 2,4 and 5.

6. Proof of Theorem 2.1

From (3.1) we know that

5
b>(z,f,Z ,!?) = I A .(z,f) .

3=1 '3

Therefore,

5

I | A (z,f)\ .
3=1 'd

A straightforward calculation on using Proposition 5.1 shows that

, if a > p2 ,
lim ACs./.Z'^S"; = 0

2

\z\ ^ a j i f o < p .

This completes the proof. Q

7. Some problems

It will be interesting to know about the sharpness as well as some

extensions of Theorem 2.1. More precisely, we ask the following questions:
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1. Suppose that 5 and Z are infinite triangular matrices in

G and F respectively. Let z be any point fixed outside the

circle \z\ = p . Is it possible to constuct a function f e A so

that the sequence {h(z,f,Z ,5 )} _7 given by (2.7) turns out unbounded?

2. Our main result may be looked upon as a general form of Theorem

2.3 [ZJ. Is it possible to determine a Saff-Sharma type extension

([2], Theorem 3.3) for this result?
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