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PERTURBATION OF NODES AND POLES IN

CERTAIN RATIONAL INTERPOLANTS

M.A, BOKHARI

Recently, E.B. Saff and A. Sharma proved a result on Walsh's type
equiconvergence for certain sequences of rational interpolants
having uniformly distributed poles and nodes of interpolation.
Here we examine the sensitivity of this result to a slight
perturbation of the poles and nodes. Some problems related to

our work are also formulated.
1. Introduction

Our object in this paper is to obtain an analogue of the Saff-Sharma
extension ([Z], Theorem 2.3) of Walsh's equiconvergence theorem ({417,
p. 153) when the nodes of interpolation and the poles of the rational
interpolants are slightly perturbed. Our methods are slight variants on
those of Szabados and Varga ([ 3], Theorem 2) who obtained similar results

for complex interpolating polynomial sequences.

2. Notation and main result

let w. n(j = 1,...,n) denote the nth

; roots of unity and let
3
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G o(p,o' > 1) denote the class of infinite triangular matrices S whose
E

th L n o_ n
n row S° is given by § = {ok,n}k=1 where
(2.1) Ick,n - Owk,nl <p s k=1,...,n; n=1,2,3,...
For any fixed integer m 2 -1 , we introduce another class Fp m of
£l
'

triangular matrices whose 2™ row 7t = {zk n’}z—l , M =n+m+1) ,

. K] =

satisfies the inequality

(2.2) Izk,n’ - wk,n,l < p-n , k=1,...,n'(=n#m+1) ; n=1,2, ...

When Ok,n - cwk,n =0, (k=1,2,...,n}) , we shall denote the matrix by
S* and when zk,n' S Wt s (k =1,2,...,n') , we shall denote the matrix

a

& i t . :
by z* . We shall denote by S the matrix whose n h row §' is given

by
A -1 -1 -1
§=10,...,0 , =" L, =T L, =Tty
o o )
—— I,n 2,n nyn
m+1

We shall associate with the rows g and 2" , the monic polynomials

n n'
n = = -
(2.3) Y(z,5°) = kgl(z-ck’n) and Y(z,Zn) = 21 (z zk,n') .

Similarly, we have the monic polynomials

! ™ -
v(2,8") = "=, y(z,2) =2 -1, y(2,8") = (e

If f e Ap (the class of functions analytic in |z| < p but not in

lz] <p, p>1), 2 ¢ Fp,m and S € Gp,o , let Rn_,_m,n(z,f,Z,S) be the
rational function of the form
B (z,f,2)
- ntm,n
(2.4) an,n(z,f,Z,S) _— (Bn+m,n(z’f’Z) enm_m) 5
Yn(Z,S)

: . n!
which interpolates f(z) in the nodes {zk n'}k—l , the zeros of
, =

n
y(2,Z°) . From this it follows that

1 ox(6,5) (y,80) (2,20 {8 4,

(2.5) R (3_,f,Z,S)= -_—
" gm T Y(z,Sn) Y(t,Zn) t-2

nm,
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where T is a circle |¢] = Py 1< pyp <P
If we replace Z by 8 in (2.4), then from a theorem of Walsh ([4],

p. 224) we know that the rational function R (z,f,3,5) is the best

nH", N
L2—approximant to f on |z| = 1 over all rational functions of the form
(2.4).

We shall prove

THEOREM 2.1. Let o > 1 and let the integer m 2 -1 be fixed. If

fe Ap , 1 <p<ewo,andif S and Z are infinite triangular matrices

in G and F respectively, then
PO p,m

lz] <of, if o20°,
(2.6) Lim A(z,£,20,5") =0
e ozl #o, if o <o?,
where
n ~
(2.7) INCR AN - By (3sF22:8) = R (2,5,8,5).

The convergence in (2.6) is uniform and geometric on compact subsets of

the region described above.
3. Representation of A(z,f,zn,sn)

The proof of Theorem 2.1 requires some estimates similar to those

given by Szabados and Varga in [3]. For this purpose, we write

5
(3.1) Az, £,20,8") = T A .(z,f)
. NyJ
J=1
where
( o - *
An,l(z,fV := Rn+m’n(z,f;Z,S) Rn+m’n(z,f;Z »58)
. * _ * G
An,z(z,f7 i= Rn+m,n(z,f;Z ,5) Rn+m,n(z,f;z ,8%)
(3.2) |8 (z,f) ;=R (2,f2%5% - R n(z,f;é*,s*) ,
3 3 3
- G4 gh) _ S
An’4(z,f7 = Rn+m,n(z,f;S ,5*) Rh+m,n(z,f;S ,8)

. 34 _ &
Aan(z,fV ;= Rn+m,n(z,f;S »5) Rn+m,n(z,f;S,S)

\

The third difference An 3(z,f7 in (3.2) is the same as that considered
k)

by saff and Sharma ([ 2], Theorem 2.3).
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The lemma given below is based on the formula (2.5).
LEMMA 3.1. If f e Ap s then the differences, s i defined in
3

(3.2) have the following integral representations:

.l

7 n+m+1
b (2,f) = g [ LEE [z ‘1][1%)]1/ (t,2)dt

_+J
L v(z,5™ tn+m+l_1J z-t’ n,m

1
1 f tn_on [tn+m+1__zn+m+ ] (f(t)] U (6 m)dt
n k4 2

An,Z(z’fv = ot Jmtl t-z/

n n
t -0

n n
r o -z

y(t,5") - Y(zlé*n)] Lf(t)] U (t,z)dt
) t-z n ?
y(t,s )

An,4(2,f) = 5= [

1 v(£,8") [y(2,8")| (£et))
b, 5(2:8) J [ [ W m(ts20dt

~ poy/
r Y(z,Sn) Y(t,S*n)) t-a

where

( n+m+1 7
v m(t:Z) _ (t -1y y(2,27) _

zn+m+1_1 y(t,Zn)

1,

2" " y(t,Sn) _
" Y(z,Sn)

(3.3) {u (t,z) := 1,
n

W (t,a) : = (tn—o_n\ ™y (2,8")
n,m' 02% T T ) oy o,
. 2 -o 2 T y(t,S)

4. Some upper bounds

LEMMA 4.1. Let p,o0 > 1 and let m be an integer = -1 . Suppose

() 1< |t|<p,if ozp and (ii) o< |t| <p , if o <p . Then
we have
(4.1) IV%,m(t,z)| < clnp-n for |z| > 1,
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IUn(t,z)I < cznp—" ,

(4.2) for |z| > 1, |z| #0

n

W . (t.z)| seme™

n,m

¢, are positive constants independent on n .

where Crs Cos Cg

Proof. Using the definition of Y(z,Zn) we can rewrite Vh m(t,z)
3
as

n' 2 - w ' w T - '
V(b2 = M (14 Kl Kallyg g Fen Kty
2 k=1 T Zx,nt Y,n®

where Wy 1 s (n' = ntm+1), are the n'th roots of unity. Set
3

a,, = JZZzn' |zk’n,| s n=1,2,3...
If we let |t| = p1 , then for sufficiently large n, |t| = °q > an, >
and |t-a ,| 2p,-a, . Also, for |z| > 1, we have Iz-wk,n'l > |z]-1.

This together with (2.2) gives us

n '
[o] b p n
IVn,m(t’Z)I < [(1+ p]'an'} (1+|3| _1)] - 1.

From (2.2) we see that a > 1 as n >, If we set
do o= min(pl—l,lzl—l) ,» then for sufficiently large 7 , it is easy to
see that

|v (t,z)l < (1.;.9_.__ -7 55("*_””‘1)
n,m d n
0 _dop

This proves (4.10).

In order to prove (4.2), we observe that

n o - Ow. ow -0
=1 2 - %n ow,

3

} -1,
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n ] - - o1y oL - 5-1
W, o (tz) = T {1+ Kan =3 Koty (24 ko _1‘54"} -1
n, k=1 £t -3 g -0 oo
k,n ’

Following closely the analysis given above for the proof of (4.1) we can

deduce the relations (4.2) on using (2.1). 0

LEMMA 4.2. Under the hypotheses (i) and (i1) of Lemma 4.1, we have
the following estimates for all sufficiently large n :

an n
(4.3) 115&5—1-’ s e, |zn-0—n| for |z| , [t] > o1,
Y(£,5") -
and
n n
S5 "
(4.4) 10850 | o Sl o for sl fel Ao
y(z,Sn) -0
where the positive constants eg and e, are independent of n .
-1
Proof. 1If we write 2 - %% as
Sn
-1 o, -5y
-1 Yk 7 k)n}

z - ok,n = (z-0 wk,n){1+ —5

then
_1 -1
(2.5 n -1 n -n. o %%
Y2,0 7 oo (z-5, ) =(d'-0") 1 {1+ ——‘——-————‘——}
zm+1 k=1 ksn k=1 z2 -0 lw
k,n
Similarly, we have
on n o1 - 0-1
WES) _ (7 o)  (1p KR kamy
m+1 -1 *
t =1 t -0 w
k,n
1 -1 -1 -n
From (2.1), it is easy to see that Iok,n -G wk,nl <0 P . Hence
. n
tm+11(z,Sn) P ( 1+c (Izl -1,-1
2 - - - -1,-1
(8,57 o 1 1-671 "(|t)+o 1
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where the second factor on the right side approaches 1 as n > @ .

This shows that there exists a positive constant c3 , independent of »n ,

such that
Y(z én) 2t " .. .
———&Tz— < 3 Pra— , for all sufficiently large n»n , which
| Y(t,5°) | | t7-c " |

is the desired estimate (4.3).
Similarly, we can prove (4.4) by repeating the above argument for

y(t,Sn) and Y(z,Sn) . O
. 5]
5. Region of convergence of {An,j{z’f) }j=1

As pointed out earlier, the sequence {An 3(z,f7}? (compare (3.2))
3

is identical to the one considered by Saff and Sharma ([{2], Theorem 2.3).

We shall show in the following proposition that the sequences

{An j(z,f?}:_l > (j =1,2,...,5) , have the same region of convergence.
s =

PROPOSITION 5.1. Let o > 1, p > 1 and an integer m 2 -1 be

given. If Z ¢ Fp,m , S e Gp,o and f € Ap then for j =1,2,3,4,5
2 . 2
. IZI <p s if o297,
(5.1) lim & Az,f) =0 P
neo tsd lz] # o , if o <o ,

where An j(z,f) is the same as defined in (3.2). The convergence in
3

(5.1) is uniform and geometric on any compact subset of the regions
described above.

Proof. For 4j =3, (5.1) is known [Z]. Next we consider the case
when J =1 . From Lemma (3.1) we know that

1. Ift,Sn) (znfm+1

o (z,f) == [
n,1 T y(z,Sn) t

D EED v (4,24
1 m

ant nimtl _J Lz-t’ T,

where T is a circle |t| = pl , 1< pl < p . An application of (4.1)

and (4.4) to the above integral shows that
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1 g
ne lzln+m+ + 1y p_Z
(5.2) lAn,l(z’fvl iy ( n+m+1 /i n on ?
pl -1 |Z -0 I

for all n sufficiently large. Here ( is a positive constant independ-

ent of n . If o0 2 02 and 1 2 p , we get
lim { max IAn l(z,f)l}l/" s X,
nse  |z|=1 ? il
Letting 01 + p , we conclude that
: 2
lim 8 (z,f) =0, for |[z] <p”.
n,1

N>
2 c
If o <p , again it follows from (5.2) that

lim & . (z,f) =0, for all z with lz| # 0 .
nyo 2

«©
This completes the proof for the sequence {An 1(2,f7}1 .
Ed
We omit the proof for the remaining three cases when j = 2,4 and 6.

6. Proof of Theorem 2.1

From (3.1l) we know that
5]
Mz, £,20,80) = Y b .(z,f) .

Therefore,

L IAn,j(z,f?l .

IN
100

latz,r,2",8™)]

A straightforward calculation on using Proposition 5.1 shows that

‘ " 2| <o? , if o2,%,
lim A(z,f,2%,5%) =0
n>o |z] # o s if o <p .
This completes the proof. 0

7. Some problems

It will be interesting to know about the sharpness as well as some

extensions of Theorem 2.1, More precisely, we ask the following questions:
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1. Suppose that § and Z are infinite triangular matrices in

Gp s and Fp m respectively. Let 2 be any point fixed outside the
) 3

. 2 : . 2
circle Izl =p ., 1Is it possible to constuct a function f € Ap so

c o
that the sequence {A(z,f,2 ,Sn)}:_ given by (2.7) turns out unbounded?

1
2. Our main result may be looked upon as a general form of Theorem
2.3 [2]. 1Is it possible to determine a Saff-Sharma type extension

(L2], Theorem 3.3) for this result?
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