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An N-tuple T =(Ty,..., Ty) of commuting contractions on a Hilbert space H is said
to be a joint isometry if 3 || T,x||*> = |x||* for all x in H, or, equivalently, if 3 T*T, =L

Athavale in (1] characteri;ed the joint isometries as subnormal N-tuples who;e minimal
normal extensions have joint spectra in the unit sphere $*¥~!; a geometric perspective of
this is given in [4]. Subsequently, V. Miiller and F.-H. Vasilescu proved that commuting
N-tuples which are joint contractions, i.e. T¥Ty+... + T}¥Ty =1, can be represented as
restrictions of certain weighted shifts direct sum a joint isometry. In this paper we adapt
the canonical models of [3], and also construct a new canonical model, which completes
the previous descriptions by showing joint isometries are indeed restrictions of specific
multivariable weighted shifts [2].

We use the notation z =(zy,...,2n) and J=(j;,...,jy) for a multi-index of
non-negative integers. We let €, denote the multi-index J having j, =1 and j,=0
otherwise; (J + €;) has the obvious meaning, but by using (J — €,) we imply j, = 1. We let
Mi=ji+...+jm =it gy, /=20 2, and T=T'=Th... T}

We let H*=H3(UY)={f =3 f,z/:2 || f;|4 <=} be the standard Hardy space of
square-summable H-valued analytic functions on the polydisc. Given a bounded net
{wyi:k=1,..., N} such that wy W, 1= W, W,.c x We define Ly, k=1,..., N to be the
unique bounded linear map on H such that

Ly(x27) = wypxz’ ™,

for all x in H and all J. We call £=(L,,...,Ly) a family of commuting N-variable

weighted shifts and it is easy to see that L¥(xz’) =w;_,, ,xz’ "% if j, =1 and 0 otherwise.
Furthermore, we can define a net {8,} by £'1 = 8,z’ and Jet

H(B)= Hyu(U™) = {f = S 1: 3 1f B3 < =

be a weighted H? space. We then define L,, k=1,...,N on H*(8) by L,f =z and
have the N-tuples £ and 2 unitarily equivalent. These results and the basic theory of
N-variable weighted shifts can be found in [2].

The construction of our model relies on the following lemma.

ProrosiTioN 1. Let = (Ty,..., Ty) be jointly isometric and let M, = (|J|!/J!) be the
J-th multinomial coefficient. Then, for n =1,2,..., we have

> MT¥T =1,
Wi=n

that is, the family {M}*T’:|J| = n} is jointly isometric.
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Proof. We note that for |J| =n + 1, we have the generalized Pascal triangle equation
N
M,= X M,_,,). If we assume the proposition holds for all |J| = n, we have
k=1

N
> MTHT = > > My, T¥T’
&)

Vi=n+1 Wi=n+1 k=1

N
-3 TH I M s,
k=1

Ji=n+1

N
=> T;:(Z M,T*’T’)Tk
k=1

J=n

> THT, =1

To construct our model we let

- ﬂ)la\/‘ -
Wik <U|+1 2, k=1,...,N

and let £= (L, ..., Ly) be the corresponding family of weighted shifts on H>

THeOREM 3. Let T =(T,,...,Ty) be jointly isometric. There exists a closed subspace
M < H? invariant under L,,. .. ,Ly and a unitary W :H— M* c H? such that

WL W*=L¥|p:,  k=1,...,N.
Thus, the restriction 55*|M1 forms a canonical model for T.
Proof. For x in H, let
Wx =2 (V) U OMH(Tx)’
Then !
| Wxl3e= 2 27V DM, | T'x |2

J
2 2—(n+1)( z M ” T.Ix”2)
n=0

Wi=n

> 270D x )2
n=0

I?

= |ix
so W is isometric. Further,

L¥wx = 3, (V) Y OMPLE(T'x)z’
. J
= 2 (VORI V2 j ) (T )
Jx=1
=2 (V2 U (T o)
J

= WT,x.
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Hence, L¥W = WT,, so the range of W, which is closed since W is isometric, is invariant
under {L}}. Hence, W maps H unitarily onto M* for some M invariant under the
weighted shifts {L,} and the theorem follows.

We note that more generally, we can define
Wik = (al.ll/a(lll+1))<—

for any {a,} such that 2 a2=1 and have W'x =3 a,;M}*(T’x)z’ define a unitary

equivalence between 9’ and L'*IM* where £ is the N-tuple of weighted shifts
corresponding to {w; }.

Also, for B, = V2V\(J1/\J|!)'"?, the weighted shifts L, on H? are unitarily equivalent to
the L, above. Hence, &#* = (L#,..., L¥) restricted to M* c H%(B) can alternatively be
used for the canonical model.

In this context, we note {2] that if w=(wy,...,w,) eC" is a bounded point
evaluation on H?(B), then for f =X £,z € H¥(B), f(w) == fiw’ € C is well defined. We
can then consider f = f(z) to be a function analytic at w in C*. Further, w is a bounded
point evaluation on H*(8) if and only if §|w,|2f1 WA B2 =3 w2 /B2 < . In our

particular case, we have

2w B3 =2 (W /@)
J

=S 273 MwP)

Vi=n

_ o (ml . +wal)
= g >

A

[o o]
N
if 3 |w?=|lw|><2. Thus, we have the following theorem.
j=1
THeOREM 4. H?(B) consists of functions analytic on the polydisc of radius V2.

14y . .
Similarly, choosing «, = (FM) ,n=2,3,...,where M >1 is fixed and a, is chosen

such that $ a2 =1, yields {w),} and corresponding {8;} with 8; = VM" (J!1/|J]")'2 We
then have that H*(B') consists of functions analytic on the polydisc of radius VM. If we
let @, = (Vn)™", we can have H?*(B') consisting of entire functions.

A model was given in [3] for an N-tuple of commuting contractions ¥ = (S5y,. .., Sy)
such that 3 S¢S, <71 and I B;M}2$’x converges for all X in H. If # is a joint isometry,
then provided 0<r <1, r¢=(rT,,...,rTy) satisfies these conditions since

g: (rT*(rT) =r’I<1,

k=1
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and

oc

2 IMPeTYx|?= 2 2 M, |1 Tx)?
J

- n=0 Vi=n

¢
= > rix)?
n=0

=1 -7 x]*
Thus, from [3], we deduce the following result.

THeOREM 5. Let (Ty,. .., Ty) be jointly isometric in H. Then provided 0<r <1,

Wx = (1-r)"2MY*(T’'x)7’
7

is a unitary map from H onto M* c H?, where M is invariant under (L}, . .., L)) such that
W(T)W* = Li*|p.. Here $'=(Li,...,L%) is the family of weighted shifts corre-
sponding to the net w', = [(j. + 1)/(J| + DY Thus, (£")* is a canonical model for (r]).
By taking lim we have a model for T.

r—1
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