Canad. Math. Bull. Vol. 26 (2), 1983

COEFFICIENT ESTIMATES OF SOME CLASSES
OF ANALYTIC FUNCTIONS

BY
NICOLAS SAMARIS

ABSTRACT. We are concerned with coefficient estimates, and
other similar problems, of the typically real functions and of the
functions with positive real part. Following the stream of ideas in
[1], new results and generalizations of others given in [1], [2] and [3]
are obtained.

1. Introduction. Let 2 be the class of all analytic functions in the unit circle
D ={z:|z|< 1} of the form:

fz)=1+ Z, anz"

with positive real part and let J be the class of all typically real functions in D,
that is all functions of the form:

g(z)=z+ Zz a,z"
analytic in D and which are real for z real and for no other values of z.

In this paper we deal with coefficient-estimates and other similar problems
concerning functions in the classes ? and J, and in the spirit of [1], [2], [3]. In
general results obtained for the class 2 can be reformulated for the class J in
view of the well known fact, (see [3]), that a function g belongs to J if the a,
are real and, (g(z) - (1—z?))/z belongs to P.

More precisely, Theorem 1 of this paper serves as a basic tool for results
which are obtained later. The use of the Lemma in the proof of Theorem 1
indicates once more what in [3] is suggested, that is the usefullness of the
Harmonic Analysis methods in the study of problems concerning coefficient
estimates and others of similar nature. Theorem 1 applied to the functions of
the class # gives new results which improve others well known (see Corollary
2, Theorem 4).

Also by reformulating Theorem 1 for functions in the class J we improve
and/or generalize previous results, (see [1], [2], [3]).
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We first state a Lemma which is used in the proof of Theorem 1, and whose
proof is omitted as obvious.

LEMMA. Let fe L'(R) and f(t)=ji§ f(x)e™ dx the Fourier transform of f.
Then, if Re f=0, the inequality

If())+f(1)|=2 Re f(0)
holds for all teR.

THEOREM. Let f(z)e P, (z =re").
For each p, ke N we have:

5 (@t eslitk—myrlo+1-Im)|

m=-—p

P

SZRe[ Y amexp(im-r)-(p+1)—|m|)], for all TR,

m=0
where ay=1 and a, =0 for p <O0.
Proof. Put p+1=28. For r fixed, set
fs (x) = [sin’(8x) - f(r exp(—ix))}/x>.
It is clear that the function fs satisfies the hypothesis of the Lemma above. Set
gs(t) = (sin?(8x)/x2)" = (m/2)sup(0, 28 — |i]).
We have .
fa()= ,,Zo a,r"gs(t—n)

If we apply the above Lemma for t =k we get:

p p
Y (@ H Ay TN+ 1—|m)|=2Re Y. ar™(p+1-|m|)

m=—p m=0

since for |t|=p+1 we have g5;(t)=0. We now observe that for each real
number the function

f-(z) = f(z - exp(ir))
belongs to 2, and has coefficients
a, exp(inT), n=0,1,2---

By applying the last inequality to f, and letting r — 1 we get the desired result.

2. COROLLARY. Let

f(z)=1+ Z a.z"
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be a function of the class P. Set 0, =—Arga,+m (q=1,2,...). Then

1
|aq| S2_(1/2) iug Z (a(m—k)q+ d(m—k)q) - eXp[l(k - m)oq] : (2_‘m|) .

m=—1

Proof. It is known [4, p. 2] that for B, = a,.,, where q is fixed, the function

g(z)=1+ i B,z"

n=1

is a member of .
If we apply Theorem 1 to g for p=1 and t =0, we get the desired result.

3. CorOLLARY. Let feJ. Set S,=1+a,+---+a, for n=1 and S, =0 for
n<1, and

Aﬁ: Sk+p+1—2sk_2Sk—1+Sk~p—1+S—k+p+2+s—k+p+1+s~k+p
Then for each p, k € N we have
|AK <28, +28,.,

Proof. The function

g(2)=f(z)- (1-2%)/z2= Y (Aps1—n-1)2"
n=0
belongs to . Hence for t =0 and a, =S, —S,._; Theorem 1 gives the desired
result.

ReEMARKS. (a) Corollary 2 improves.the well known inequality |a,| =2 which
holds for functions in 2. Also if a,=2m, where m =exp(if,), then from
Corollary 2 we get by induction a, =27", so that

f2)=1+ 3 20m2" = (1+n2)((1-nz)
n=1

(see [3)).
(b) Corollary 3 improves the inequality S,+S,.,=0, which holds for all
functions in J [3].

We have noticed in Remark (b) above, that equation a,=27n determines
uniquely the extreme function (1+mz)/(1—nz). Theorem 4 below provides
another extreme case.

4. THEOREM. Let fe P, and suppose there is a number n = exp(if,) such that

Re(3+2a;m+a,m?) =0
then

f()=1-2°12+iczn V(1 +2°n>+zn™Y)
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where
c=—i-(am+1)=i-(am*+1)=real, (|c|=3"?

32 and |n|=1 then

Conversely if f has the above form with |c|=
fegd and Re(3+2a;m+a,n?)=0
Proof. Let fe® and suppose for the moment that 6,=0 so that
Re(3+2a,+a,)=0

Then, for t=0 and p =2, we get from Theorem 1 for k=1, k=2 and k=3

respectively

(1) az;+2a,+3a,+2a,+2a,+a, =0
2) as+2asz+3a,+2a,+ag+a,=0
(k) ak+1+2ak+1:"'3ak +2ak_1+ak__2=0

For k=3 subtracting relation (k) from (k +1) we have
A3t Gt =0t a1+ a
The last equality is equivalent to the following
A3n+3t Azpintdzp=azt+ata,
A3n+atA3piztaspa=astast+a,
A3pist AzpiatAzuz=astastas
n=0,1,3,....

Subtracting the first of these equalities from the second and the second from

the third we get
A3p+4~ A3pn+1 = A4~ Ay

A3n+5~ A3p+2 = As— Az
It follows that
Azp1=ag+(n—1)-(ay—ay)
azn2=as+(n—1)- (as—ay)
Also due to the inequality |a,|=2 we must have a,—a; =as—a,=0. Hence
A3p+1 =04 = aq
A3p+2= 05 = A2
a3n+3= A3
Also, from (2) and (3), we get, since ag=1,

astas+as=a,+a;+2
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so that

az, =az=2
From (1) and (2) we get

6+2a,+3a,+a,=0

3a,+6+3a,=0

so that
a,=a, Rea,=Rea,=-1
Hence
a,=—1+ic, a,=—-1-ic

with |c| =32, since |a,| =|a,|=2.
The function f can now be written as follows:

f(z)=1+2- z 22"+ (—-1+ic) - Z 2" 4 (—1—ic) - Z Z3n+2
n=1 n=0 n=0
=(1—-z%+icz)/(1+2%+2)

This form of f corresponds to the case 6,7 0. If 8,# 0 the theorem follows if
we apply the last formula to the function f(nz).
Conversely let

f(2)=(1-z’n"%+icz)/(1+ 2’0 %+znY)
then
f(nz)=(1—-z>+icz)/(1+ 2%+ 2)
We have
ay=(=1+ic)m,  ay=(-1—ic)/n?

We prove that

Re f(nz)>0
Set

z =r(cos 8 +i sin )
Then the inequality to prove is equivalent to
cos 8 —c sin 8 >—(1+r?)/r

Put ¢ =tan & Since |c|=3"?, we have

—m/3=&=m/3
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and
cos(8 + &) >—cos(&) - (1+r?)/r
since
cosé=1/2 and (1+r3/r>2.
The theorem is proved.
5. CorOLLARY. If feJ and there is a number n = exp(if,), (6, €R) such that
Re[3+2a,m +(az;—1)1n?]=0
Then f is one of the following functions:

A+z-2)[1-2%-1-2%], z(1-z-2?)/[(1-2z>)(1-2%)],
z/(1-2)?, z/(1+ 2)?

Proof. Clearly, since feJ, the a, are real and the function

P(2)=f(z)- (1-2)/z= ) (Gps1—Gp_1)2"

n=0
belongs to . From Theorem 4 we have
a,=(—1+ic)/n, az;—1=(-1—ic)/n?
It follows that
n3=[(1+c?/a, - (as—1)]=real number

Hence 1° =1 or n° =—1, so that the possible values of n are the cubic roots of
1 and of —1. It is easily seen that the values

-1,1,(-1-i3"%/2,(1+i3"?))2
correspond to the values of

c= 0, O, _31/2’ 31/2

which provide the four functions of the statement and in the order they are
written.
To the values

n=(-1+i3")2, n=(1-i3"?)2

correspond the functions
z/(1-2)?, z/(1+ 2)?

respectively.
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