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1. Introduction. Darling [3] in 1932 and Bailey [2] in 1933 gave certain theorems on
products of hypergeometric series. Again in 1948 Sears [4] used the relation which expresses
the 3;®@pr_,(x) series in terms of M other series of the same type to derive transformations
between products of both basic and ordinary hypergeometric series. 1In this paper I give
certain general theorems on products of bilateral hypergeometric series together with some of
their interesting special cases.

The following notation is used throughout the paper :
(@; n)=(1-a)(1-aq)...(1L-ag"™), (a; 0)=
(@; -m)=(-1)"gi*"+Vja*(gla; n), |g|<l,
@n=a(@+1)...@+n=-1), (@)g=1, (a)_p=(-1)"/(1-a),
v [a,, a,2,...,a,,;z:| E (ay ; m){ag;m) ... (a,; n)
TTTLby, by, el by ne—w (by ; 1) (by ;M) ... (by 3 M)
e

n(a’2)n M (ar)n 2n

FAN

(@, @9y oo , @y 3 2 1)
A IO TR o e 5
gl @ a’r:| P (1 -ayg™) (1 —axg") ... (1 —aq")
[ 0 by ven s bp ] 0 (1 =049 (1 =byg™) ... (1 =b,g") °
Fay, Qg ... , a,:] _TI'(ayl'(a,) ... I'(a,)
| b, by, oo, b, | (BTG ... T(B)°

Il

‘:l

r

and idem (@ ; b) means that the preceding expression is repeated with & and b interchanged.
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2. Slater [6], in 1952, gave the following relation which expresses the general bilateral
m¥ 3 (x) series in terms of M other series of the same type :
l:xA,q/xA,bl,bz, e bag gley, gleg, oo, qfear; :IX v, I:cl,cz, . cM,
Ay, o, +.. , Apr, 9l0, glay, ... ,q/aM by, by, ..
N, [ale/q, g2 lAxay, ayfoy, ayfcy, ..., ayfcar, qbyfay, gbyfay, ... ,qu/a1 ;:|

2 @y, G0y, @y[ay, 1[0, ..., @1[ar, qaslay, qasfay, ... , qapfay
¢y /2y, 9Co[0y, .- , gOM[0 5 f”] .
xu¥ +idem (@, ; @y, A, ..., @), ...(2.1
MM by /ay, gbolay, ... , qbarfa, (@15 8 85 at), - (21)
where A=M, lxl<]_, M<]
a, ... Qy CiCo -.. Cy
.. ay

If we put x= in (2.1), the expression on the left vanishes and we get

q 10g -+ Ot
I [“1/01» ay/c, ... =“‘1/°M: qb, fay, gbsfay, ... , gbpla, ;
! ay @y, @yfay, ..., ayan, q@zlay, 9asfay, ... qa‘M/"’l
Ay ... Oy
gCiCy ... Car | +idem (a, ; a,, ..., ap) =0, ...(2.2)

qb1b2 bM

g ... Ay

x WM [qcllal’ qoz/a’l’ ach/al ’
M gbyjay, gbylay, ... , @bula,
[ ay
gCiCo ... Cp

Now, replacing M by M +N in (2.2) and then putting bpr .y =apr 1,000 =019 +-- »
bM+N =0pM4N, WO get
a H[%/"p @y[Cqs +ov s OyfCarin, 9b1/ay, gbofay, ..., gbyfay 5]
1
a[ay, ayfas, ... , @yfayin, 9Bofay, QBs/as, ..., qap/ay

where <1 and <1.

X aan Paran [.‘Icl/al, oo QCug[@y, GCpr [0y, oon , QCariN[Oy
+ +. qbl/a/ly ces sy qu/al’ an+1/a1, cee an+N/a/l

+ idem (a, ; @y, @3, ... , Gy)
+ay IH[(IM.H/CD cre g Q«M_H/CM, aM+l/cM+1’ ceny a’M+l/cM+N! qbl/aM_H, cee qu/aM-H’ q ,]
+
Op4af0 - 5 Oy /00, Bara1/O 19 oo s Bare1/Onaans GO0 15 -+ > P01/ Vag4a

Uy ... Ao N
4CsCy .- Cprin

. 4y ... AN

x @ 9Cr [y 11y - 5 EOMIOM 415 9CB141/OM 41 -+ LoMAN[OM 4y 3 S

M+N¥M+N-1 qclcz een CM+N
by /anti1s -+ » WOu/Op111s O Lo[O 115 - s QOMAN B2

+idem (Bpriy 5 Baries «oo s Bagan) =0 ovriiiiii (2.3)

If we again pubt ap,; =c¢¢™" ayip=Cq™" ..., Gpry=Cxq™" and cpr,; =byg*-",

2 =017, ..., Cyry =byg~7" in (2.3), we obtain

a Il [al/cl! s @yfcar, ayqfby, oo, aiqfby, gbifay, ..., gbylay ;:l
1
Q@ ... 5 Byfang, @1Cq, . s BefCy, Qs[ay, ... , qaplay
(ayfcy 5 nY(ayfcq s 1) ... (@yfcy 5 n)
(@19/b1 s 7)) (@19/by 5 ) ... (@,9/by ;)
>(M+N"UM+N[qcl/a'l: o s gopfay, G710y, .., byl

gbifa, ... , gbylay, ¢ "¢ijay, ... , ¢ enfay

QyQy ... AyeCiCy ... Cx qN-l
CCq ... chlb2 .

+idem (@) 5 @g, @ay oov , Bar) =0, coiiiiniii (2.4)
N-1
where B - ApCiCs - CNY <1 and bib, ... byg <l.
CyCy ... chlbz bN 1 «.0 Oy
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Hence we obtain the following general theorem on products of bilateral hypergeometric
series, which follows because of (2.4), when we compare the coefficients of 2",

THEOREM.
adl ayfeys - s ayf Cap, agfby, ..., 01gfby, gbifay, ..., gbar/ay ;]
1
ay[@g, ..., @yf@pg, 1[0y, ..., @ fCy, qasfa,, ..., qaylay
% 3P qc,/ey, .- qCar/ay ; zt:l % I:al/cl, e s Mfey s z]
gbyJay, ... , gbaray T Lagfby ..., aiq/by
+idem (@, ; @y, g, ... , Bag) =0, cooiriiiiii (2.5)
where S O <l |2t <1,
gCiCq - .. Cpy
q¥e.Cy ... Cy qbib, ...

L

bM‘<1, M>1 and N>O0.
aMz

b1b2 bNZ )y ...

Special cases. (i) If we take N =M and put b, =a,, by=a,, ..., byy =ay in (2.5), we get the
following theorem :

a [(1 _ﬁ) ( _ﬂ)]_lmqsu [q01/“1: w5 Cprfay ;28 . [“1/01: e s OO z]
1 a, ay 1lgayfay, ..., qagla, 1 Lag/a,, ..., a\glay

+idem (@) 5 @g @y, oo, Bp) =0, ciiiiiiiiii (2.6)
where p=02 e OM ) <1 and |2t < L
qC:iCq ... Cpq

Now if we replace 2t by z, ¢c,/a, by A, and ga,/a, by B,_; in (2.6), it becomes Sears’
theorem [4, § 6.2] on products of basic hypergeometric series. Hence (2.5) is a basic bilateral
generalisation of Sears’ theorem.

(i) If we let g—1 in (2.5) in the usual manner, we get the following transformation
between products of ordinary bilateral hypergeometric series :

rl[a-w -0y ., t-ay, ¢ =0y, ..., 0y~ Cp, l+as-ay, ..., 1+ay—a;
Gy —Cyy eer s @y —Cppy Lk @y by, oo, Lk, by, L4+by—ay, ..., L+by—ay

x ~ H l4ec,—ay, ..., 1+cpyy—a,;z H Ay —Cyy oee , By —CN; 2
MEM) 1 4b,—ay, o, Ltbgy—ay ¥ ¥ 14a,-by, ..., 1+a,-by
+idem (@, ; @, @, ..., a3) =0, ....... TN (2.7}

where | z | =1 for convergence.
3. In this section I deduce another general relation between the products of ordinary
bilateral hypergeometric series. Slater [6] gave the following relation between M series of the

type pHy (1)
l+a,-a,, 1+a,-a,, ..., 1+ay-0a,a,-0y, a;-0G5, ... , G, -0y ;]
r
14b,-a,, 1+b,-a,, ... , 1 +byy—-ay, a,-¢, 0, —Cy, ... , 8, —Cy
« H l4¢-ay, 14cy—-ay, ..., 1+eyy—ay;
MEMN 14, -ay, L+by—ay, ..., L+by -0y
+idem (@, ; @y, @g, ... , Gpr) =0, oririiiiiie (3.1)

If we first replace M by M + N in (3.1) and then cpr ;, Cagy0s «ov 5 Carans Oagars Oagaos +ov s
bpren DY Cari M Cagp0 =", ooy Cagyn — 7, bagyy ~ 7, bagye — 7, ..., Dy, — m, Tespectively, we get,
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I‘[l +ay =y, o, L4y y—ay, 0 —Qy, ..., “1—GM+N]
1+b,-ay, ..., +byy—a,0,-Cyy ..o, @ —Cprn
(@1 = bpga)n (@ —bagio)n oo (@1 = barin)n
(@1 = Car41)n (@1 —Catio)n -+ (@1 —CarN)n
% sonHaton I:i+cl—al, v ey —ay, L+eyyy—ay-m, oo, 14y, n—a,—n ;:I
+by—ay, ..., L4+by—ay, 1+byyy—ay—n, ..., L+by,y—a;-n
+idem (a, ; @y, @, ..., @ar ) =0. (3.2)

Hence we get the following transformation between products of ordinary bilateral series
which can be proved with the help of (3.2) when we compare the coefficients of z :

l+ay-ay, ...,  +apy . y—a, a, -0y ..., € -GN}
r

1+b ~ay, ..., V+bpyy—a, @, —=C, oo, 8y —Cppyn
XMHMI:IH;I—a-l, v, ey —ags :I l: —baraqs oo ,al—th\v;z:I
1+b1—a1,...,l+bM—a @) —Cppqqs «-o s @) —CaryN
+idem (ay ; @y, @g, .o 5 Baran) =0, i (3.3)

where | z|=1.
4. Finally, it may be noted that it has not been found possible to deduce a relation corre-
sponding to (3.3) for basic bilateral series.
Also, the transformation (2.4) can be directly obtained from the basic bilateral integral
given by Slater [7, § 10 (24)], if we make the same substitutions as required for deducing (2.4).
I am grateful to Dr R. P. Agarwal for his kind guidance during the preparation of this

paper.
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