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On Inductive Limit Type Actions of the
Euclidean Motion Group on Stable
UHF Algebras

Andrew J. Dean

Abstract. An invariant is presented which classifies, up to equivariant isomorphism, C*-dynamical
systems arising as limits from inductive systems of elementary C*-algebras on which the Euclidean
motion group acts by way of unitary representations that decompose into finite direct sums of irre-
ducibles.

1 Introduction

There is now a long history of classification results for C*-dynamical systems of the
following form: We have a C*-algebra given as an inductive limit and actions of a
group on each of the algebras in the inductive system such that the connecting maps
are equivariant, resulting in an action on the limit algebra. Most of the results ob-
tained so far have been for compact groups. Handelman and Rossmann [9, 10] clas-
sified actions of compact groups on AF algebras that left invariant some increasing
sequence of finite dimensional subalgebras with dense union under the restriction
that the actions of the group on the finite dimensional subalgebras arose from ho-
momorphisms of the group into their unitaries. They called such actions locally
representable. In [2, 11] this was extended to inductive systems with more compli-
cated C*-algebras, but a local representability condition was still required. In 8], the
local representability condition was removed for the special case where the group is
7./27 and the algebras in the inductive system are finite dimensional. In the case of
non-compact groups, AF flows were classified in [3, 4].

In this paper, we obtain the first such classification result for a group which is
neither compact nor abelian, namely the Euclidean motion group. We shall make use
of some common notations: for the fixed point subalgebra of a C*-algebra A under
the action « of the group G we shall write either A” or A® depending on whether the
group or the action is being emphasized. We write M(A) for the multiplier algebra of
the C* algebra A, and we shall sometimes find it convenient to write (A, @) ® (B, 3)
for the C*-dynamical system (A ® B, a ® 3).
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2 The Euclidean Motion Group and its Representations

In this section we recall a few facts about the Euclidean motion group. A full exposi-
tion of this material may be found in [14]. See also [5].

The Euclidean motion group, E, is the group of transformations of the plane gen-
erated by rotations about the origin and translations. If a € R* and o € R, we
denote by t(a) the translation by the vector a, and by r(«) the counterclockwise ro-
tation by « radians. We then have that t(a)t(b) = t(a+b), r(a)r(8) = r(a+ [3), and
r(a)t(a) = t(ea)r(a), so that any element of E may be written t(a)r(«) for some
a € R? and @ € R. E may be viewed as a subgroup of GL,(C) via the embedding
ta)r(a) — (eé)" ”1’) The translations form a normal subgroup of E, with the rota-
tions as a complimentary subgroup, so we may also express E as R* x T, where the
rotations act on R? in the usual way.

The irreducible unitary representations of E are of two types. The first kind are the
one dimensional representations that arise from the representations of T by passing
to the quotient of E by the translations. Explicitly, for each integer n we have a repre-
sentation Y, given by x,,(t(a)r(a)) = €. These representations are inequivalent for
distinct integers. The second kind are infinite dimensional, and may be given explic-
itly as follows. For each complex number a # 0 we define a unitary representation
U? of E on L,(T) by [U%(g)F](s) = ¢ @D E(r(a)~1s), where s € T, (z, sa) = Re(z5a),
F € L,(I), and g = t(2)r(a). It is shown in [12] that U® and U? are equivalent if
and only if |a| = |b], so that we need only consider the case of a > 0. With a > 0, we
have in polar form [U%(g)F](6) = &% ¢~ F(f — o), where g = t(pe?)r(a).

Below we shall need a few additional facts which are easily deduced from the ma-
terial in [14], in particular, the following theorem.

Theorem 2.1  For all integers n, m and real numbers a > 0, we have X, @Xm = X(n+m)
and x, ® U =2 U

Proof The map from C ® C to C given by a ® b — ab gives a unitary equivalence
between X, ® X and X (n+m). To see the second equivalence, first note that y, @ U?
is an infinite dimensional irreducible unitary representation of E, so for some b > 0,
Xn ® U® 22 UY. To see that b = a, we examine the proof of the classification theorem
for irreducible representations of E given as [14, Theorem 2.1, p. 165]. In that proof it
is shown that the spectral measure for the restriction of U? to R?, the translations, is
concentrated on a circle of radius a centered at the origin. Thus two representations
U* and U? are equivalent if and only if their restrictions to R? are. If we consider
the restriction of x, ® U® to R?, we see that it is just 1 ® U“|g, which is unitarily
equivalent to U?|p: via the map from C ® L,(T) to L,(T) given by a ® v — av. [ |

3 Elementary C*-Dynamical Systems

In this section we describe the classes of C*-dynamical systems we shall be concerned
with, beginning with the following definitions.

Definition 3.1  Given a locally compact group G, we define a concrete elementary
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C*-dynamical system to be one of the form (K(H), Ad U), where U is a unitary repre-
sentation of G on the Hilbert space H. A C*-dynamical system (A, o) will be called an
elementary C*-dynamical system if and only if it is equivariantly isomorphic to some
concrete elementary C*-dynamical system. By a finite atomic elementary C*-dyna-
mical system we shall mean one for which the group is E and which is isomorphic
to a concrete elementary C*-dynamical system in which the representation is a fi-
nite direct sum of irreducible representations. Given two finite atomic elementary
C*-dynamical systems, (A, ) and (B, ), we shall follow established usage in calling
an equivariant *-homomorphism ¢: A — B proper if the hereditary subalgebra of B
generated by ¢ (A) is all of B.

We shall be concerned with C*-dynamical systems of the following form: (A, ) =
lil)n{(A,,7 )y Pum }, where for each n, (A, o) is a finite atomic elementary C*-dyna-
mical system and the ;s are all proper equivariant *-homomorphisms.

Our first step is to see what kind of proper inclusions of one finite atomic ele-
mentary C*-dynamical system into another are possible. Let (A, ) and (B, 3) be
two such C*-dynamical systems, and let ¢: A — B be a proper equivariant *-homo-
morphism. The action § on B extends to an action, which we shall also call 3, on
M(B), the multiplier algebra of B. Now ©(A)’ N M(B) = M,,, where n is the multi-
plicity of the embedding ¢. This copy of M, is invariant under the extended action
B. We then have (B, 3) = (A ® M,, @ ® (3|n,) under an isomorphism that carries
the map ¢: A — Bto the map a — a ® 1. It is easy to see that the possible actions
of E on M, are all of the form Ad(x, @ -- - ® Xx,), for some set of one dimensional
representations Xx,, - - - ; Xk, of E. The list of representations appearing is uniquely
determined up to tensoring the whole set with a single one dimensional representa-
tion. We can make the list unique by insisting that k; > 0 for each 7, and that the
smallest k; = 0 (recall Theorem 2.1). We summarise this in the following theorem.

Theorem 3.2  Let (A, o) and (B, 3) be two finite atomic elementary C*-dynamical
systems and let p: A — B be a proper equivariant *-homomorphism. Then there exists
a unique list of natural numbers ny, . . ., ng such that there is an isomorphism of (B, 3)
with (A, o) ® (Mxs1y, Ad W) that carries ¢ to the map a — a ® 1, where W =
Xo D Xn @ D Xue

Our next step is to consider the fixed point subalgebra in a finite atomic elemen-
tary C*-dynamical system. Let (A, @) be such a system and let a € A®. Assume
(A,a) = (K(H),Ad U), where U = x,, @+ - B Xu, P Ul @...@U". Let P denote
the projection onto the subspace of H corresponding to the x,,s. Then P € A®. We
shall show that a = PaP. Write U = V @ U, and let ¢ € M(A) be the projection
onto the subspace of H corresponding to V. Since U is both infinite dimensional
and irreducible, there are no non-zero projections in (1 — q)A(1 — q) N A®. Consider
now (1 —¢)a(l —g). Then (1 —q) € M(A)* anda € A%, so (1 —gq)a*(1 —q)a(l —q)
is a self adjoint element of (1 — g)A(1 — gq) N A“. The spectral theorem for compact
operators combined with the absence of non-zero projections in this algebra shows
that (1 — ¢q)a*(1 — g)a(l — gq) = 0, and so (1 — q)a(1 — gq) = 0. For ga(1 — q), we
may apply a similar argument to (1 — q)a*qa(1 — gq) and for (1 — g)aq we do the same
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thing with (1 — g)aga* (1 — q). Now we get our result by repeating the above steps for
successive U”s.

From the above discussion we see that if (A, «) is a finite atomic elementary
C*-dynamical system, then A® is a unital algebra with the projection P from above as
its unit (we include {0} as a unital C*-algebra). Furthermore, from Theorem 3.2 we
see that if (A, &) and (B, 3) are two finite atomic elementary C*-dynamical systems
and ¢: A — Bisa proper equivariant *-homomorphism, then ¢ takes the unit of A“
to the unit of B®. If we now consider (4, a) = lii>n{(An, )y Pmn t, an inductive limit
of finite atomic elementary C*-dynamical systems with proper connecting maps, we
see that A* is unital.

Let (A, ) = lii)n{(An, ), mn t be an inductive limit C*-dynamical system as
above, and let 14z € A denote the unit of A®. The action « restricts to an action of E
on the hereditary subalgebra 1,:6A1,:. On this subalgebra the translations act trivially
and we have an AF-type action of T . The special case where 1,:6A14: = A, i.e., when
all our elementary C*-algebras are matrix algebras and the representations are finite
dimensional, is discussed in Section 5 below. The special case where 1,z = 0, and all
of our representations are infinite dimensional, is the subject of the next section.

4 Infinite Dimensional Representations

In this section, we consider the case in which the fixed point subalgebra is {0} (only
infinite dimensional representations). We begin by introducing some terminology.

Definition 4.1 Let INF denote the class of finite atomic elementary C*-dynamical
systems in which the fixed point subalgebra is {0}. Let LIMINF denote the class
of C*-dynamical systems arising as inductive limits of elements of INF' with proper
connecting maps.

Suppose that (A, o) € INF, that (B, (3) is a finite atomic elementary C*-dynamical
system, and that ¢: A — Bis a proper equivariant *-homomorphism. Then it is easy
to see from Theorem 3.2 that (B, 3) = (A ® M,;, & ® id) for some n via an isomor-
phism that carries ¢ to the map a — a ® 1. Thus if {(A,, @), Pum | is an inductive
system of elements of inf with proper connecting maps and (A, «) is the inductive
limit, then (A, o) = (A; ® M, oy ® id), where M is a UHF algebra. We shall prove
the following theorem, showing that this decomposition is essentially unique.

Theorem 4.2 Let (A, ) = li_n)l{(An, )y Oun }> Where, for each n, (A,, a,) € INF
and the connecting maps o, are proper. For some UHF algebra M, we have (A, o) =
(A1, 1) ® (M,id). This decomposition is unique in the following sense. Suppose
(K(H),AdV) ® (M,id) =2 (K(H),AdW) ® (N,id), N and M are UHF algebras,
V=nU"® - &mU% W=mU"®- - ®&mU" witha; # aj and b; # b; for
i # j,and that ged(ny,...n) =1 =ged(my,...m;). Then N = MandV =2 W.

Proof The existence of such a decomposition was observed above, so we proceed
to show uniqueness. Recall the formula for the representation U“ on L*(T) given in
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Section 2 above. If we consider the restriction of U? to just the rotations, and we let
f, denote the function  +— ¢ for & € T = R/27Z, we see that {f, | n € 7}
is an orthonormal basis for L?(T) consisting of eigenvectors for this action, and that
the eigenvalues are all distinct. We see that the fixed point subalgebra for the action
restricted to the rotations, which we shall denote A”, is the copy of ¢y generated by
the projections (f, | (-)) f,. Call the n-th such projection e,,.

Next, we consider the function h(n,a): E — R given by g — [le,cp(e,)||. We
shall only need the case where g > 0, so that, in the notation of Section 2, ¢ = p and
@ = 0. Then

lencrg(en)l| = [1{f; | (tglea) (D) fill
= (| U@L (N fu) £
= KU fu | CN{fu IU(Q) fu) ful
= [(fu | U@ S U@ fu] ()l
= (| U"@) ;)]

1 2 . ) .
— | / e—ln()(elag cos 961116) d&‘
21 Jo
1 2r
— / ezugcos@ 4o
2w Jo

From this we see that h(n, a) is independent of n, and furthermore only depends
the product ag. Let h: R — R denote the function such that h(ax) = h(n,a)(x). Itis
easy to see that 1(0) = 1, that h(t) < 1 fort > 0, and that & is continuous. It follows
thatifa, b > 0 and a # b, then for any integers n and m, h(n, a) # h(m, b).

Now consider (B, 3) = (A, a) ® (M, id) where (A, ) = (K(H),Ad U?) is an
element of inf with no nontrivial invariant hereditary subalgebra, and M is a UHF
algebra. If we let B' denote the fixed point subalgebra of the restriction of 3 to the
rotations, we see from the discussion above that BT & ¢, ® M. Furthermore, if we
let p be a minimal central projection in B', we have ||pf,(p)|| = h(ag) for g > 0.
(In fact, we have ||qo,(q)|| = h(ag) for ¢ > 0 for any projection g < p, an obser-
vation we shall need below.) This shows that if (B, 3) = (C,~) ® (N, id) for some
other element (C, y) of inf with no non-trivial invariant hereditary subalgebras, then
(C,v) =2 (A,a)and N = M.

Suppose (B, 3) € LIMINF, A C B, (A,|4a) € INF, and that the inclusion is
proper. Suppose (A, (]4) = (K(H),Ad V) where V = nU" @ - - - ® nU%* with a; #
ajfori # j. The action 3|4 extends to an action on B(H) = M(A), the multiplier
algebra of A, via the same representation V. Then V(E)’ = Ck, so the fixed point
subalgebra, M (A)?, for the extension of the action to M(A), is isomorphic to C¥. Let

P, ..., P denote the minimal central projections for M(A)”. Since the inclusion
of A into B is proper, M(A) C M(B), so we may view Py, ..., Py as projections in
M(B)A.
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Now, in the same situation as in the paragraph above, assume further that (B, 3) =
(A, @) ® (M, id), where a = (3|4 and M is a UHF algebra. We shall show that in this
case Py, ..., Py are central in M (B)?. We have that the action [ on B is given by a ho-
momorphism V: E — U(B(H)) = U(M(A)) C U(M(B)), where U(C) denotes the
unitary group of the unital C*-algebra C, such that 8,(x) = (Ad V(g))(x). The ex-
tension of the action 3 to M(B) is given by the same unitaries. Represent M faithfully
and non-degenerately on a Hilbert space K. Then we have B represented faithfully
and non-degenerately on H ® K, by a *~-homomorphism, say 7, and this represen-
tation extends to a faithful representation, which we shall also call 7, of M(B) on
H ® K such that 7(M(B)) is the set of all operators in B(H @ K) that multiply 7(B)
into itself (¢f. [12]). We then have 7(V(g)) = V(g) ® 1 € B(H) ® 1 C B(H ® K),
and similarly 7(P;) = P; ® 1. Since the automorphisms in /3 are inner in M(B), we
have that 7(M(B)?) C (7 o V(E))’, so we just have to see that for each 7, P; is central
for (m o V(E))'. This follows from the fact that the representations V(-)P; ® 1 of E
are pairwise disjoint (cf. [6]).

Assume the same notation as in the statement of the theorem. Let B = K(H) ®
M = K(H) ® N, let Py, ..., Py be the projections in M (B) corresponding to the sub-
spaces for n;Uay, ..., mU% in V,and let Q,, ..., Q; be those for m U, ... mU"
in W. Then from above we have that Q;P; = P;Q; for each i and j. Assume that for
some fixed 7 and ] we have Pin 7£ 0. Let Dij = (Pin)B(QjPi) = (QjBQj)ﬂ(PiBPi).
Let {e,} denote the minimal central projections in (QjBQj)T & g ® M;,; @ N and
let { f,} denote the minimal central projections in (P;BP;)" = ¢y ® M,,, ® M. Let a be
a non-zero positive element in D;;. Then the element b = fw ag(a) df is a non-zero
positive element in (D;;)". For some k, the element ¢ = exbey is non-zero, and the
hereditary subalgebra of B generated by this element is contained in e;Bex. The alge-
bra e;Bey is a UHF algebra, and has real rank zero. It is known that in a C*-algebra
with real rank zero every hereditary subalgebra has an approximate unit consisting of
projections (cf. [13]), so in particular we may choose a non-zero projection p € cBc.
Clearly p < . Since Dj; is hereditary, p € (D;;)". For some n, we have that
fupfa # 0,and 0 < f,pf, < p. The hereditary subalebra of B generated by f,pf,
is contained in f,Bf,, which is a UHF algebra. As above, we may choose a non-zero
projection ¢ in the hereditary subalgebra generated by f,p f,. Theng < p < ¢, and
q < fu. From the analysis of the case with just one representation, applied to Q;BQ);,
and the first of these conditions, we see that ||gag(q)|| = h(b;g) for g > 0. From the
second condition we have ||qa,(q)|| = h(a;g) for g > 0. From this it follows that
b; = a;. It is now easy to see that we must have k = [, and, possibly after reordering,

P; = Qj,a; = b;, fori = 1,..., k. Furthermore, the analysis of the case of one
representation applied to each of P;BP; in turn shows that M,, ® M = M,, ® N for
each i.

Finally, it remains to check that the multiplicities are the same. With the notation
as in the paragraph above, we identify N and M with the e;; corners in the respective
decompositions of B and consider the Ky classes [1y] and [1j] in Ko(B) € Q. We
have m;[1p] = n;[1n] fori = 1,..., k. It is easy to show that if p and q are positive
non-zero rational numbers, n1,...,ng, my,...,m; are non-zero natural numbers,
ged(ng,...,mk) = 1 = ged(my,...,my), and mjp = njqfori = 1,... k, then
p = q. Thus [1y] = [1um], so m; = n; for each i, and we have V = W and N = M.
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This completes the proof of Theorem 4.2. ]

Ifv = mUs &--- @& mU* and ged(ny,...,n) = d, then (K(H),AdV) =
(K(H), Ad W)®(M,,id), where W = (n; /d)U"D- - -®(ng/d)U%, so we see that any
(A, «) € LIMINF may be written in the form (B, 5)® (M, id) with M a UHF algebra
and (B, ) € inf with the multiplicities in the corresponding representation having
greatest common divisor 1 in a unique way. We call this tensor product expression
the canonical decomposition for (A, a).

5 Finite Dimensional Representations

In this section, we review the classification of product-type actions of the circle on
UHEF algebras. To do this, one may use the results of any of [3, 4, 9, 10]. We shall
follow [4]. In doing so we shall view the circle as R/277Z and regard circle actions as
periodic actions of R.

In [4, Definition 3.1] the ordered ring R is defined via a Grothendieck construc-
tion. We begin with the set S of all unordered tuples of non-negative real numbers
(finite sets of non-negative reals counted with multiplicity) and we define an addition
@ and a multiplication ® on S as follows. Writing [x1, ..., x,] for the element of S
corresponding to the tuple (xy, . .., x,,), and [@] for the element of S corresponding
to the empty set,

(X1, X0 B [V1ye oo V] = X1,y Xy Y1y ooy Vil
Bl X=X®[@] =X XanyelementofS$

X1, %] Oy, yml = +y;, 1<i<n 1< j<m]
PlOX=X0[0] =[0] XanyelementofS

With these definitions, (S, @) is an abelian semigroup with cancellation, and we
can enlarge it into a group via the Grothendieck construction. The multiplication
extends to make this group into a ring. With the original semigroup (S, @) as positive
cone, the ring, which we denote R, becomes an ordered ring.

In [4, Definition 3.2] an invariant of an AF flow, called the coloured Ky module,
is defined as follows. Given an AF flow (A, «), we let A* denote the fixed point
subalgebra of A, and D(A”) the dimension range of A*. The coloured Ky module,
denoted KR(A, a), of the AF flow (A, o) is the universal right R module generated
by the set D(A®) with the following relations:

(1) If p and q are projections in A* and p L g, then [p + gq] = [p] + [4].
(2) If v is a partial isometry in A which is also an eigenoperator with eigenvalue a,
then [v*v] = [vv*][a], where [a] € R.

We make the coloured K, module into an ordered module over the ordered ring ‘R
by taking as positive cone the set of all positive R-linear combinations of elements of
D(A®). We refer to the copy of D(A®) in KR(A, «) as the coloured scale, and denote
it XR(A, ). If (A, ) and (B, 3) are two AF flows and ¢: A — B is an equivariant
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*-homomorphism, then we define KR(p): KR(A, o) — KR(B, 3) by KR()[p] =
[ (p)] for any projection p in A* and extending by linearity. This makes the coloured
Ky module into a functor from AF flows with equivariant *-homomorphisms to or-
dered R modules with positive R module maps respecting the scales.

The following existence result may easily be deduced from [4, Lemma 3.5].

Lemma 5.1 (Existence)  Let (A, o, R) and (B, 3,R) be two C*-dynamical systems
with A and B full matrix algebras, and let p: KR(A,«) — KR(B, 3) be a positive
R module homomorphism mapping the class of the unit [14] € KR(A, «) to [15] €
KR (B, B). Then there exists a unital equivariant *-homomorphism ¢: A — B such
that KR(p) = .

Similarly, the following uniqueness result may be easily deduced from [4, Lemma
3.6].

Lemma 5.2 (Uniqueness)  Let (A, o, R) and (B, 3, R) be two C*-dynamical systems
with A and B full matrix algebras, and let 1) and ¢ be two unital equivariant *-homo-
morphisms from A to B. Suppose that KR()) = KR(p). Then there exists a unitary U
in the fixed point subalgebra of B such that ) = (Ad U) o ¢.

The final result we shall need from [4] is the following lemma.

Lemma 5.3 (Inductive limits)  Let {(A,, @y, R), ppm} be an inductive system of
C*-dynamical systems where the A,s are full matrix algebras, and the s are uni-
tal equivariant *-homomorphisms, and let (A, o, R) denote the inductive limit of this
system. Then (KR(A, ), KR* (A, a), [14]) is the inductive limit, in the category of
ordered R modules with distinguished positive elements and positive ‘R module maps
preserving the distinguished elements, of the inductive system

{(KR(Ay, ), K R(Ay, @), [14,1), KR (0m) }-

This may be deduced from [4, Remark 3.3 part 3; Lemma 3.7].

6 Classification

In this section we shall introduce an invariant that classifies C*-dynamical systems
arising as inductive limits of finite atomic elementary C*-dynamical systems with
proper connecting maps up to equivariant isomorphism (this is made precise in The-
orem 6.2). We shall make free use of elementary results about K-theory. We refer the
reader to [1] for this material.

Let (A,a) =2 (A;,01) ® (M, id) be the canonical decomposition for (A, a) €
LIMINF. Suppose (A}, ;) = (K(H),Ad V). Then A" 2 ¢y ® My ® M, where d is
the sum of the multiplicities of the distinct irreducible representations appearing in
V. The minimal central projections in A" are all Murray—von Neumann equivalent
in A, so they have the same class in Ky(A). Call this K; class g(A, a). Write u(A, o)
for the unitary equivalence class [V] of the representation V of E appearing in the
canonical decomposition of (A, o). We are now ready to define our invariant.
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Definition 6.1 Let (A, ) be a C*-dynamical system arising as an inductive limit
of finite atomic elementary C*-dynamical systems, and let 14z € A denote the unit
of the fixed point subalgebra Af. The invariant for (A, ), which we shall denote
Inv(A, ), consists of the following pieces of information:

(1) The coloured Ky module KR(14:A1 4z, ) along with its positive cone
Km+(1AEA1AEa CY),

and the class of the unit [14z]gw%.

(2) The ordered Ky group (Ky(A), Ko(A)*) along with the scale D(A) and the distin-
guished elements [14¢] andg( (1 — 148)A(1 — 145), a) .

(3) The unitary equivalence class u( (1 — 148)A(1 — 148), a) of the representation
appearing in the canonical decomposition of ( (1 — 148)A(1 — 148), a) .

By a morphism of invariants we shall mean a triple (¢, ¥, =) where ¢ is a mor-
phism of scaled, ordered, R-modules preserving the class of the unit, ¢ is a morphism
of scaled, ordered groups preserving the distinguished elements, and = denotes iden-
tity of unitary equivalence classes of representations. The definition of composition
of morphisms is the obvious one.

With these definitions, we may now state our main theorem.

Theorem 6.2  Suppose (A, «) and (B, ) are two C*-dynamical systems arising as in-
ductive limits of finite atomic elementary C*-dynamical systems with proper connecting
maps and that (@, 1, =) is an isomorphism of invariants from Inv(A, o) to Inv(B, 3).
Then there exists an equivariant *-isomorphism ~y: A — B such that ¢ = KR(~y) and
P = Ko().

The proof of this theorem will follow the pattern of an Elliott intertwining argu-
ment, ¢f. [7]. We shall require the following lemma.

Lemma 6.3  Suppose (A, o) and (B, 3) are two finite atomic elementary C*-dynami-
cal systems with 14z # 0 and v = (@, 1, =) is a morphism of invariants from Inv(A, «)
to Inv(B, 3) such that v is not the zero homomorphism. Then there exists a proper
equivariant *-homomorphism v: A — B such that ¢ = KR(7) and ¢ = Ko(5).
Furthermore, if 6: A — B is another such proper equivariant *-homomorphism, then
there exists a unitary U in the fixed point subalgebra of M(B) such that § = Ad U o 4.

Proof of Lemma 6.3 We have that (Ky(A),K;(A)) = (Z,27) = (Ko(B),K;(B)).
We shall divide the proof into cases according to the values of D(A) and D(B). There
are two combinations that may be ruled out. If either D(A) = K (A) and D(B) #
Ky (B), or D(A) # K (A) and D(B) = K{ (B), then we cannot have

(1= 1) A = 1ae), o) = p((1 = 152)B(1 — 1), B) -

We have then two cases to consider: the case where D(A) # Kj(A) and D(B) #
Ky (B), and the case where D(A) = K;j (A) and D(B) = K (B). We deal with the first
case first.
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Suppose that, in the situation described in the statement of the lemma, we have
further that D(A) # K (A) and D(B) # Kj (B), so that both A and B are full ma-
trix algebras. In this case, both of the representations in the invariant are the zero
representation, and g((l — 1480)A(1 — IAE),a) and g((l — 15)B(1 — 135),5) are
both zero too. From Lemma 5.1 we have that there exists a unital equivariant *-
homomorphism @: A — B such that KR(p) = . Furthermore, from Lemma 5.2
we have that if «y is another unital equivariant *-homomorphism from A to B with
KN(v) = ¢, then there exists a unitary U in the fixed point subalgebra of B such that
~v = (Ad U)o @. All that remains to be checked is that Ko () = 1. This follows from
the fact that ¢ is a unital homomorphism, so that Ky(@) takes the class of the unit of
A to that of the unit of B, and that v does the same.

Next we consider the case where D(A) = Kj(A) and D(B) = K (B). In this
case we have A = B = K. The assumption that ¢ is not a zero homomorphism
together with 1, # 0 implies that 1z # 0. We have that the coloured K, module for
(1arAlpe, o) (resp., (1peBlge, 3)) is a singly generated free ordered right R module
with generator the class of a certain minimal projection in A (resp., B). It follows
that there is an element b = [0, by, ..., b,] € R such that ¢ is the map x — x - b.
Since ¢ takes [14¢]gn to [1p:]xw, we see that by, ..., b, € 7" and (1g:Blge, 5) =
(LarAl e, ) ® (M(pe1y, Ad(X0 @ Xp, D -+ D Xp,)). It follows that [1g]x, = (n +
1)[14r]k, , identifying both groups with Z, so the Ky, map 1) is multiplication by n+ 1.
Since the same representation class appears in the canonical decompositions of

((1 = 140)A(1 = 148), ) and  ((1 — 1ge)B(1 — 1p), B)

and (n + 1)g((1 — 140)A(1 — 148), ) = g((1 — 1p)B(1 — 1), 3) , we see that
if we write (A, ) = (K(H),Ad W), where W is a finite direct sum of irreducible
representations of E, and do the same for (B, (3), then each infinite dimensional rep-
resentation appears n+1 times as many times in the representation for (B, () as in the
one for (A, a). It follows that (B, 3) = (A, &) @ (Mz+1), Ad(X0 @ Xp, D -+ D Xb,)),
and the map  given by a — a ® 1 satisfies the existence part of the lemma.

Suppose that §: A — B is another proper equivariant *-homomorphism with
KN(6) = KR(F) and Ky () = Ky(). Since both § and  are proper, they extend to
unital equivariant *-homomorphisms, which we shall also call § and 7 respectively,
from M(A) to M(B). Consider the relative commutants C = §(M(A))’ N M(B) and
D = §(M(A))’ N M(B). Both C and D are invariant subalgebras of M(B) isomor-
phic to M(,+1). We have (C, 5) = (M(41), Ad(Xx0 & X5, © - - @ Xp,)), and we may
write (D, 8) = (M(,+1), Ad W), where W is some other finite direct sum of y;s. It
follows that (B, ) = (A, @) ® (M(u+1), Ad W) via an equivariant isomorphism that
carries § to the map a — a ® 1. This implies that (1geBlge, 5) = (14sAlr, ) ®
(M(n+1), Ad W), so we must have (M(,+1), Ad W) = (M(u41), Ad(Xo@ X5, D - -®X5,))-
We thus have an equivariant automorphism of B that carries § to §, and as every
equivariant automorphism of B is implemented by a unitary in the fixed point sub-
algebra of M(B), this gives us our uniqueness result. This completes the proof of
Lemma 6.3. |

Remark 6.4 The assumption that 14z # 0 in Lemma 6.3 is necessary. Suppose
that, in the situation of the lemma, we have that both 14 and 1z are zero. Let
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V € p(A, «), and write V in terms of distinct irreducible representations as V' =2
mU* & --- & mU%. For some m, I the canonical decompositions of (A, «) and
(B, 8) are (K(H),Ad V) ® (M, id) and (K(H),Ad V) ® (M}, id), respectively. We
have then g(A, a) = m(n, + - -+ + mg) and g(B, B) = I(m; + - - - + ng). It now follows
from the condition ¥(g(A, o)) = g(B, ) that m divides [, | = sm say, and that the
map from A to Bgiven by y: K(H)®M,, — K(H)@M; = K(H)@M,,QM;xQy
X ® y ® 1, meets the requirements of the existence part of the lemma. The uniqueness
statement in the lemma, however, does not hold in this case. Let (A, o) € inf and let
(B,B) = (A, @) ® (M,,id). By Theorem 3.2 (B, 3) = (A, a) ® (M,, Ad(id ® x1)).
Let ¢ denote the inclusion a — a ® 1 in the first case, and let ¢ denote the inclusion
a — a® 1 in the second tensor product decomposition. The invariants for these two
equivariant inclusions are the same. The restrictions of (3 to the relative commutants
Y(A) N M(B) and ¢(A)’ N M(B) however give (M,,id) and (M,,Ad(id & x1)),
which are not isomorphic, so there cannot be a unitary in the fixed point subalgebra
of M(B) taking % to ¢.

Proof of Theorem 6.2 We deal first with the case where 1, = 0. Then, since the
isomorphism v of Ky(A) with Ky(B) takes [14z] to [1p:], we have 13 = 0 too,
and (A, «), (B, 3) are both elements of liminf. Let (K(H),AdV) ® (M, id) and
(K(H),Ad V) ® (N, id) be the canonical decompositions of (A, «) and (B, 3) re-
spectively, and suppose V. = n,U" @ --- ® mU% with a; # aj fori # j. Then
gA,a) = (ny + -+ m)lenn ® 1] and g(B,B) = (my + -+ + mi)[en1 ® 1n], s0
(g(A, o)) = g(B, ) implies that 1([e;; ® 1p]) = [e11 ® 1n]. It follows from a fun-
damental result in K-theory (c¢f. [1]) that there exists an isomorphism P:A — B
such that ¢ = Ky(¢), and we see that M and N are cutdowns of A and B, re-
spectively by projections which are set Murray—von Neumann equivalent by this
isomorphism, so we have M = N, under an isomorphism = say. It follows that
1®v: K(H) ® M — K(H) ® N is an equivariant isomorphism satisfying the re-
quirements of the theorem.

Suppose now that {(A,, &), ium } and {(By, B1), jum | are two inductive systems of
finite atomic elementary C*-dynamical systems with proper connecting maps, that
(A, ) and (B, 3) are the inductive limits, that 14z # 0, and that -y is an isomorphism
of Inv(A, o) with Inv(B, 3). It follows that 1g: # 0, 1,z € Ay, and 1z € B;. Since
Kj is continuous with respect to inductive limits, and by Lemma 5.3 K*R is as well,
we get a diagram,

Inv(A;, ) —— Inv(Ay,p) —— -+ —— Inv(A, «)
Inv(B;, 8 —— Inv(B,, 52) Inv(B, 3)

in the category of invariants in which

IHV(A, a) = li_n)l{InV(Ana an)a (K%(Inm)a KO(inm); :) = InV(inm)}a
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and similarly for Inv(B, 3).

Both Ky(A;) and KR(14:A;14¢) are singly generated, so for some n we may
find a morphism of invariants, 7y, say, from Inv(A;, ;) to Inv(B,, 3,) such that
v o Inv(ijee) = Inv(jueo) © 71. Passing to a subsequence and renumbering, we
may suppose that n = 1. Applying the same reasoning, we get a morphism of in-
variants, ¢ say, from Inv(By, 51) to Inv(A,,, a,,) for some m, such that Inv (i) ©
0 = v oInv(jie). We then have that Inv(iioo) = Inv(imeo © 0 © 71). Since
both Ky(A;) and KR(14:A;14¢) are singly generated, for some k > m we have
Inv(ix) = Inv(iyuk) o § o 7. Passing to a subsequence and renumbering, we may
suppose m = k = 2. We write v for §. Proceeding in this fashion, from left to right
through the diagram above, we arrive at a commutative diagram:

Inv(A;, ) —— Inv(Ay,p) —— -+ —— Inv(A, «)
l’)’l / l% " VTl’Y
Inv(By, 51 — Inv(B, ;) Inv(B, 3)

Next, we use the existence part of Lemma 6.3 to conclude that, for each n, there exist
proper equivariant *-homomorphisms 7, : (A,, o,) — (B,3,) and o,: (B, 5,) —
(An+l7an+l) such that (KER(’?HLKO(’?n)v:) = Tn and (Km(pn)7K0(Dn)7:) = Vp.
This gives us a diagram

(A],Of]) - (A27a2) — = T (A,Oé)
l T 5 l ﬁ’z%
(Bi, /i — (B2, ) (B, )

in which the triangles need not commute.

Finally, we use the uniqueness part of Lemma 6.3 to adjust the vertical maps in the
above diagram to get a commuting one in which the maps have the same invariants as
in the one above. We start with v. Since i1, and v; 0y, have the same invariants, there
exists a unitary U in the fixed point subalgebra of M (A,) such that Ad Uov, 0y, = ip,.
Since U € M(A,)™, Ko(Ad U o vy) = Ko(v1). Also, U commutes with 14¢, so 1,:U
is a unitary in the fixed point subalgebra of 1,:64;14r and KR(Ad U o v;) = KR ().
We replace v; with Ad U o vy and proceed to ,. Continuing in this way gives us a
diagram like the one above, and in which the maps have the same invariants, but in
which each triangle, and hence the whole diagram, now commutes. It is well known,
(¢f. [7]) that such a commuting diagram gives rise to a pair of inverse isomorphisms,
4: A — Band 7: B — A which make the whole diagram commute. In our case, these
isomorphisms are also equivariant. That they have the right values on the invariants
follows from commutativity of the diagram and functoriality of the invariant.
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