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Abstract. In a previous paper, we studied the homogenized enveloping algebra of
the Lie algebra s�(2, �) and the homogenized Verma modules. The aim of this paper
is to study the homogenization OB of the Bernstein–Gelfand–Gelfand category O of
s�(2, �), and to apply the ideas developed jointly with J. Mondragón in our work on
Groebner basis algebras, to give the relations between the categories OB and O as well
as, between the derived categories Db(OB) and Db(O).
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1. Introduction. In a series of three papers, the author studied jointly with J.
Mondragón homogeneous Groebner basis algebras, or homogeneous G-algebras, Bn

and its deshomogenized G-algebra An = Bn/(z − 1)Bn. We proved Bn has a Poincare–
Birkoff–Witt basis it is Koszul noetherian Artin–Schelter regular of global dimension
n + 1, in particular its Yoneda algebra B!

n is finite dimensional selfinjective. We
described the structure of the algebras Bn and B!

n and analyzed the relations among
the algebras Bn, B!

n and An. The first two are related by Koszul duality and Bn and
An are related by a homogenization–deshomogenization process. We studied these
connections, both at the level of module categories, and of derived categories.

An application of these ideas to the enveloping algebra U of the Lie algebra
s�(2, �) was given in a previous paper [18]. We studied homogenized Verma modules
V (λ) over the homogenization B of the algebra U , we proved they are Koszul of
projective dimension two. We then describe the structure of the Koszul B!-modules
W (λ) corresponding to V (λ) under Koszul duality. It is well known that the graded
Auslander–Reiten components of selfinjective Koszul algebra are of type �A∞, we
proved that each W (λ) is in a different component, and that it lies at the mouth.
In this way, we obtain a family of Auslander–Reiten components of a wild algebra
parametrized by �.

The aim of this paper is to study the homogenization OB of the Bernstein–
Gelfand–Gelfand category O of s�(2, �) and to apply the ideas developed jointly with
J. Mondragón in the study of Groebner basis algebras, to give the relations between
the categories OB and O as well as, between the derived categories Db(OB) and Db(O).
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190 ROBERTO MARTÍNEZ-VILLA

Groebner basis algebras or G-algebras were considered by Levandosky [16]
generalizing results from Apel [1], Berger [2] and [3]. They include important classes
of algebras like the Weyl algebras, [5, 26] the enveloping algebras of the finite
dimensional Lie algebras [14] and the quantum polynomial ring. We considered in
[20] and [21] homogeneous versions of these algebras, as well as the homogenization
deshomogenization process. We proved they are Koszul, Artin–Schelter regular and
noetherian, and gave the structure of both, the homogeneous G-algebra Bn and its
Yoneda algebra B!

n.
For the convenience of the reader, we recall the definition and some basic properties

of G-algebras.
Let k be a field and T = k〈X1, X2, . . . Xn〉 the free algebra with n generators

and suppose there is a set F = {fji | 1 ≤ i < j ≤ n}, where for all j > ifji = XjXi −

ci jXiXj − di j, di j = ∑n
k=1bk

i jXk + ai j, with bk
i j, ai j ∈ k, ci j ∈ k − {0}, we denote by An

the quadratic algebra T/〈F〉, with I = 〈F〉 the two sided ideal generated by F and
let Bn be the homogenization of the quadratic algebra An defined by generators and
relations as follows: Bn = k〈X1, X2, . . . Xn, Z〉/Ih, where Ih is the ideal generated by the
homogenized relations of I:

f h
ji = XjXi − ci jXiXj − ∑n

k=1bk
i jZXk − ai jZ2, and the commutators XiZ − ZXi.

Conversely, given an homogeneous quadratic algebra Bn = k〈X1, X2, . . . Xn, Z〉/Ih

where Ih is the ideal generated by the homogenized relations of I:
f h
ji = XjXi − ci jXiXj − ∑n

k=1bk
i jZXk − ai jZ2, and the commutators XiZ − ZXi.

For any element a ∈ k, there is a deshomogenized algebra An,a defined as An,a =
k〈X1, X2, . . . Xn〉/Ia, with Ia the ideal generated by the deshomogenized relations
f a
ji = XjXi − ci jXiXj − a

∑n
k=1bk

i jXk − ai ja2. When a = 1 we write An instead of

An,1, and for a = 0, An,0 is just the quantum polynomial ring kq[X1, X2, . . . Xn] =
k〈X1, X2, . . . Xn〉/〈XjXi − ci jXiXj |j > i, ci j ∈ k − {0}〉.

In the following proposition, we establish the relations between An,a and Bn.

PROPOSITION 1. Given an homogeneous quadratic algebra k〈X1,X2, . . . Xn,Z〉/Ih =
Bn with Ih is the ideal generated by the homogenized relations: f h

ji = XjXi−ci jXiXj −
∑n

k=1bk
i jZXk − ai jZ2, and the commutators XiZ − ZXi, and for a ∈ k its

deshomogenization An,a = k〈X1,X2, . . . Xn〉/Ia, there is an isomorphism of k-algebras:
Bn/(Z−a)Bn ∼= An,a.

COROLLARY 1. For an homogeneous quadratic algebra Bn = k〈X1, X2, . . . Xn,Z〉/Ih,
there is an isomorphism of (graded) k-algebras Bn/ZBn ∼= kq[X1, X2, . . . Xn].

DEFINITION 1. Let T = k〈X1, X2, . . . Xn〉 be the free algebra with n generators and
A = k〈X1, X2, . . . Xn〉/I the quotient by a two sided ideal. We say that A = T/I has a
Poincare–Birkof–Witt basis if every non-zero element of A can be written in a unique
way as a polynomial

∑
cαXα1

1 Xα2
2 . . . Xαn

n , where the sum is finite and cα ∈ k − {0}.
In the next proposition [20], we proved that the existence of a Poincare–

Birkoff–Witt Basis (PBW for short) is preserved under the homogenization-
deshomogenization process.
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PROPOSITION 2. Let Bn = k〈X1, X2, . . . Xn, Z〉/Ih be a quadratic homogeneous
algebra, a ∈ k-{0} and An,a = k〈X1, X2, . . . Xn〉/Ia its deshomogenization. Then, An,a

has a PBW basis if and only if Bn has a PBW basis.

For a quadratic algebra, to have a PBW basis is equivalent to have a finite
Groebner basis. Since we do not want to get involved in this paper with the theory of
noncommutative Groebner basis [9–11] we will use the following equivalent definition,
and refer to [9], or to [20] for the proof of the equivalence with the standard definition,
as well as for the main properties of G-algebras.

DEFINITION 2. A quadratic algebra of the form An ( Bn) with a Poincare–Birkoff–
Witt Basis will be called a Groebner basis algebra or G-algebra (homogeneous G-
algebra).

We recall now the main results in our previous paper [18].
Through the paper � will denote the complex numbers, with � we denote the

positive integers and with �0 the non-negative integers. Our main concern is s�(2,�),
the �-vector subspace of the space of two by two matrices M2×2(�) consisting of
the matrices with zero trace. s�(2,�) is a Lie algebra with bracket product [X, Y ] =
XY − YX . The enveloping algebra U of s�(2,�) is given by generators and relations by
U = �〈e, f, h〉/L, where �〈e, f, h〉 is the free algebra with three generators: e,f,h and L
is the ideal generated by the relations: [e, f ] − h, [h, e] − 2e, [h, f ] + 2f . It is well known
that U has a Poincare–Birkoff basis [7,25], this means that every element u∈ U can be
written in a unique way as a combination u = ∑

�

∑
i+j+k=�ci,j,keif jhk and ci,j,k ∈ �.

We denote by B the homogenized enveloping algebra of s�(2,�) [15] defined
by generators and relations as: B = �〈e, f, h, z〉/I , where �〈e, f, h, z〉 is the free
algebra in four generators and I is the ideal generated by the relations: [e, f ] −
hz, [h, e] − 2ez, [h, f ] + 2f z, [e, z], [f, z], [h, z]. By the above proposition, the algebra
B has a Poincare–Birkof–Witt basis. Using the ideas and results form [20] and
[21] it was proved in [18] it is Koszul noetherian Artin–Schelter regular of
global dimension four. Its Yoneda algebra is B! = �〈e, f, h, z〉/I⊥, where �〈e, f, h, z〉
is the free algebra in four generators and I ⊥ is the ideal generated by
the relations e2, f 2, h2, z2, (e, f ), (e, h), (f, h), (h, z) + ef, (e, z) − 2eh, (f, z) − 2hf, where
(u, v) = uv + vu is the anti commutator.

We recover U by deshomogenization, this is; U ∼= B/(z − 1)B and the polynomial
algebra C = �[e, f, h] is obtained as B/zB ∼= �[e, f, h]. If we denote by C! the exterior
algebra C! = �〈e, f, h, 〉/〈e2, f 2, h2, (e, f ), (e, h), (f, h)〉, then C! is a subalgebra of B!

and there is a decomposition B! = C! ⊕ C!z(B! = C! ⊕ zC!) as left (right) C!-modules.
By construction B is a �[z]-algebra, consider the multiplicative set S =

{1, z, z2, . . . zk, . . .} and denote by �[z]z the graded localization �[z]S. There is
an isomorphism of �-algebras �[z]z ∼= �[z, z−1], where �[z, z−1] is the ring of
Laurent polynomials. The algebra Bz = B ⊗�[z] �[z, z−1] is a �-graded algebra with
homogeneous elements b/zk with b an homogenous element of B and degree (b/zk) =
degree(b) − k.

There is a commutative diagram:

B
ϕ→ Bz

π→ Bz/(z − 1)Bz

↘ ↗
q B/(z − 1)B ψ

,

with ϕ, π , q the natural maps and ψ an isomorphism of �-algebras.
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Therefore, U ∼= B/(z − 1)B ∼= Bz/(z − 1)Bz.
There is an isomorphism θ : (Bz)0 → Bz/(z − 1)Bz, and isomorphisms of graded

algebras:
U [z, z−1] = U ⊗� �[z, z−1] ∼= B ⊗�[z] �[z, z−1].
The ring U [z, z−1] is a strongly �-graded. The ring homomorphism U → U [z, z−1]

induces functors:
U [z, z−1] ⊗U − : ModU → GrU [z,z−1] and resU : GrU [z,z−1] → ModU .

By Dade’s theorem [6] we have:

THEOREM 1. The functors U [z, z−1] ⊗U − and resU are inverse exact equivalences,
which induce by restriction equivalences between the corresponding categories of finitely
generated modules modU and grU [z,z−1].

COROLLARY 2. The equivalences U [z, z−1] ⊗U − and resU preserve projective and
irreducible modules and send left ideals to left ideals giving an order preserving bijection.

In view of the previous statements, the study of the U-modules reduces to the
study of the graded Bz-modules. We consider next the relation between the graded
B-modules and the graded modules over the localization Bz.

We will make use of the following:

DEFINITION 3. Given a B-module M we define the z-torsion of M as tz(M) = {m ∈
M | there exists n ≥ 0, with znm = 0}. The module M is of z-torsion if tz(M) = M and
z-torsion free if tz(M)=0.

The module tz(M) is a submodule of M and a map ϕ:M → N restricts to a
map ϕ|tz(M) : tz(M) → tz(N) in this way tz(−) is a subfunctor of the identity with
tz(tz(M)) = tz(M),

For any B-module M there is an exact sequence:

0 → tz(M) → M → M/tz(M) → 0 ,

with tz(M) of z-torsion and M/tz(M) z-torsion free.
The kernel of the natural morphism M → Mz = Bz ⊗B M is tz(M).
In the next proposition, we describe as a particular case known facts concerning

any localization [28].

PROPOSITION 3. The following statements hold:

(i) Given a graded map of B-modules ϕ : M → N the map induced in the localization:
ϕz : Mz → Nz is zero if and only if ϕ factors through a z-torsion module.

(ii) Assume the localized modules Mz is finitely generated and let φ : Mz → Nz

be a morphism of graded Bz-modules. Then, there exists an integer k ≥ 0
and a morphism of B-modules ϕ : zkM → N such that the composition Mz

σ→
(zkM)z

ϕz→ Nz, ϕzσ = φ and σ is an isomorphism of graded Bz-modules.
(iii) Let M be a finitely generated Bz-module. The module M is by restriction a B-

module and there exists a finitely generated graded B-submodule M of M such
that Mz ∼= M.

(iv) Let M, N be finitely generated B-modules a map φ : Mz → Nz is an isomorphism
if and only if its lifting ϕ: zkM → N, ϕz = φ has kernel and cokernel of z-torsion.
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1.1. Verma modules. In the representation theory of semisimple Lie algebras
Verma modules have a special role, in this subsection we recall the definition and some
of the main properties of Verma modules over the enveloping algebra U of s�(2,�), as
well as the properties of the homogenized version of the Verma B-modules, and refer
to [18, 25] for the proofs.

For any λ ∈ � the Verma module M(λ) is M(λ)= U/(Ue + U(h − λ)). It is well
known which Verma U-modules are irreducible.

PROPOSITION 4. A Verma U-module M is irreducible if and only if λ /∈ �0. If n∈ �0,
then the Verma U-module M( n) is indecomposable. Furthermore, the module M(−n − 2)
is the unique simple submodule of M(n) and M(n)/M(−n − 2) = V (n+1) is the unique
finite dimensional simple of dimension n + 1.

For each λ ∈ � we define the homogenized left ideal Iλ of B by Iλ = Be + B(h − λz)
and the homogenized Verma module V (λ) = B/Iλ.

We proved in [18] the following:

PROPOSITION 5. For each λ ∈ � the monomials { f izm} form a �- basis of the
homogenized Verma module V(λ)= B/Iλ, where Iλ = Be + B(h − λz).

COROLLARY 3. The homogenized Verma module V (λ) = B/Iλ is z-torsion free.

We call the module (V (λ)z)0 the deshomogenized Verma module, it is isomorphic
to the usual Verma U-module, which we denoted by M(λ).

The next proposition follows by Proposition 4 and by Corollary 2.

PROPOSITION 6. The localization of the homogenized Verma B-module V(λ)z is
irreducible if and only if λ /∈ �0.

As a consequence of this proposition we obtain the following properties of the
homogenized Verma modules.

PROPOSITION 7.
(i) Given a non-zero submodule X of the homogenized Verma B-module V(λ) with

λ /∈ �0 the module V(λ)/X is z-torsion.
(ii) The module V(λ) is indecomposable for any λ ∈ �.

Consider the case V (n) with n ∈ �0 and a map ϕ : B → V (n) with Be + B(h −
λz) ⊂kerϕ. An non-zero element v of V (n) is of the form v = ∑

ci(z)f i with ci(z) ∈ �[z]
and for some i, ci(z) �= 0.

(h − λz)v = ∑
ci(z)(h − λz)f i = ∑

ci(z)f i(h − nz) + ∑
ci(z)(n − (λ + 2i))f iz = 0 if

and only if for all i with ci(z) �= 0, n = λ + 2i. This means, there is a unique i with
ci(z) �= 0, λ = n + 2i and v = ci(z)f i.

Now, ev = ci(z)ef i = ci(z)f ie + izci(z)f i−1(h − (i − 1)z) = ci(z)f ie + ici(z)f i−1(h −
nz) + ici(z)f i−1z2(n − (i − 1)).

Hence; ev = 0 if and only if n = i − 1 or i = 0. in the first case λ = −n − 2, ϕ(1) =
c(z)f n+1, in the second case λ = n, ϕ(1) = c(z)1.

We have proved:

LEMMA 1. Let n∈ �0 and λ ∈ �, then

HomB(V(λ),V(n))=
{

0 if λ �= n and λ �= -n-2
�[z] otherwise .
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LEMMA 2. Given the exact sequence: 0→ V (−n − 2)
ϕ→ V (n) → V (n)/V (−n −

2) → 0, with ϕ(1) = f n+1, V (n)/V (−n − 2) is z-torsion free.

Proof. Let
∑

ci(z)f i + V (−n − 2) be an element of V (n)/V (−n − 2) and assume
for some k ≥ 0, zk∑ci(z)f i ∈ V (−n − 2). Therefore:

∑
zkci(z)f i = ∑

bj(z)f j+n+1 and
ci(z) = 0 for 0 ≤ i ≤ n.

It follows
∑

ci(z)f i = ∑
cj+n+1(z)f j+n+1 ∈ V (−n − 2). �

LEMMA 3. Let μ ∈ � and λ ∈ �-�0. Then,

HomB(V(μ),V(λ))=
{

0 if λ �= μ

�[z] if λ=μ.

Proof. Let ϕ: B → V (λ) be the map ϕ(1) = v = ∑
ci(z)f i, then hv = ∑

ci(z)f i(h −
2iz), then 0 = (h − μz)v = ∑

ci(z)f i(h − λz) + ∑
ci(z)(λ − μ − 2i)f iz and

∑
ci(z)(λ −

μ − 2i)f iz = 0 in V (λ).
Therefore: ci(z) �= 0 implies λ = μ + 2i, v = c(z)f i.
Assume i �= 0.
ev = c(z)(f ie + izf i−1(h − λz) + i(λ − (i − 1))f i−1z2) = 0.
It follows λ = i − 1, a contradiction.
Therefore, i = 0 and λ = μ, v = c(z). �
We will assume the reader is familiar with basic results on Koszul algebras as

developed in [12, 13].
The homogenized Verma modules are Koszul [18].

THEOREM 2. Let V(λ) be a homogenized Verma B-module. Then V(λ) has a minimal
projective resolution:

0 → B[−2]
d2→ B ⊕ B[−1]

d1→ B → V(λ) → 0,

with d1(a, b) = ae + b(h − λz) and d2(b) = (b(λ + 2)z − h, e). In particular, V(λ) is a
Koszul module.

In [20, 21] we gave the structure of both, the homogeneous G-algebras Bn, and
their Koszul duals B!

n. The algebras B!
n have a structure similar to the exterior algebra,

in fact the exterior algebra C!
n is a sublagebra of B!

n, and B!
n decomposes as left (right)

C!
n module: B!

n = C!
n ⊕ C!

nz (B!
n = C!

n ⊕ zC!
n).

Given a selfinjective algebra �, there is an automorphism σ : � → �, such that
it induces an isomorphism of �-� bimodules � ∼= D(�)σ , where D(�) = Homk(�,k)
has the usual left �-module structure, but on the right is the multiplication given by
twisting with the automorphism σ . The algebra is symmetric, if and only if σ = 1. We
refer to Yamagata´s notes [29] for the details.

In the Koszul case, any automorphism σ :� → � induces a graded automorphism
of the Yoneda algebra τ :  →  as follows:

 = ⊕
k≥0

Extk
�(�0,�0), let γ ∈ Extk

�(�0,�0) be the extension:

γ : 0 → �0 → E1 → E2 → . . . → Ek → �0 → 0.
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Define τ (γ ) as the extension:

τ (γ ): 0 → σ�0 → σE1 → σE2 → . . . → σEk → σ�0 → 0,

where given a �-module M the module σM is equal to M as k-vector space and for
λ ∈ �, m∈ σM, the product is defined by λ∗m= σ (λ)m.

Since the �-modules �0 and σ�0 are isomorphic, τ (γ )∈ Extk
�(�0, �0).

In the case, � is selfinjective and σ :� → � is the Nakayama automorphism, we
denote the induced automorphism also by σ , and call it the Nakayama automorphism
of .

It was proved in [21] that for a homogeneous G-algebra Bn and its Yoneda algebra
B!

n the Nakayama automorphism has a simple form. It is defined as σ (Xi) = uiXi and
σ (Z) = u0Z, with ui ∈ k − {0}.

Since the homogenized enveloping algebra of a finite dimensional Lie algebra is a
G-algebra, for the particular case of s�(2,�) the Nakayama automorphism is defined
in B as σ (z) = u0z, σ (e) = u1e, σ (f ) = u2f , σ (h) = u3h, with ui ∈ � − {0}.

We remarked above, [24] that graded Auslander–Reiten components of selfinjective
Koszul algebras are of type �A∞. In [18], we proved the following:

THEOREM 3.
(i) For any complex λ ∈ � the B!-module W(λ) = B!/(B!f + B!(z + λh)) is the

module corresponding to V(λ) under Koszul duality.
(ii) For each λ ∈ � the B!-module W(λ) is at the mouth of the component.

(iii) For λ,μ ∈ �, λ �= μ the modules W(λ) and W(μ) are in different components.

2. Weight modules over the enveloping algebra U of s�(2,�) and BGG category O.
In this section, we recall for the enveloping algebra U of s�(2,�), some basic results on
Bernstein–Gelfand–Gelfand category O. We refer to Mazorchuk [25] for the proofs
and more results on category O.

Let M be a module over the enveloping algebra U of s�(2,�). For λ ∈ � the
weight space is Mλ = {m ∈ M | hm = λm} and λ is the weight. M is a weight module
if M = ⊕

λ∈�
Mλ, in particular the Verma modules are weight modules.

PROPOSITION 8.
(i) Every submodule of a weight module is a weight module.

(ii) Every quotient of a weight module is a weight module.
(iii) A direct sum of weight modules is a weight module.
(iv) The tensor product of two weight modules is a weight module.

Denote by M the category of weight modules, by the previous proposition it is
abelian. Denote by M the subcategory of all weight modules M with dim�Mλ < ∞.
The Verma modules belong to M.

Given a weight module M, define for any ξ ∈ �/2� the submodule Mξ = ⊕
λ∈ξ

Mλ.

If we denote by Mξ the subcategory of weight modules of the form Mξ , then M =
⊕

ξ∈�/2�
Mξ . We denote by M

ξ
the category Mξ ∩ M.

DEFINITION 4. The categoryO consists of all U-modules M satisfying the following
conditions:

(i) M is finitely generated.
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(ii) M is a weight module.
(iii) For all v∈ M dim�[e]v< ∞.

PROPOSITION 9. The categoryO is closed with respect to taking submodules, quotients
and finite direct sums. In particular, the category O is an abelian Krull Schmidt category
with the usual kernels and cokernels, and any simple in O is a simple U-module.

We have next the following:

PROPOSITION 10.
(i) For any λ ∈ � the Verma module M(λ) is in O.

(ii) For any M ∈ O dim�Mλ < ∞, this is: O ⊂ M.

DEFINITION 5. The Casimir element of U is c = (h + 1)2 + 4f e.

LEMMA 4. The Casimir element is in the centre of U.

As a consequence of the lemma, given a U-module M multiplication by c is a
homomorphism c : M → M.

Let τ be an element of �. Then for any given U-module M we define M(c, τ ) =
{m ∈ M | there is k ≥0 with (c − τ )km = 0}. Then M(c, τ ) is a U-submodule of M.

For any λ ∈ � and M ∈ M, multiplication by c is a endomorphism of the finite
dimensional �-vector space Mλ and there is a Jordan decomposition Mλ = ⊕

τ∈�
Mλ(τ ),

where Mλ(τ ) = {m ∈ Mλ | (c − τ )km = 0 for k ≥ 0}.
The module M(τ ) = ⊕

λ∈�
Mλ(τ ) is a submodule of M = ⊕

λ∈�
Mλ.

Denote by M ξ,τ the full subcategory of M
ξ

consisting of all M such that M =
M(τ ). By definition, M

ξ = ⊕
τ∈�

M ξ,τ .

Since O is a subcategory of M we can define Oξ,τ as Oξ,τ = O ∩ M ξ,τ . and the
above decomposition induces a decomposition O = ⊕

ξ∈�/2�

τ∈�

Oξ,τ .

PROPOSITION 11.
(i) Every object in O has finite length.

(ii) The category O has enough projective objects and the Verma modules M(λ) are
projective.

We call the categories Oξ,τ the blocks of O.
There is the following description of the blocks:

THEOREM 4. Let ξ be an element of �/2� and τ ∈ �.

(i) If (λ + 1)2 �= τ , for all λ ∈ �, then Oξ,τ = 0.
(ii) If (λ + 1)2 = τ , for a unique λ ∈ �, then Oξ,τ is semisimple, this is: the category

Oξ,τ is equivalent to the category of complex vector spaces.
(iii) If (λ1 + 1)2 = (λ2 + 1)2 = τ , for λ1,λ2 ∈ �, with λ1 �= λ2, then τ = n2, for some

n ∈ �0 and the block Oξ,τ is equivalent to the category of finitely generated

modules over the algebra D with quiver
α

�
β

and relations αβ = 0.

Observe that in case (iii) we have an algebra with a “node" in the sense of [22] such
that removing the node we obtain an algebra with quiver →→ and no relations, but
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this is isomorphic to the algebra of triangular matrices of size 3×3, which is hereditary,
hence, Koszul. It follows from [22] that the algebra D is Koszul.

The algebra D is of finite representation type and using the functors given in [20]
we can describe completely its module structure. In fact we have up to isomorphism
only five indecomposable modules.

The blocks of type (iii) are called regular blocks, and since they are all equivalent,
it is enough to consider the principal block O2�,1,which is denoted by O0.

The module structure of the block both as graded and non-graded object is fully
understood and we can find the details in Mazorchuk book [25].

We want to describe next the homogenized version OB of the category O.

3. The homogenized categoryOB. Before describing the homogenized categoryO
we will give some results concerning the graded localization Mz = Bz ⊗B M of a graded
left B-module M and of the deshomogenization process M/(z − 1)M. We give in this
section an explicit description of the graded left B-modules such that M/(z − 1)M is
in O.

We remarked in Section 1, [18, 20] that Bz is a �-graded algebra which has in
degree zero U ∼= (Bz)0

∼= B/(z − 1)B ∼= Bz/(z − 1)Bz. This result extends to the finitely
generated B-modules.

PROPOSITION 12. Let M be a finitely generated graded B-module and Mz = Bz ⊗B M
be its graded localization. For any integer k, the degree k part of Mz, given by (Mz)k =
{m/z� |deg(m)-� = k}, is isomorphic to M/(z − 1)M as (Bz)0-modules.

Proof. Let’s assume first M is of z-torsion. Then, there is a positive integer �

such that z�M = 0. Given m ∈ M, z�m = 0 = m + (z − 1)h(z)m, with h(z) ∈ �[z], hence
m + (z − 1)M = 0 + (z − 1)M and M/(z − 1)M = 0.

In the general case, applying the tensor product functor B/(z − 1)B ⊗B − to the
exact sequence:

*) 0 → tz(M) → M → M/tz(M) → 0,

we obtain an exact sequence:

tz(M)/(z − 1)tz(M) → M/(z − 1)M → (M/tz(M))/(z − 1)(M/tz(M)) → 0,

and tz(M)/(z − 1)tz(M) = 0 implies M/(z − 1)M ∼= (M/tz(M))/(z − 1)(M/tz(M)).
If we apply now the tensor functor B z⊗B- to the exact sequence *) we obtain the

exact sequence:

0 → tz(M)z → Mz → (M/tz(M))z → 0,

and tz(M)z = 0 implies Mz ∼= (M/tz(M))z.

In view of these remarks, we may assume M is z-torsion free.

Consider the composition ϕ = πj of the canonical maps: (Mz)k
j→ Mz

π→
Mz/(z − 1)Mz. The map ϕ is defined as ϕ(m/z�) = m/z� + (z − 1)Mz, where deg(m)-
� = k.

We claim ϕ is an isomorphism of (Bz)0-modules.
It is clear that ϕ is a morphism of (Bz)0-modules and ϕ(m/z�) = 0 if and only if

m/z� ∈ (z − 1)Mz.
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Assume m/z� = (z − 1)n/zt with m �= 0. Since we are assuming M is z-torsion
free, ztm = (z − 1)z�n, where n = n1 + n2 + · · · ns and deg(ni) >deg(ni+1). It follows
ztm = zn1 + zn2 + · · · zns − (n1 + n2 + · · · ns), in the right zn1 is of maximal degree
and ns of minimal degree, using the fact that M is z-torsion free we get a contradiction.

To prove that ϕ is surjective, consider an element n/zt + (z − 1)Mz, where n =
n1 + n2 + · · · ns and deg(ni) >deg(ni+1) and consider the homogenization m of n given
by m = n = n1 + zt2 n2 + · · · zts ns, where ti = deg(n1)-deg(ni). It follows as above that
m + (z − 1)M = n + (z − 1)M and ϕ(m/zt) = n/zt + (z − 1)Mz. �

COROLLARY 4. A finitely generated graded B-module M is of z-torsion if and only if
M/(z-1) M = 0.

Proof. In the proof of the proposition we proved that if M is of z-torsion, then
M/(z-1) M = 0. As a consequence M/(z − 1)M ∼= (M/tz(M))/(z − 1)(M/tz(M)) and
M/(z − 1)M = 0 implies (M/tz(M))/(z − 1)(M/tz(M)) = 0.

Assume N is a finitely generated graded z-torsion free B-module with
N/(z − 1)N = 0.

We saw in the proof of the proposition that if n is an homogeneous element of N,
then n ∈ (z − 1)N implies n = 0.

Therefore, (M/tz(M))/(z − 1)(M/tz(M)) = M/(z − 1)M = 0 implies M/tz(M) =
0, and M is of z-torsion. �

As a consequence of the proposition we have (Bz)k ∼= Bz/(z − 1)Bz as (Bz)0-
modules.

We also have the following:

PROPOSITION 13. Let M be a finitely generated graded B-module, there is an
isomorphism of (Bz)0-modules M/(z − 1)M ∼= Mz/(z − 1)Mz.

Proof. We may assume M is z-torsion free.
We have a commutative diagram:

M
j→ Mz

π→ Mz/(z − 1)Mz

↘ ↗
q M/(z − 1)M ψ

It is clear that kerπj ⊃ (z − 1)M. If m ∈ kerπj, then m/1 = (z − 1)w/z� and z�m =
(z − 1)w, and z�m = m + (z − 1)h(z)m. Therefore, m ∈ (z − 1)M and ψ is injective.

Let w/z� + (z − 1)Mz be an element of Mz/(z − 1)Mz. As above, w/1 =
z�(w/z�) = w/z� + (z − 1)v/z�. Therefore: ψ(w + (z − 1)M) = w/z� + (z − 1)Mz. �

COROLLARY 5. Let 0→ L → N → M →0 be an exact sequence of finitely generated
graded B-modules. Then applying the functor B/(z − 1)B⊗B- to the sequence we obtain
an exact sequence:

0 → L/(z − 1)L → N/(z − 1)N → M/(z − 1)M → 0.

Proof. The sequence 0 → Lz → Nz → Mz → 0 is exact, hence in degree zero we
have an exact sequence: 0 →(Lz)0 →(Nz)0 → (Mz)0 → 0 which is isomorphic to the
exact sequence: 0 → L/(z − 1)L → N/(z − 1)N → M/(z − 1)M → 0. �
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We are interested in the subcategory of grB consisting of all finitely generated
graded left B-modules M such that its deshomogenization M/(z − 1)M is isomorphic
to a U-module in the category O. If we have an exact sequence of finitely generated
graded B-modules 0→ K → L → M → N →0, then the sequence 0→ K/(z − 1)K →
L/(z − 1)L → M/(z − 1)M → N/(z − 1)N →0 is exact. From this, it follows that the
category is abelian and has the same kernels and cokernels as in grB.

In the last part of the section, we characterize this category as the homogenized
version OB of the category O.

3.1. Homogenized weight modules. This subsection will be dedicated to the study
of the homogenized weight modules over the homogenized enveloping algebra B of
s�(2,�). We will also study a homogenized version of Gelfand’s category O [4, 25].

Let M be a graded B-module. For a given λ ∈ �, we consider the homogenized
weight space Vλ defined by Vλ = {m ∈ M | hm = λzm}.

We have the following:

LEMMA 5. For any graded B-module M the �-vector space
∑

λ∈�Vλ is a B-submodule
of M.

Proof. We claim that given m∈ Vλ and an integer k ≥ 0 , ekm ∈ Vλ+2k, that f km ∈
Vλ−2k, hkm ∈ Vλ and zkm ∈ Vλ.

We only prove the first claim, the others are similar.
We have proved above hek = ekh + 2kekz. Hence, (h − μz)ek = ek(h − (μ − 2k)z).
Let μ be μ = λ + 2k. Then, (h − (λ + 2k)z)ekm = ek(h − λz)m = 0 implies ekm ∈

Vλ+2k. �
We are interested in the case the sum is direct.

LEMMA 6. Let M be a graded z-torsion free B-module of the form M = ∑
λ∈�Vλ.

Then, M = ⊕
λ∈�

Vλ.

Proof. Assume 0 = m1 + m2 + · · · + mk with mi ∈ Vλi and let hi be hi = (h −
λ1z)(h − λ2z) . . . (h − λi−1z)(h − λi+1z) . . . (h − λkz). Then, himj = 0 if i �= j and himi =∏
i �=j

(λi − λj)zk−1mi.

It follows hi0 = 0 = him1 + him2 + · · · + himk = ∏
i �=j(λi − λj)zk−1mi. Since M is

z-tosion free mi = 0. �
DEFINITION 6. A homogenized weight B -module is a graded B-module of the

form M = ⊕
λ∈�

Vλ. When there is no risk of confusion we will say a weight B-module,
for short.

We also need the next lemma.

LEMMA 7. Let M, N be graded B-modules, where M is of the form M = ∑
λ∈�Vλ

and ϕ:M → N is a surjective homomorphism of B-modules. Then, N = ∑
λ∈�Wλ with

Wλ = {n ∈ N | (h − λz)n = 0}.
Proof. Let m ∈ Vλ. Then, ϕ((h − λz)m) = ϕ(0) = 0 = (h − λz)ϕ(m) and

ϕ(Vλ) ⊂ Wλ.
Hence, ϕ(M)= N = ∑

λ∈�ϕ(V )λ ⊂ ∑
λ∈�Wλ ⊂ N implies

∑
λ∈�Wλ = N. �
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COROLLARY 6. Assume M = ∑
λ∈�

Vλ and let tz(M) be the z-torsion part of M. Then

M/tz(M) is a weight B-module and M/tz(M) = ⊕
λ∈�

Wλ with Wλ = ϕ(Vλ).

Proof. We have a canonical epimorphism M → M/tz(M) → 0. By the lemma
M/tz(M) = ∑

λ∈�Wλ and by lemma 6, the sum is direct.
We know ϕ(Vλ)⊂ Wλ. Let w∈ Wλ. Then, w = ϕ(v1) + ϕ(v2) + · · · ϕ(vk) with

vi ∈ Vλi .

Hence,
k∏

i=1
(h − λiz)w =

k∏
i=1

(λ − λi)zw = 0 implies λ = λi for some i. Therefore, 0 =
ϕ(v1) + ϕ(v2) + · · · ϕ(vi) − w + ϕ(vi+1) + · · ·ϕ(vk) and the fact that the sum is direct
implies ϕ(vj) = 0 for i �= j and w ∈ ϕ(Vλ). �

We have the following homogenized version of a result in [25].

PROPOSITION 14. Let M be a graded B-module of the form M = ∑
λ∈�

Vλ, N a graded

submodule of M and Wλ = {n ∈ N | (h − λz)n = 0}. Then N/
∑
λ∈�

Wλ is of z-torsion.

Proof. Let n be an element in N. Then n = m1 + m2 + · · · mk with mi ∈ Vλi

As above hi = (h − λ1z)(h − λ2z) . . . (h − λi−1z)(h − λi+1z) . . . (h − λkz). Then
hin = himi = ∏

i �=j
(λi − λj)zk−1mi ∈ N ∩ Vλi = Wλi .

It follows zk−1n ∈ ∑
λ∈�Wλ.

We have proved N/
∑

λ∈�Wλ is of z-torsion. �
We will consider the subcategory C of the category GrB of graded B-modules

defined as follows:
A module M is in C if and only if M/tz(M) contains a homogeneous weight

submodule ⊕
λ∈�

Vλ such that the cokernel of the inclusion map: j : ⊕
λ∈�

Vλ → M/tz(M)

is of z-torsion.
Informally it means M can be “approximated" by a homogeneous weight module,

or that up to z-torsion M is a weight module.

DEFINITION 7. We will call C the category of generalized homogeneous weight
modules, or just the generalized weight modules.

We have the following:

PROPOSITION 15.
(i) Every submodule of a generalized weight module is a generalized weight module.

(ii) Each quotient of a generalized weight module is a generalized weight module.
(iii) A sum of two generalized weight modules is a generalized weight module.
(iv) If M, N are two B-modules, then M ⊗�[z] N has structure of B-module and if both

M, N are generalized weight B-modules, then M ⊗�[z] N is a generalized weight
B-module.

Proof.
(i) If N is a submodule of M, then tz(M) ∩ N = tz(N).

By hypothesis, there is an exact sequence 0 → ⊕
λ∈�

Vλ → M/tz(M) → X → 0,

with X of z-torsion. Letting W be W = ⊕
λ∈�

Vλ ∩ (N/tz(N)), we have an exact
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commutative diagram:

0 0 0
↓ ↓ ↓

0 → W → ⊕
λ∈�

Vλ → L′ → 0

↓ ↓ ↓
0 → N/tz(N) → M/tz(M) → L → 0

↓ ↓ ↓
0 → X ′ → X → X ′′ → 0

↓ ↓ ↓
0 0 0

.

Here, X of z-torsion implies X ′ is of z-torsion.
Since W is contained in ⊕

λ∈�
Vλ and it is z-torsion free, Lemma 6, and Proposition

13 imply Y = W/ ⊕
λ∈�

Wλ is of z-torsion .

We have an exact commutative diagram:

0
↓

0 0 Y
↓ ↓ ↓

0 → ⊕
λ∈�

Wλ → N/tz(N) → Y ′ → 0

↓ ↓ ↓
0 → W → N/tz(N) → X ′ → 0

↓ ↓ ↓
0 → Y 0 0

↓
0

,

where Y and X ′ are of z-torsion. Therefore, Y ′ is of z-torsion.
(ii) Let M be a generalized weight module and f: M → N an epimorphism. Then,

we have the following commutative exact diagram:

0 0 0
↓ ↓ ↓

0 → tz(L) → tz(M) → N ′ → 0
↓ ↓ ↓

0 → L → M −→ N → 0
↓ ↓ ↓

0 → L/tz(L) → M/tz(M) → N/N ′ → 0
↓ ↓ ↓
0 0 0

The module N ′ is of z-torsion, hence N ′ ⊂tz(N) and there is an epimorphism
N/N ′ → N/tz(N) → 0. It follows that there is an epimorphism: M/tz(M)

π→
N/tz(N) → 0.
By hypothesis M/tz(M) has weight submodule ⊕

λ∈�
Vλ such the cokernel of the

inclusion is of z-torsion.
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By lemma 6, π ( ⊕
λ∈�

Vλ) = ⊕
λ∈�

Wλ is a weight submodule of N/tz(N) and we have

an exact commutative diagram:

0 → ⊕
λ∈�

Vλ → M/tz(M) → X → 0

↓ ↓ ↓
0 → ⊕

λ∈�
Wλ → N/tz(N) → X ′′ → 0

↓ ↓ ↓
0 0 0

,

and X of z-torsion implies X ′′ is of z-torsion.
(iii) Let M, N be B-modules in C . Then, there exists exact sequences

0 → ⊕
λ∈�

Vλ → M/tz(M) → X → 0, 0 → ⊕
λ∈�

Wλ → N/tz(N)→ Y →0, with

X , Y of z-torsion.
Then the sequence:
0 → ( ⊕

λ∈�
Vλ ⊕ ⊕

λ∈�
Wλ) → (M/tz(M) ⊕ N/tz(N))→ X ⊕ Y →0

is exact with X ⊕ Y of z-torsion ( ⊕
λ∈�

Vλ ⊕ ⊕
λ∈�

Wλ) ∼= ⊕
λ∈�

(V ⊕ W )λ , tz(M) ⊕
tz(N) ∼= tz(M ⊕ N), where V = ⊕

λ∈�
Vλ, and W = ⊕

λ∈�
Wλ.

Therefore, M ⊕ N ∈ C.

�

To prove part (iv) of the proposition we need some preliminary results.
Since z is in the center B is a �[z]-algebra and the inclusion �[z] → B is a morphism

of graded �-algebras.
From the existence of a Poincare–Birkof–Witt basis of B, it follows B is a free

�[z]-module.
Let M, N be two left B-modules. Using the Poincare–Birkof–Witt basis we want

to define a B-module structure on M ⊗�[z] N.
Let t be an element of {e, f, h} and define ϕt:M × N → M ⊗�[z] N as the morphism

ϕt(m, n) = (tm ⊗ n + m ⊗ tn).
The map ϕt is bilinear and �[z]-balanced ϕt(m1 + m2, n) = (t(m1 + m2) ⊗ n +

(m1 + m2) ⊗ tn) = (tm1 ⊗ n + tm2 ⊗ n + m1 ⊗ tn + m2 ⊗ tn) = (tm1 ⊗ n + m1 ⊗ n) +
(tm2 ⊗ n + m2 ⊗ tn) = ϕt(m1, n) + ϕt(m2, n).

Similarly, ϕt(m, n1 + n2) = ϕt(m, n1) + ϕt(m, n2) and ϕt(m, zn) = (tm ⊗ zn + m ⊗
tzn) = (tzm ⊗ n + zm ⊗ tn), since z is in the center of B.

For t=z we define ϕt(m, n) = tm ⊗ n = m ⊗ tn, which is also bilinear an z-balanced.
Hence; ϕt induces a morphism ϕt: M ⊗�[z] N → M ⊗�[z] N given by ϕt(m ⊗ n) =

tm ⊗ n + m ⊗ tn and ϕz(m ⊗ n) = zm ⊗ n = m ⊗ zn.
We can see that this morphism induces the structure of B-module on M ⊗�[z] N.

LEMMA 8. Given two left graded B-modules M, N the �[z]-module M ⊗�[z] N has
a structure of B-module.

Proof. We prove the equivalent statement that there is a representation

�:B → End�(M ⊗�[z] N).
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We define first a ring homomorphism � : �〈e, f, h, z >→ End�(M ⊗�[z] N), as
follows: by the universal property it is enough to give the map in words w. Let w =
t1t2 . . . tk with ti ∈ {e, f, h, z}. Then �(m ⊗ n) = ϕt1ϕt2 . . . ϕtk (m ⊗ n).

To give the map �: B →End�(M ⊗�[z] N) it is enough to check that the defining
relations of B are in the kernel of �.

We check it for the relation h f − f h + 2f z and the rest is left to the reader.
h f (v ⊗ w) = h(f v ⊗ w + v ⊗ f w) = h f v ⊗ w + f v ⊗ hw + hv ⊗ f w + v ⊗ h f w

f h(v ⊗ w) = f (hv ⊗ w + v ⊗ hw) = f hv ⊗ w + hv ⊗ f w + f v ⊗ hw + v ⊗ f hw

2f z(v ⊗ w) = 2z(f v ⊗ w + v ⊗ f w) = 2zf v ⊗ w + v ⊗ 2zf w

Hence, (h f − f h + 2f z)(v ⊗ w) = (h f − f h + 2f z)(v) ⊗ w + v ⊗ (h f − f h +
2f z)(w) = 0. �

LEMMA 9. Let M be a z-torsion free graded B-module. Then M is torsion free as
�[z]-module.

Proof. Let m be a non-zero element of M and q ∈ �[z], q �= 0, with qm = 0. Since
q is non-constant q = (z − λ1)(z − λ2) . . . (z − λn).

m �= 0 implies there is an integer 1 < i ≤ n such that (z − λi) . . . (z − λn)m = m′ �= 0
and (z − λi−1)m′ = 0.

Changing m for m′ and λ for λi, m �= 0 and (z − λ)m = 0.
Since M is graded m has a decomposition in homogeneous components: m =

m1 + m2 + · · · mk with degree(mi) >degree(mi+1).
0 = (z − λ)m = zm1 + zm2 + · · · zmk − λm1 − λm2 . . . − λmk and zm1 �= 0 and it

is of maximal degree, since it does not cancel with any other term in the sum, a
contradiction. �

COROLLARY 7. Let M be graded z-torsion free B-module. Then M is flat as �[z]-
module.

Proof. The module M is a direct limit of finitely generated torsion free modules.
In a principal ideal domain a finitely generated torsion free module is free [17] , hence
M is a direct limit of flat modules, then flat. �

PROPOSITION 16. Let M and N be graded B-modules, X and Y submodules
of M and N, respectively, such that M/X and N/Y are z-torsion free. Then,
there are monomorphisms: X ⊗�[z] N → M ⊗�[z] N and M ⊗�[z] Y → M ⊗�[z] N such
that X ⊗�[z] Y ∼= X ⊗�[z] N ∩ M ⊗�[z] Y and M ⊗�[z] N/(X ⊗�[z] N + M ⊗�[z] Y ) ∼=
(M/X)⊗�[z](N/Y).

Proof. Since M/X and N/Y are flat as �[z]-modules, Tor�[z]
1 (-,N/Y )=0 and

Tor�[z]
1 (M/X,-)=0, there is an exact commutative diagram

0 0 0
↓ ↓ ↓

0 → X ⊗�[z] Y → X ⊗�[z] N → X ⊗�[z] N/Y → 0
↓ ↓ ↓

0 → M ⊗�[z] Y → M ⊗�[z] N → M ⊗�[z] N/Y → 0
↓ ↓ ↓

0 → M/X ⊗�[z] Y M/X ⊗�[z] N M/X ⊗�[z] N/Y → 0
↓ ↓ ↓
0 0 0

,

https://doi.org/10.1017/S0017089516000112 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089516000112


204 ROBERTO MARTÍNEZ-VILLA

which implies X ⊗�[z] Y ∼= X ⊗�[z] N ∩ M ⊗�[z] Y and M ⊗�[z] N/(X ⊗�[z] N)
∼= M/X ⊗�[z] N, M/X ⊗�[z] N/(M/X ⊗�[z] Y ) ∼= M/X ⊗�[z] N/Y .

Hence, we have the following chain of isomorphisms:

(M ⊗�[z] N)/(X ⊗�[z] N+M ⊗�[z] Y )

∼= (M ⊗�[z] N/X ⊗�[z] N)/((X ⊗�[z] N+M ⊗�[z] Y )/(X ⊗�[z] N))

∼= (M/X ⊗�[z] N)/((M ⊗�[z] Y )/X ⊗�[z] Y ))

∼= (M/X ⊗�[z] N)/(M/X ⊗�[z] Y ) ∼= M/X ⊗�[z] N/Y.

�
We will also need the following:

PROPOSITION 17. Let M, N be graded z-torsion free B-modules. Then, M ⊗�[z] N is
z-torsion free.

Proof. Let
∑k

i=1mi ⊗ ni be a non-zero element of M ⊗�[z] N and � >0 such that
z�

∑k
i=1mi ⊗ ni = 0. We may assume mi, ni are homogeneous.∑k

�[z]ni is a finitely generated z-torsion free submodule of N, hence it is a free
�[z]-module.

Let ϕ:
t⊕

j=1
�[z]→

k∑
�[z]ni be an isomorphism and ej = (0, 0 . . . 0, 1, 0 . . . 0) the

canonical basis of
t⊕

j=1
�[z].

The morphism ϕ induces an isomorphism:

1⊗ϕ:M ⊗�[z]
t⊕

j=1
�[z] → M ⊗�[z]

k∑
i=1

�[z]ni.

Since M is a flat �[z]-module, the inclusion j:
∑k

i=1�[z]ni → N induces a
monomorphism 1⊗j:M ⊗�[z]

∑k
i=1�[z]ni → M ⊗�[z] N.

We have ϕ−1(nj) = ∑t
i=1ci jei with ci j ∈ �[z].

Then (1 ⊗ j)(1 ⊗ ϕ)(
∑k

i=1mi⊗(
∑t

i=1ci jei) = ∑k
i=1mi⊗ni.∑k

i=1mi ⊗ (
∑t

i=1ci jei) = ∑k
i=1

∑t
i=1mici j⊗ei.

Then z�
∑k

i=1mi⊗ni = 0 = z�(1 ⊗ j)(1 ⊗ ϕ)(
∑k

i=1mi ⊗ (
∑t

i=1ci jei)), 1 ⊗ jϕ a
monomorphism implies

∑k
i=1z�(

∑t
i=1mici j)⊗ei = 0. Hence; z�(

∑t
i=1mici j) = 0, and

M z-torsion free implies
∑t

i=1mici j = 0.
Therefore,

∑k
i=1mi⊗ni=(1⊗j)(1⊗ϕ)(

∑k
i=1

∑t
i=1mici j⊗ei) = 0.

We have proved M ⊗�[z] N is z-torsion free. �
Applying the previous results we get:

LEMMA 10. Let M and N be graded B-modules and denote by tz(-) the radical
corresponding to z- torsion. Then, tz(M ⊗�[z] N)=tz(M)⊗�[z]N + M⊗�[z]tz(N).

Proof. Since N/tz(N) and M/tz(M) are flat �[z]-modules, the exact sequences:

0 → tz(M) → M → M/tz(M) → 0 ,
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0 → tz(N) → N → N/tz(N) → 0.

Induce by tensoring exact sequences:

0 → tz(M) ⊗�[z] N → M ⊗�[z] N → M/tz(M) ⊗�[z] N → 0,

0 → M ⊗�[z] tz(N) → M ⊗�[z] N → M ⊗�[z] N/tz(N) → 0.

Since tz(M)⊗�[z]N, M⊗�[z]tz(N) are z-torsion modules, tz(M)⊗�[z]N+
M⊗�[z]tz(N) is a z-torsion submodule of M ⊗�[z] N, hence it is contained in
tz(M ⊗�[z] N).

In the other hand,

M ⊗�[z] N/(tz(M) ⊗�[z] N + M ⊗�[z] tz(N)) ∼= (M/tz(M)) ⊗�[z] (N/tz(N)).

By Proposition 17, (M/tz(M))⊗�[z](N/tz(N)) is z-torsion free.
It follows, tz(M ⊗�[z] N)=tz(M)⊗�[z]N + M⊗�[z]tz(N). �
After these results, we can finally prove:

Claim 1. Let M and N be generalized weight B-modules. Then M ⊗�[z] N is a
generalized weight B-modules.

Proof. By hypothesis, we have exact sequences:

0 → ⊕
λ∈�

Vλ → M/tz(M) → Z → 0,

0 → ⊕
λ∈�

Wλ → N/tz(N) → R → 0,

with Z, R, z-torsion modules.
Since ⊕

λ∈�
Vλ, ⊕

λ∈�
Wλ, M/tz(M), N/tz(N) are flat �[z]-modules, we have the

following commutative exact diagram:

0 0 0
↓ ↓ ↓

0 → ⊕
λ∈�

Vλ ⊗�[z] ⊕
λ∈�

Wλ → M/tz(M) ⊗�[z] ⊕
λ∈�

Wλ → Z ⊗�[z] ⊕
λ∈�

Wλ → 0

↓ ↓ ↓
0 → ⊕

λ∈�
Vλ ⊗�[z] ⊕

λ∈�
Wλ → M/tz(M) ⊗�[z] N/tz(N) → L → 0

↓ ↓ ↓
0 → M/tz(M) ⊗�[z] R → M/tz(M) ⊗�[z] R → 0

↓ ↓
0 0

.

Since Z ⊗�[z] ⊕
λ∈�

Wλ and M/tz(M)⊗�[z]R are of z-torsion, L is of z-torsion.

Letting V and W be the weight spaces V = ⊕
λ∈�

Vλ and W = ⊕
λ∈�

Wλ we only need

to prove that V ⊗�[z] W = ⊕
λ∈�

(V ⊗�[z] W )λ.

We will actually prove (V ⊗�[z] W )λ = ⊕
λ=μ+σ

Vμ ⊗�[z] Wσ .
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We have a decomposition as �[z]-module: V ⊗�[z] W = ⊕
μ,σ∈�

Vμ ⊗�[z] Wσ .

Let v be an element of (V ⊗�[z] W )λ.Then, v = v1+v2 + · · · vk with vi ∈ Vμi ⊗�[z]

Wσi , this is: vi = ∑ti
j=1v(i)

j ⊗ w(i)
j , v(i)

j ∈ Vμi and w(i)
j ∈ Wσi .

Using the structure of V ⊗�[z] W as B-module, hvi =
ti

(
∑

j=1
hv(i)

j ⊗w(i)
j +

ti∑
j=1

v(i)
j ⊗hw(i)

j )

= z(
∑ti

j=1μiv
(i)
j ⊗w(i)

j + ∑ti
j=1v(i)

j ⊗ σjw
(i)
j ) = (μi + σj)z

ti∑
j=1

v(i)
j ⊗w(i)

j = (μi + σj)zvi.

Hence, hv=hv1+hv2 + · · · hvk = z((μ1 + σ1)v1 + (μ2 + σ2)v2 + · · · (μk + σk)vk) =
λzv = z(λv1 + λv2 + · · · λvk).

Therefore, z(λ − (μi + σi))vi = 0 , V ⊗�[z] W is z-torsion free. It follows λ = μi +
σi.

We have proved (V ⊗�[z] W )λ ⊂ ⊕
λ=μ+σ

Vμ ⊗�[z] Wσ .

Now, let v∈ Vμ and w∈ Wσ with λ = μ + σ .
Then, h(v ⊗ w) = (hv ⊗ w + v ⊗ hw) = (μ + σ )z(v ⊗ w) = λz(v ⊗ w).
Then, v ⊗ w ∈ (V ⊗�[z] W )λ.
We have proved (V ⊗�[z] W )λ = ⊕

λ=μ+σ
Vμ ⊗�[z] Wσ . �

DEFINITION 8. The homogenized category OB is the subcategory of the category
of generalized weight B-modules C satisfying the following two conditions:

(i) The module M in OB is finitely generated.
(ii) For all v∈ M/tz(M), dim�[e]v< ∞.

We will see below that the homogenized Verma modules form a subcategory
of OB.

THEOREM 5. The category OB is closed under submodules, quotients and finite direct
sums. In particular it is an abelian Krull–Schmidt category.

Proof. By proposition 15 we only need to prove that condition (ii) is satisfied by
submodules and quotients.

If N and M are finitely generated graded B-modules and N is a submodule of M,
then N/tz(N) is a submodule of M/tz(M) it is clear that N/tz(N) satisfies condition
(ii) whenever M/tz(M) does.

Assume there is an epimorphism π :M → N. Then, kerπ∩tz(M)=tz(kerπ ) implies
there is an epimorphism M/tz(M)→ N/π (tz(M))→0 and π (tz(M))⊂tz(N). Therefore,
there is an epimorphism N/π (tz(M))→ N/tz(N) and, hence an epimorphism
M/tz(M)→ N/tz(N)→0. It is clear that N/tz(N) satisfies condition (ii) whenever
M/tz(M) does. �

REMARK 1. Since B is a Koszul algebra of finite global dimension, for a given finitely
generated B-module M there is a truncation M≥k[k] which is Koszul in particular if M
is in OB the Koszul module M≥k[k] is in OB.
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Moreover, there is a commutative exact diagram:

0 0 0
↓ ↓ ↓

0 → tz(M≥k) → tz(M) → X → 0
↓ ↓ ↓

0 → M≥k → M → M/M≥k → 0
↓ ↓ ↓

0 → M≥k/tz(M≥k) → M/tz(M) → Y → 0
↓ ↓ ↓
0 0 0

,

with both X , Y finite dimensional �-vector spaces.

PROPOSITION 18. Every homogenized Verma module V (λ) is in OB.

Proof. We proved above that the graded B-module V (λ) is defined as V (λ)= B/(Be+
B(h-λz)) and that as �-module it decomposes V (λ)= ⊕k≥0(⊕i+j=k�fizj).

An element b of V (λ) has a decomposition in homogeneous components: b=bi1 +
bi2 + · · · bik with bij homogeneous of degree mj.

We have: (h-μz) b=0=(h-μz)bi1 +(h-μz)bi2 + · · · (h − μz)bik if and only if for all j,
(h-μz)bi j = 0.

We may assume b is homogeneous of degree k. Then, b = ∑
i+j=kci jfizj, with

ci j ∈ �.
(h-μz)fi = hfi-μzfi = fih-2ifiz-μzfi = fi(h-(2i+μ)z).
It follows (h − μz)f i = 0 in V (λ) if and only if λ = 2i + μ.
Therefore, (h − (λ − 2i)z)f izj = 0 for all i, j, i + j = k.
Since V (λ) is z-torsion free it follows V (λ) = ⊕i≥0Vλ−2i is a weight module.
By induction we have the following equality: efn = fn e + n fn−1z (h- λz) +

n (λ−(n −1)) fn−1z2.
Hence, efn + (Be + B(h−λz)) = n(λ−(n−1))fn−1z2 + (Be + B(h−λz)).
By induction we have for k≤n, ek fn + (Be + B( h−λz))=n(n-1). . . (n-(k-1)) (λ-(n-1))

((λ-(n-2)). . . (λ-(n-k)) fn−kz2k+(Be +B (h−λz)).
In particular for k=n, en fn +(Be +B(h−λz))= n!(λ-(n−1))((λ−(n−2)). . . (λ−1)

λz2n+(Be+B(h−λz)).
Therefore, en+1fn = 0 in V (λ).
It follows that for any element fizj of V (λ), ei+1fizj = 0.
From this it follows V (λ) is in OB. �

3.2. Homogeneous weight modules and the category OB. In this subsection, we
continue the study of weight B-modules, and concentrate in those that are z-torsion
free and belong to the category OB. For the full subcategory of OB containing such
modules we define a duality.

Let V = ⊕λ∈�Vλ be a graded weight B-module. Then, V decomposes in
homogeneous components as V = ⊕i∈�Vi. We compare both decompositions. Let
v∈ Vλ and v = vi1 + vi2 + · · · vik be a decomposition in homogeneous components
vi j ∈ Vij with i1 <i2 <. . . <ik.

(h − λz)v = 0 = (h − λz)vi1 + (h − λz)vi2 + · · · (h − λz)vik and (h−λz)vi j ∈ Vij+1

implies (h−λz)vi j = 0 for 1≤j≤k. and vi j ∈ Vi j ∩ Vλ.
We have

∑
iVλ ∩ Vi ⊂ Vλ ⊂ ∑

iVλ ∩ Vi, therefore: ⊕i∈�Vλ ∩ Vi = Vλ.
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For the other decomposition
∑
λ

Vλ ∩ Vi ⊂ Vi.

Let v be an element of V� and take its decomposition v = v1 + v2 + · · · vk, with
vi ∈ Vλi = ⊕j∈�Vλi ∩ Vj.

Then each vi = ∑ti
j=1w(i

j and w(i)
j ∈ Vλi ∩ Vj and degree(w(i)

j ) = j.

We write v as v = ∑
i=1
k ∑ti

j=1w(i)
j = ∑ti

j=1

∑
i=1
k w(i)

j . It follows
∑

i=1
k w(i)

j is
homogeneous of degree j .

Since v is homogeneous of degree � the element
∑

i=1
k w(i)

j = 0 for j�= �, and

v = ∑
i=1
k w(i)

� with w(i)
� ∈ V� ∩ Vλi .

We proved V� ⊂ ∑
λ∈�Vλ ∩ V�. It follows V� = ⊕λ�∈�Vλ�

∩ V�.
Then V = ⊕λ∈� ⊕i≥0 (Vλ ∩ Vi).
As a consequence we have, V≥k = ⊕i≥kVi = ⊕i≥k(⊕λ∈�(Vλ ∩

Vi))= ⊕λ∈�(⊕i≥k(Vλ ∩ Vi)) and (V≥k)λ = ⊕i≥k(Vλ ∩ Vi).
It follows V≥k = ⊕λ∈�(V≥k)λ, this is, any truncation of a weight module is a weight

module.
We have actually proved:

THEOREM 6. Let V = ⊕λ∈�Vλ be a graded weight B-module. Then there is a
truncation V≥k which is Koszul and V≥k is a weight module.

COROLLARY 8. Let M be a finitely generated generalized weight B-module. Then,
there exists a weight submodule V = ⊕λ∈�Vλ of M/tz(M) such that for some integer k,
V[k] is Koszul and (M/tz(M))/V is of z-torsion.

Proof. By definition, there is an exact sequence: 0→ ⊕
λ∈�

Wλ → M/tz(M)→ R →0

with R of z-torsion. Since M/tz(M) is finitely generated and B-noetherian, W =
⊕

λ∈�
Wλ is finitely generated and there is a truncation V = W≥k with V [k] Koszul and

V = ⊕
λ∈�

Vλ a weight module,

We have an exact commutative diagram,

0
↓

0 L
↓ ↓

0 → V → M/tz(M) → X → 0
↓ 1 ↓ ↓

0 → W → M/tz(M) → R → 0
↓ ↓
L 0
↓
0

,

with L a finite dimensional �-vector space and R of z-torsion.
Therefore: X is of z-torsion. �

THEOREM 7. Let V = ⊕
λ∈�

Vλbe a z-torsion free weight module and assume V is in the

category OB. Then, for each λ ∈ �, Vλ is a finitely generated �[z]-module, in particular
each Vλ is a free �[z]-module of finite rank.
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Proof. We have proved the following equalities: hen = enh + 2nenz and hfn = fnh–
2nfnz.

By hypothesis V is a finitely generated B-module and for each v∈ V there is a
positive integer � such that e�v = 0.

We have decompositions V = ⊕
i≥k0

Vi in homogeneous components and V = ⊕
λ∈�

Vλ

decomposes in weight spaces and V = ⊕
λ∈�

⊕
i≥k0

Vλ ∩ Vi.

Hence, we can assume V is generated by homogeneous elements vi1 ,vi2 , . . . vik of
degree vij = ij and (h−λjz)vij = 0.

For each j there is an �j such that e�j vij = 0, then for � = max{�j}, e�vij = 0 for
all j.

Let v be an element of Vλ. Then, v = wk0 +wk0+1 + · · · wk0+n is a decomposition
in homogeneous components wk0+j ∈ Vk0+j ∩ Vλ.

We write wk0+t = ∑k
j=1btjvij with btj = ∑

s+r+n+m=t−ij
c(j)

s,r,n,mfserhnzm and c(j)
s,r,n,m ∈ �.

Then, wk0+t = ∑k
j=1

∑
s+r+n+m=t−ij c

(j)
s,r,n,mfserhnzmvij .

Hence each wk0+t is a linear combination of the vectors{ fserhnzmvij} and changing
for a smaller set if necessary we my assume they are linearly independent and wk0+t is
still a linear combination of such vectors.

We have hnvij = λn
j znvij , hence wk0+t = ∑k

j=1

∑
s+r+n+m=t−ij

λn
j c(j)

s,r,n,mfserzm+nvij .

From the equalities, (h−λz)fser = fser(h-(λ+2(s − r))z) and (h−(λ+ 2(s-r))z)vij =
(λj−(λ+2(s-r)))zvij it follows:

0=(h−λz)wk0+t =
k

z
∑

j=1

∑
s+r+n+m=t−ij

(λj-(λ+2(s-r)))λn
j c(j)

s,r,n,mfserzm+nvij .

Since V is z-torsion free
∑k

j=1

∑
s+r+n+m=t−ij (λj-(λ+2(s-r)))λn

j c(j)
s,r,n,mfserzm+nvij = 0.

By the hypothesis that they are linearly independent λj = λ+2(s-r) and vij ∈ Vλ+2(s−r).
Therefore, fservij ∈ Vλ with 0≤r≤ �-1, s≥0.

If fs′
er′

vij is another element of Vλ, then λj = λ+2(s′-r′). It follows s′ = s+r′-r with
0≤r′ ≤ �-1 and fs′

er′
vij = fs+r′−rer′

vij . For any pair of fixed elements (s,r), 0≤r≤ �-1, s≥0
, there are only a finite number of elements of the form fs+r′−rer′

vij = fs′
er′

vij in Vλ.

This implies wk0+t is a polynomial combination wk0+t = ∑
q(z)s,r,ij f

servij
with q(z)s,r,ij ∈ �[z].

It follows Vλ is a finitely generated �[z]-module and V torsion free implies Vλ is a
free �[z]-module of finite rank. �

Let M be an object in OB. Then, there is a weight B-module V and an exact
sequence:

0 → V
i→ M/tz(M)

p→ R → 0,

with R of z-torsion, which induces an exact sequence:

0 → Vλ
i→ (M/tz(M))λ

p→ p((M/tz(M))λ) → 0

with p((M/tz(M))λ)a �[z]-submodule of R, hence of z-torsion. There is an integer k≥0
such that zkp((M/tz(M)λ))=0.It follows zk(M/tz(M))λ)⊂ Vλ

But (M/tz(M))λ z-torsion free, implies the map given by multiplication
zk:(M/tz(M))λ →zk((M/tz(M))λ is an isomorphism and there is a monomorphism
zk:(M/tz(M))λ → Vλ hence, (M/tz(M))λ is a finitely generated torsion free �[z]-
module. We have proved the first part of the following:
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PROPOSITION 19. Let M be an object in OB. Then,
(i) For any λ ∈ � the �[z]-module (M/tz(M))λ is either zero or it is a free �[z]-

module of finite rank.
(ii) There is a �[z]-module decomposition Mλ = tz(Mλ)⊕Mλ/tz(Mλ) where

Mλ/tz(Mλ) is either zero or it is a free �[z]-module of finite rank.

Proof. (ii) We have the following commutative exact diagram:

0 0 0
↓ ↓ ↓

0 → tz(M)λ → Mλ → p(Mλ) → 0
↓ ↓ ↓

0 → tz(M)
i→ M

p→ M/tz(M) → 0

,

where p(Mλ)⊂(M/tz(M))λ. It is clear that tz(Mλ)= Mλ∩tz(M) = tz(M)λ. Therefore:
p(Mλ)= Mλ/tz(Mλ)

By the first part, (M/tz(M))λ is either zero or a free �[z]-module of finite rank. In
the first case, p(Mλ)= Mλ/tz(Mλ)=0 and the decomposition holds.

In the second case, p(Mλ)= Mλ/tz(Mλ) is a free �[z]-module of finite rank and we
have again the decomposition Mλ = tz(Mλ)⊕Mλ/tz(Mλ). �

Assume now M ∈ OB is z-torsion free. By hypothesis there is a weight submodule
V and an exact sequence: 0→ V → M → R →0 with V = ⊕

λ∈�
Vλ and R of z -torsion.

Since Vλ ⊂ Mλ implies
∑
λ∈�

Vλ ⊂ ∑
λ∈�

Mλ and M z-torsion free implies
∑
λ∈�

Mλ = ⊕
λ∈�

Mλ.

There is an epimorphism: M/V → M/( ⊕
λ∈�

Mλ)→0 and M/( ⊕
λ∈�

Mλ) is also of z-

torsion. Hence, ⊕
λ∈�

Mλis another weight module approximating M and we may assume

V = ⊕
λ∈�

Mλ where each Mλ is either zero or a free �[z]-module of finite rank.

We saw that for m∈ Mλ, ekm∈ Mλ+2k, fkm ∈ Mλ−2k, hkm ∈ Mλ, zkm ∈ Mλ. Let M∗
λ

be M∗
λ = Hom�[z](Mλ, �[z]) and define ( ⊕

λ∈�
Mλ)∗ = ⊕

λ∈�
Hom�[z](Mλ, �[z])= ⊕

λ∈�
M∗

λ .

Given a map ϕ = (0,0. . . ϕλ1 ,ϕλ2 , . . . ϕλr 0,0, . . . .)∈ ⊕
λ∈�

(Mλ)∗.

We define ekϕ = (0,0,..ekϕλ1 ,ekϕλ2 , . . . ekϕλr 0,0, . . . .), where ekϕλi :Mλi−2k → �[z]
given by ekϕλi (m)= ϕλi (e

km).
Similarly fkϕ = (0,0,..fkϕλ1 ,fkϕλ2 , . . . fkϕλr 0,0, . . . .), with fkϕλi :Mλi+2k → �[z] given

by fkϕλi (m)= ϕλi (f
km).

hkϕ = (0,0,..hkϕλ1 ,hkϕλ2 , . . . hkϕλr 0,0, . . . .), with hkϕλi :Mλi → �[z] given by
hkϕλi (m)= ϕλi (h

km).
zkϕ = (0,0,..zkϕλ1 ,zkϕλ2 ,. . . zkϕλr 0,0, . . . .), with zkϕλi :Mλi → �[z] given by

zkϕλi (m)= ϕλi (z
km).

With these operations ( ⊕
λ∈�

Mλ)∗ becomes a B-module.

We claim ( ⊕
λ∈�

Mλ)∗ is a weight B-module with weight space ( ⊕
λ∈�

Mλ)∗μ = (Mμ)∗

Given a map ϕ:Mμ → �[z], (h−μz)ϕ(m)= ϕ((h−μz)m)=0, hence
(Mμ)∗ ⊂( ⊕

λ∈�
Mλ)∗μ.

Therefore,
∑
λ∈�

(Mμ)∗ ⊂ ∑
μ∈�

( ⊕
λ∈�

Mλ)∗μ ⊂( ⊕
λ∈�

Mλ)∗.

By definition
∑
μ∈�

(Mμ)∗ = ( ⊕
λ∈�

Mλ)∗. Therefore,
∑
μ∈�

( ⊕
λ∈�

Mλ)∗μ = ( ⊕
λ∈�

Mλ)∗.
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Each Mλ �=0 is free of finite rank, hence (Mλ)∗ is free of finite rank and ( ⊕
λ∈�

Mλ)∗

is a free �[z]-module, hence z-torsion free.
It follows

∑
μ∈�

( ⊕
λ∈�

Mλ)∗μ = ⊕
μ∈�

( ⊕
λ∈�

Mλ)∗μ.

We have proved ( ⊕
λ∈�

Mλ)∗is a weight space with ( ⊕
λ∈�

Mλ)∗∗ ∼= ⊕
λ∈�

Mλ.

We have proved the following:

THEOREM 8. Let WB be the full subcategory of OB consisting of the z-torsion free
weight B-modules. Then there is a duality (−)∗ : WB → WB given by: ( ⊕

λ∈�
Mλ)∗ =

⊕
λ∈�

(Mλ)∗, where ( ⊕
λ∈�

Mλ)∗
μ = (Mμ)∗ and ⊕

μ∈�
( ⊕

λ∈�
Mλ)∗

μ = ( ⊕
λ∈�

Mλ)∗.

We end the section with the following.

PROPOSITION 20. Let M be a finitely generated graded B-module. Then M ∈ OB if
and only if its deshomogenization M/(z-1)M is in O.

Proof. If M is in OB, then it is a generalized weight module, this means that there
is an exact sequence 0→ V → M/tz(M), where V = ⊕

λ∈�
Vλ and Vλ = {m∈ V |hm=

λzm}. It is clear that Vλ is a �[z]-module and Vλ/(z−1) Vλ = {m ∈ V/(z-1) V |hm =
λm} is a weight U-module. It is also clear that V/(z-1) V ∼= M/(z-1)M .

If v∈ M/tz(M) has dim�[e]v finite, then v ∈ M/(z-1)M has dim�[e]v finite.
Let’s assume that M/(z-1)M ∈ O. We know that if M/tz(M)= N, then N/(z-1)

N = M/(z-1)M is a weight module N/(z-1)N = ⊕
λ∈�

(N/(z-1)N)λ .

Let Nλ be the �[z]-submodule of N, Nλ = {n∈ N |(h−λz)n=0} and π :N →
N/(z-1)N is the natural projection, then for n∈ N, (h−λ)n + λ(z–1)n = (h−λz)n implies
π (n)∈(N/(z–1)N)λ.

Given an element n+(z-1) N of (N/(z-1)N)λ, we decompose n in its
homogeneous components n=n1+n2 + · · · nk, with deg(ni) >deg(ii+1) and ti = deg(n1)-
deg(ni). Hence, m=n1+zt2 n2 + · · · ztk nkis an homogeneous element of N with π (m)=
π (n).

(h−λz)m+(z-1) N = (h−λ)n+(z-1) N. Therefore, (h−λz)m∈(z-1) N and, as above,
(h−λz)m homogeneous implies (h−λz)m=0. We have proved that π induces an exact
sequence: 0→kerπ ∩ Nλ → Nλ →(N/(z-1)N)λ →0, where (z-1) Nλ ⊂kerπ . Hence,
there is an epimorphism: Nλ/(z-1) Nλ →(N/(z-1) N)λ →0.

Since N is z-torsion free there is an exact sequence: 0→ ⊕
λ∈�

Nλ → N → K →0

which induces an exact sequence: 0→ ⊕
λ∈�

Nλ/(z-1)Nλ → ⊕
λ∈�

(N/(z − 1)N)λ → K/(z-

1)K →0 .
It follows K/(z-1)K = 0, and by Corollary 4, K is of z-torsion and M is a

generalized weight module.
Let v ∈ N/(z-1)N be such that dim�[e]v < ∞, this is equivalent to say that there

is a polynomial f(e) in e such that f(e)v = 0, by [25] page 136, there is an integer k such
that ekv = 0.

As above, we may assume v homogeneous, therefore ek v an homogeneous element
in (z-1) N implies ek v=0.

We have proved dim�[e]v is finite. �

We obtain as a corollary the following:
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THEOREM 9. The full subcategory (OB)z of modBz consisting of all modules Mz such
that M is a module in OB and the category O are equivalent.

Proof. By Proposition 3 any finitely generated Bz-module is of the form Mz

with M a finitely generated B-module. We proved in Proposition 13 that there is an
isomorphism of (Bz)0-modules M/(z-1)M ∼= Mz/(z-1)Mz which in turn by Proposition
12, isomorphic to the degree zero part of Mz. Since (Bz)0

∼= U , by the previous
proposition, the equivalence res:grBz → modU induces an equivalence of categories
(OB)z ∼= O. �

Let V = ⊕
λ∈�

Vλ with Vλ = {v∈ V |(h−λz)v=0} be a weight B-module and assume

Vλ �=0. Then, for v∈ Vλ ev∈ Vλ−2, fv∈ Vλ+2, hv∈ Vλ, define ξ by ξ = λ+2�. Then, V ξ

= ⊕
μ∈ξ

Vμ is a submodule of V , moreover V decomposes as V = ⊕
ξ∈�/2�

V ξ .

LEMMA 11. Consider the homogeneous Casimir element C of B, defined as C=
(h+z)2+4fe. Then, C is an element of the center of B.

Proof. hC=h(h+z)2+4hfe=(h+z)2h+4(fh-2fz)e=(h+z)2h+4f(eh+2ez-2ez)=
k((h+z)2+4fe)h=Ch.

In a similar way, we check eC=Ce and fC=Cf, C commutes with the generators
then C commutes with any element of B. �

Let M be a finitely generated graded z-torsion free B-module. Then, Mλ = {m∈
M |(h−λz)m=0} is a �[z]-module, and (z-1) Mλ is a submodule of Mλ.

We claim (z-1) Mλ = ((z-1) M)λ. It is clear (z-1) Mλ ⊂((z-1) M)λ.

Let (z-1)m be an element of ((z-1) M)λ. Then, (h−λz)(z-1)m=(z-1)(h−λz)m=0.
Then, n=(h−λz)m n�=0 decomposes in homogeneous components n=n1+n2 + · · · nk

with deg(ni) >deg(ni+1) and (z-1)(n1+n2 + · · · nk) =zn1+zn2 + · · · znk -n1-n2-. . . -nk = 0
where deg(zn1)>deg(ni) for all i and deg(zn1)>deg(zni) for i�=1. It follows zn1 = 0, but
this is contradicts the assumption M is z-torsion free. Therefore, m∈ Mλ.

Given τ ∈ �, define Mλ(τ )={m∈ Mλ |there is k≥0 with (C-z2τ )km=0}.
Mλ(τ ) is a �[z]-submodule of Mλ.
Since C is in the center of B then C Mλ ⊂ Mλ and C(z-1) Mλ ⊂(z-1)Mλ.

For any integer k≥0 and τ ∈ �, we have an exact commutative diagram:

0 → (z-1)Mλ → Mλ → Mλ/(z-1)Mλ → 0

↓ (C-τz2)k ↓ (C-τz2)k ↓ (C-τz2)
k

0 → (z-1)Mλ → Mλ → Mλ/(z-1)Mλ → 0

Assume M is in OB. Then, the des homogenized module M/(z-1)M is in
O and by [25 pag 137] Mλ/(z-1)Mλ = (M/(z-1) M)λ has finite dimension as �-
vector space. Then, it has a Jordan form decomposition (M/(z-1) M)λ = ⊕

τ∈�

(M/(z-1) M)λ(τ ).
Denote by Mλ(τ )k the kernel of (C−τz2)k. Then by the snake lemma we have an

exact sequence: 0→(z-1)Mλ(τ )k → Mλ(τ )k
π→ (M(z-1)M)λ(τ ))k.

We want to prove that π is an epimorphism. Let m ∈ Mλ be such that π (m)∈ (M(z-

1)M)λ(τ ))k. As above, we may choose m homogeneous. (C-τz2)
k
(π (m))=0 implies there

is n∈(z-1)Mλ such that (C−τz2)k(m)=n. Since we are assuming m homogeneous, n is
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homogeneous, then n should be zero, and m∈ Mλ(τ )k . If k≤ �, then Mλ(τ )k ⊂ Mλ(τ )�
and Mλ(τ )= ∪

k≥0
Mλ(τ )k. We have proved that the sequence:

0 → (z-1)Mλ(τ ) → Mλ(τ )
π→ (M/(z − 1)M)λ(τ )) → 0

is exact and it induces the exact commutative diagram:

0 → (z-1)( ⊕
τ∈�

Mλ(τ )) → ⊕
τ∈�

Mλ(τ ) → ⊕
τ∈�

(M/(z-1)M)λ(τ )) → 0

↓ u ↓ v ↓ σ

0 → (z-1)Mλ → Mλ → Mλ/(z-1)Mλ → 0

where the vertical maps u,v, σ are the maps induced by the inclusion and the last
column σ is an isomorphism, since M/(z-1)M is in O.

Restricting to the images of, u,v, σ , we have an exact sequence:

0 → (z-1)
∑
τ∈�

Mλ(τ ) → ∑
τ∈�

Mλ(τ )
π→ ⊕

τ∈�
(M(z − 1)M)λ(τ )) → 0

Since M is graded B-module, it is also graded as �[z]-module. and
∑
τ∈�

Mλ(τ ) is a

graded z-torsion free �[z]-module. We prove now that the sum is direct.
Assume m1+m2 + · · · mk = 0 with mi ∈ Mλ(τi) and decompose each mi in its

homogeneous components: mi=
∑

j
mi j. Then, for each j, m1j+m2j + · · · mkj = 0 and

π (m1j)+π (m2j) + · · · π (mkj)=0.
But in Mλ/(z-1)Mλ the sum is direct. Therefore, π (mi j)=0 and mi j ∈

(z-1)Mλ. By the argument used above, mi j = 0, for all i, j. It follows each mi = 0.
We have proved there is an exact commutative diagram:

0 0 0
↓ ↓ ↓

0 → (z-1)( ⊕
τ∈�

Mλ(τ )) → ⊕
τ∈�

Mλ(τ ) → ⊕
τ∈�

(M/(z-1)M)λ(τ )) → 0

↓ u ↓ v ↓ σ

0 → (z-1)Mλ → Mλ → Mλ/(z-1)Mλ → 0
↓ ↓ ↓

0 → Kλ → Kλ → 0
↓ ↓
0 0

.

Applying the functor B/(z-1)B⊗B- to the exact sequence:

0 → ⊕
τ∈�

Mλ(τ ) → Mλ → Kλ → 0,

we obtain the exact sequence:

0 → ⊕
τ∈�

(M/(z-1)M)λ(τ ))
σ→ Mλ/(z − 1)Mλ → 0.

Therefore, Kλ/(z − 1)Kλ = 0, and by Corollary 4, Kλ is of z-torsion.
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Adding over all λ, we get an exact sequence:

0 → ⊕
λ∈�

⊕
τ∈�

Mλ(τ ) → ⊕
λ∈�

Mλ → ⊕
λ∈�

Kλ → 0.

Then, M = ⊕
λ∈�

Mλ is a weight module and K = ⊕
λ∈�

Kλis a module of z-torsion.

Interchanging sums we have an exact sequence:

0 → ⊕
τ∈�

( ⊕
λ∈�

Mλ(τ )) → M → K → 0,

where ⊕
λ∈�

Mλ(τ ) is a submodule of M.

We showed in Section 2 that the usual category O has a decomposition in blocks
O = ⊕

ξ∈�/2�

τ∈�

Oξ,τ and in Theorem 4 we gave the structure of the blocks.

It follows by the above remarks that the homogenized category OB decomposes
as a union of subcategories OB = ∪

ξ∈�/2�

τ∈�

Oξ,τ

B , where M ∈ Oξ,τ

B if and only if, its des

homogenization M/(z − 1)M ∈ Oξ,τ . We call to the categories Oξ,τ

B the blocks of OB.
The categories Oξ,τ

B are abelian and it is clear that if M and N are in different
blocks, any map ϕ: M → N factors through a module of z-torsion.

By definition, each block Oξ,τ

B of OB contains the full subcategory of grB of all
B-modules of z-torsion, in particular, it contains the finite dimensional B-modules.

By Theorem 9, (OB)z is equivalent to O and (OB)z = ∏
ξ∈�/2�

τ∈�

(Oξ,τ

B )z, where each

(Oξ,τ

B )z is equivalent to Oξ,τ .

4. The categories (OB)z, Q(OB), O. We start recalling the construction of the
categories of “tails" QGrB and QgrB.

Let M be a graded B-module, t(M) = ∑
L∈J

L, and J = {L | L ⊆ M dimkL < ∞}.

Claim: t(M/t(M)) = 0.
Let N be a finitely generated sub module of M such that N + t(M)/t(M) = N/N ∩

t(M) is finite dimensional over k. Since Bn is noetherian N ∩ t(M) is a finitely generated
submodule of t(M), hence of finite dimension over k. It follows N is finite dimensional,
so N ⊂ t(M).

Let N be an arbitrary sub module of M, with N + t(M)/t(M) finite dimensional
over k, then N = ∑

Ni, with Ni finitely generated, each Ni + t(M)/t(M) is finite
dimensional, therefore Ni ⊂ t(M). It follows N ⊂ t(M), and t is an idempotent radical.

If we denote by grB, and gr(B)Z
the categories of finitely generated graded B, and

(B)Z-modules, respectively, then the localization functor Q restricts to a functor Q: grB

→gr(B)Z
.

DEFINITION 9. We say that a (graded) B-module is torsion, if t(M) = M, and
torsion free if t(M) = 0.

It is clear t(M) is Z-torsion and t(M) ⊂ tZ(M). Therefore if M is torsion, then it
is Z -torsion, and if M is Z-torsion free, then it is torsion free.

The torsion free modules form a Serre (or thick) subcategory of GrB, we
localize with respect to this subcategory, as explained in [8, 28]. Denote by QGrB
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the quotient category, and let π :GrB →QGrB be the quotient functor, QGrB =
GrB/Torsion, is an abelian category with enough injective objects and π is an exact
functor. When taking this quotient we are inverting the maps of B-graded modules, ϕ:
M→N such that Kerϕ and Cokerϕ are torsion.

The category QGrB has the same objects as GrB and maps:

HomQGrB (π (M),π (N)) = lim−→HomGrB (M′,N/t(N)),

the limit running through all the sub modules M′of M such that M/M′ is torsion.
If M is a finitely generated module, then the limit has a simpler form:

HomQGrB (π (M),π (N)) = lim−→
k

HomGrB (M≥k,N/t(N)).

In case N is torsion free, HomQGrB (π (M),π (N)) = lim−→
k

HomGrB (M≥k,N).

The functor π , GrB →QGrB has a right adjoint: � : QGrB →GrB such that
π� ∼=1. [28].

If we denote by grB the category of finitely generated graded B-modules, and
by QgrB the full subcategory of QGrB consisting of the objects π (N) with N finitely
generated, then the functor π induces by restriction a functor: π :grB →QgrB. The
kernel of π is, Kerπ = {M ∈ grB | π (M) = 0} = {M ∈ grB | t(M) = M}.

In the other hand, the functor
Q = (B)Z⊗

B
-: grB →gr(B)Z

has kernel {M∈grB | MZ = 0} = {M ∈grB | tZ(M) =
M}.

It follows: Kerπ ⊂Ker((B)Z⊗
B

-).

According to [28] (pag. 173 Corollary 3.11) there exists a unique functor ψ such
that the following diagram commutes:

grB
π→ QgrB

(B)Z ⊗
B

- ↘ ↙ ψ

gr(B)Z

.

This is ψπ = (B)Z⊗
B

-.

PROPOSITION 21. The functor ψ QgrB →gr(B)Z
is exact.

By definition the category OB contains all z-torsion modules, in particular the
torsion modules and we can consider the quotient category Q(OB) of OB and identify
it with the full subcategory of QgrB consisting of objects inOB . The functors π , (B)Z⊗

B
-

and ψ induce by restriction a commutative diagram of exact functors:

OB
π→ Q(OB)

(B)Z ⊗
B

- ↘ ↙ ψ

(OB)z

.

We proved in [21] the following:
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PROPOSITION 22. Denote by Q the localization functor Q = (Bn)Z⊗
B

- and by

Cb(-), the category of bounded complexes. The induced functor Cb(Q):Cb(grBn
)→

Cb(gr(Bn)Z ) is dense.

COROLLARY 9. The functor Cb(ψ):Cb(QgrBn
)→ Cb(gr(Bn)Z ) is dense.

Proof. There are functors

Cb(π ) : Cb(grBn
) → Cb(QgrBn

) and Cb(ψ) : Cb(QgrBn
) → Cb(gr(Bn)Z

)

such that Cb(ψ) Cb(π )= Cb(Q), and Cb(Q) dense implies Cb(ψ) is dense. �
COROLLARY 10. The induced functors

Kb(Q):Kb(grBn
) → Kb(gr(Bn)Z

), and Kb(ψ):Kb(QgrBn
) → Kb(gr(Bn)Z

)

are dense.

COROLLARY 11. The induced functors

Db(Q):Db(grBn
) → Db(gr(Bn)Z

) and Db(ψ):Db(QgrBn
) → Db(gr(Bn)Z

)

are dense.

We will describe next he kernel of the functor Db(ψ). By definition, KerDb(ψ) =
{

∧
M◦ |Db(ψ)(

∧
M◦) is acyclic}.

PROPOSITION 23. There is the following description of T = KerDb(ψ):
T = {πM◦ | M◦ ∈ Db(grBn ) such that for all i, Hi(M◦) is of z-torsion}.

Let’s recall some further results on G-algebras from [21].
One of the main theorems of the paper is that there exists an equivalence

of triangulated categories Db(QgrBn ) /T ∼=Db(gr(Bn)z), where the category T is an
“épaisse" subcategory of Db(QgrBn ), and Db(QgrBn ) /T is the Verdier quotient. [27]

We then consider a full embedding of a subcategory F of Db(QgrBn ) in Db(gr(Bn)z).
Here F is the full subcategory of Db(QgrBn ) consisting of the T -local objects [27], this
is: F = { X◦ |HomDb(QgrBn ) (T , X◦)=0}.

We then go to the Yoneda algebra B!
n of Bn and use the duality

φ: gr
B!

n
→ Db(QgrBn

),

given in [19] and [23]. We obtain a pair of triangulated subcategories (F ′, T ′) of
grB!

n
such that F ′ → F and T ′ → T under the duality φ. We obtain the following

characterization of the subcategories T ′ and F ′ of grB! : T ′ is the smallest triangulated
subcategories of grB!

n
containing the induced modules B!

n ⊗C!
n

M and closed under the
Nakayama automorphism, T ′ has Auslander–Reiten triangles, and they are of the type
�A∞. For the category F ′ we obtain the following characterization: F ′ consists of the
graded finitely generated B!

n-modules, whose restriction to C!
n is injective. Furthermore,

the category F ′ is closed under the Nakayama automorphism, it has Auslander–Reiten
triangles, and they are of type �A∞.

In order to obtain an equivalence, instead of a duality, we apply the usual duality
D:grB!

n
→grB!op

n
to obtain subcategories T and F of grB!op

n
, with T = D(T ′), and F =
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D(F ′), where T is the smallest triangulated subcategory of grB!op
n

containing the induced
modules, and closed under the Nakayama automorphism, and F is the full subcategory
of grB!op

n
consisting of those modules, whose restriction to C!

n is projective.
Finally, we obtain the main results of the paper: there is an equivalence of

triangulated categories grB!op
n

/ T ∼=Db(modAn ), and there is a full embedding of
triangulated categories F →Db(modAn ).

We will apply here these results to the particular case of the homogenized
enveloping algebra B of s�(2,�) its Yoneda algebra B! and the enveloping algebra
U of s�(2,�) and the corresponding Gelfand categories OB, OB! and O.

Using the restriction of the functor (B)Z⊗
B

- to OB and the restriction of ψ to Q(OB)

we obtain the following:

PROPOSITION 24. The functors (B)Z⊗
B

- :OB →(OB)z and ψ :Q(OB)→(OB)z,

induce by restriction dense functors in the categories of bounded complexes:

Cb(Q):Cb(OB) → Cb((OB)z) and

Cb(ψ):Cb(Q(OB)) → Cb((OB)z).

Using the exactness of the functors (B)Z⊗
B

- and ψ we obtain induced dense functors

in the corresponding homotopy categories.

PROPOSITION 25. The functors (B)Z⊗
B

- and ψ induce dense functors of triangulated

categories in the corresponding homotopy and derived categories, respectively:

Kb(Q):Kb(OB) → Kb((OB)z) and Kb(ψ):Kb(Q(OB)) → Kb((OB)z).

Db(Q):Db(OB) → Db((OB)z) and Db(ψ):Db(Q(OB)) → Db((OB)z).

Denote the kernel of Db(Q) by TOB ={
∧

M◦ ∈Db(Q(OB))|Db(ψ)(
∧

M◦) is acyclic}.

PROPOSITION 26. There is the following description of T = KerDb(ψ):
TOB = {πM◦ |M◦ ∈Db(OB) such that for all i, Hi(M◦) is of z-torsion}.

We remarked in Section 1 that the Nakayama automorphism σ : B → B is of
the form σ (z) = u0z, σ (e) = u1e, σ (f ) = u2f, σ (h) = u3h, with ui ∈ � − {0}. Hence, it
is clear that Nakyama’s automorphism send weight modules to weight modules an
induces an automorphism in the full subcategory of grB of the modules of z-torsion,
hence on the full subcategory of z-torsion free modules. It follows σ induces an
automorphism σ : OB → OB , where σ (M) is the �-vector space M with twisted
multiplication b ∗m= σ (b)m.

As a consequence we have that there is an auto equivalence σ : Db(OB)→Db(OB),
inducing by restriction an equivalence σ :TOB → TOB .

The subcategory TOB is a thick (épaisse) subcategory of Db(OB) and we can take
the Verdier quotient Db(OB)/TB [27].

It follows by Proposition 26 and [21] the following:

THEOREM 10. There are equivalences of triangulated categories:
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(i) Db(OB)/TOB
∼=Db((OB)z)∼=Db(O)

(ii) Db((OB)z)∼= ∏
ξ∈�/2�

τ∈�

Db((Oξ,τ

B )z)∼= ∏
ξ∈�/2�

τ∈�

Db(Oξ,τ ).

Proof. (i) Is obtained by restriction of the equivalence given in [21] and by Theorem
9. (ii) is the block decomposition given above, plus Dade´s theorem. �

We can use know the equivalence Dφ: grB!op →Db(QgrB) to obtain a triangulated
full subcategory OB!op of grB!op

n
which is by restriction equivalent to Db(OB). We will call

OB!op the Gelfand category O of the algebra B!.

REMARK 2. The category OB!op has Auslander–Reiten triangles and they are of type
�A∞.

Proof. Let M be an indecomposable finitely generated B!op-modules in OB!op .
There is an almost split sequence: 0→ �2σM→E→M→0, which induces an
Auslander–Reiten triangle �2σM→E→M→ �σM in grB!op

n
. Applying the equivalence

Dφ, and observing that the equivalence sends the shift to the shift, we obtain an
Auslander–Reiten triangle Dφ(σM)[2]→Dφ(E)→Dφ(M)→Dφ(σM)[1]. Since Db(OB)
is invariant under the Nakayama permutation σ both Dφ(M) and Dφ(σM)[1]
are in Db(OB) the map Dφ(M)→Dφ(σM)[1] induces a triangle in Db(OB) of the
form Dφ(σM)[2]→X→Dφ(M)→Dφ(σM)[1]. It follows that X is isomorphic to
Dφ(E) in Db(OB) and Dφ(σM)[2]→Dφ(E)→Dφ(M) →Dφ(σM)[1] is a triangle in
Db(OB). By definition of OB!op the triangle �2σM→E→M→ �σM is a triangle
in OB!op . �

The pair of triangulated sub categories (T ,F) corresponding to the pair (T ,F)
under the equivalence Dφ, where T is the subcategory of Db(QgrBn ) of all complexes
with homology of z-torsion and F the corresponding category of T -local objects, was
described in [21] as follows:

(i) T is the smallest triangulated sub category of grB!op
n

containing the induced
modules M ⊗C!

n
B!

n.
(ii) T has Auslander–Reiten triangles and they are of type �A∞.

(iii) The category F consists of the objects M in grB!op
n

whose restriction to C!
n is

projective.
(iv) F has Auslander–Reiten triangles and they are of type �A∞

We can define now the corresponding categories in OB!op .
The category TOB! is T ∩OB!op and the category of TOB! -local objects is FOB! =
F∩OB!op .
Hence, TOB! is an épaisse subcategory of OB!op and the Verdier quotient
OB!op /TOB! is equivalent to

∏
ξ∈�/2�

τ∈�

Db((Oξ,τ ).

There is a full embedding FOB! in
∏

ξ∈�/2�

τ∈�

Db((Oξ,τ ).

Since the triangles in OB!op are the same as in grB!op
n

, the categories TOB! and
FOB! have Auslander–Reiten triangles and they are of type �A∞.
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