
ON THE STRUCTURE OF HALF-GROUPS 

JAMES V. WHITTAKER 

1. Introduction. Furstenberg (1) and the author (4), among others, 
have exhibited postulate systems for groups in terms of the operation 
x — y = x + ( — y). Furstenberg also investigated a system obtained by 
removing one of his postulates which defines what he called a half-group. A 
structure theorem for half-groups was given in (1). In the present paper, we 
prove another structure theorem for half-groups. A more restricted entity, 
called a pseudo-group, is introduced, and its structure, together with that of a 
half-group satisfying the left and right cancellation laws, is studied. Finally, 
some topological questions concerning their structure are also considered. 

2. Pseudo-groups. Let G be a set of elements over which is defined a 
binary operation x — y which satisfies, for any x, y, z € G, the following 
condition^ : 

(i) x - y e G, 
(ii) There is an e £ G such that x — y = e if, and only if, x = y, 

(iii) (x — z) — {y — z) = x — y. 
It was shown in (4) that, in terms of the operation x + y = x •— (e — y), G 
is a group. It was also shown that if G satisfies (i), (ii), and 

(iv) {x — z) — (x — y) = y — z, 
then G is a commutative group. 

We define a half-group to be a set with an operation satisfying (i) and 
(iii). A half-group which also has the property 

(v) There is an e £ G such that x — x = e 
will be called a pseudo-group. Before proceeding to a discussion of half-groups, 
we shall consider briefly the structure of pseudo-groups. 

We define a set S to be an extension of a group G if G C S and if there exists 
a single-valued function / defined on 5 such that f(x) 6 G for all x Ç 5 and 
f(u) = u for all u Ç G. The set 5 becomes a pseudo-group under the operation 

(1) x o y = f(x) - / (y) , x,y £ S. 

Indeed, x o y 6 G C S, and x o x = f(x) — f(x) = e. Finally, 

(x o *) o (y o z) = / ( / (x) - /(*)) - f(f(y) - /(*)) 
= (fix) -f{z)) - (f(y) - / ( * ) ) = / ( * ) -f(y) =xoy, 

and (i), (iii), and (v) are satisfied. 

THEOREM 1. Every pseudo-group S contains a group G such that S is an 
extension of G and the operation in S satisfies (1). 
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Proof. Let x — y be the operation in S, and set f(x) = x — e. We will 
show that S is an extension of the group G = f(S). For any x, y Ç 5, we have 

(x — 3O — e = (x — y) — (y — y) = x — y. 

Setting y = e, we obtain f(f(x)) = / ( x ) , whence / («) = w for all w Ç G. It 
also follows that if u,v£ G, then u — v = f{u — z>) £ G, and G satisfies 
(i). Since (iii) and (v) hold in 5, they hold also in G. To verify the remaining 
half of (ii), we observe that if u, v £ G and w — i> = e, then, since /(w) = u 
and /(») = v, 

u ~ u — e = (u — v) — (e — v) = e — (e — v) 
= (v — v) — (e — v) = v — e = v. 

Hence, G is a group. Finally, it follows from (iii) that, for all x, y Ç 5, 
x — y = /(x) — f(y), and the proof is complete. 

In any pseudo-group 5, we may introduce the sum x + y = x — (e — y) 
for all x, 3/ G 5. Then 

x + y= f(x) - f(e - y) = /(*) - (* - /(y)) = /(*) + f(y). 
Hence, this operation is associative. A pseudo-group is said to be commu
tative if x + y — y + x. 

THEOREM 2. If S is a set with an operation satisfying (i) and (iv), £/*ew 5 is 
a commutative pseudo-group. 

Proof. For any x j , 2 f 5, we have 

(x - 2) - (y - 2) = ( (2 - 2) - (2 - x ) ) - ( (2 - 2) - (z - y)) 

= (2 — 3O — (2 — x) = x — y, 

which proves (iii). Next, x — x = (x — y) — (x — y) — y — y — e. Since the 
group G = 5 — e also satisfies (iv), G is commutative. From the remark 
preceding Theorem 2, it follows that x + y = y + x for all x, y Ç S. 

In terms of subtraction, the left and right cancellation laws take the 
following forms: for all x, y, 2 £ 5, 

(vi) x — y = x — z implies y = 2, 

(vii) x — 2 = y — 2 implies x = y. 

The next theorem shows, incidentally, that (vi) implies (vii) in a half-group. 
That (vii) does not imply (vi) can be seen by considering what we shall call 
the simple half-group, a set in which x — y is defined to be x. The structure 
of half-groups satisfying (vii) will be taken up in the next section. 

THEOREM 3. A half-group in which the left cancellation law holds is a group. 

Proof. Suppose that S satisfies (i), (iii), and (vi). For any u, x, y, 2 Ç S, 
we have 

(u — x) — 2 = ((u — x) — (x — x)) — (2 — (x — x)) 
= (u — x) — (2 — (x — x)). 
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Hence, z — (x — x) = z = z — (y — y), and x — x = y — y = e. If x — y 
= e = x — x, then x = y and (ii) is satisfied. Therefore, G is a group. 

3, Half-groups. Following Furstenberg (1), we introduce the following 
definitions. We call an element a of a half-group H an idempotent if a — a = a. 
A subset K C H is called invariant in H if x — (x — K) (Z K for all x Ç H. 
If JT is a sub-half-group of H which contains all idempotents in H, then the 
relation x = y defined by x — y £ K is an equivalence relation. In fact, 
x s= x since x — x is an idempotent. If x = z and y = z, then x — ;y = (x — s) 
— ( j — 2) G K, and x = ;y. The resulting quotient space will be denoted by 
H/K. A weaker form of the following theorem was proved in (1, Theorem 4). 

THEOREM 4. In the half-group H, let K be an invariant sub-half-group con
taining all idempotents of H. Then H/K is a group. 

Proof. We refer to (1) for the proof that if u,v,x,y £ H and u = x, v = yf 

then u — v = x — y. Thus, if x* and y* are the equivalence classes con
taining x and y, respectively, then (x — y)* = x* — y*. Clearly H/K satisfies 
(i) and (iii). If e* is the equivalence class containing K, then x* — x* = e*, 
since x — x is an idempotent. Finally, if x* — y* = e*, then x* = y*, and (ii) 
is satisfied. Hence, H/K is a group. 

Let G be a group and {Sa}a «A a family of disjoint sets, indexed by the 
set A, with the following properties: 

(a) For each a £ A, there exists a single-valued function /„ mapping Sa 

onto G, 
(b) For each a, 0 £ A, there exists a one-to-one function <t>ap mapping G 

into Sa such that fa(<t>ap(g)) = g for each g £ G. 
We now define an operation x o y in H = U 5 a as follows : if x Ç 5 a and 

y € 5/9, then 

(2) x o y = <M/«(*0 - jfcGy))-

We note that x o y 6 5«. Under this operation, H becomes a half-group. 
Since (i) is clearly satisfied, we have only to verify (iii). If z £ 5y, we have 

(XOZ) O (yOZ) = <t>afl{fa{<t>ay(fa(x) - fy(z))) ~ Mtfiyiffify) - / * ( « ) ) ) } 

= *<*((/«(*) - / , (*)) » (/* (?) - / 7 W ) ) 
= ««/»(/«(*) - / ^ ( y ) ) = X O y. 

Each 5 a becomes a pseudo-group in which </>««/« plays the role of / in the 
representation of pseudo-groups given in § 2. If e is the identity of G, then 
4>aa(e) = ea is the identity in Sa, since x o x — ea for all x £ 5«. The idem
potents in H are precisely the elements ea for all a € A. It follows from (2) 
that cfrapifaix)) = x o ep for all x G 5a . In particular, Sa o ea is isomorphic to G. 

THEOREM 5. Every half-group H can be represented as the union of disjoint 
pseudo-groups in which the operation is defined by (2). 
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Proof. Let E = {ea}aeA be the set of idempotents of H indexed by the 
set Ay and, for each a £ A, let Sa = {x £ H: x — x = ea). If x Ç Sa and 
y £ H, then clearly x — y Ç 5a , and 5 a satisfies (i). Since (iii) holds in H, it 
holds also in Sa. Finally, Sa satisfies (v) with e = eay so that Sa is a pseudo-
group. In addition, a ^ /3 implies 5 a P\ 5^ = 0, and H = \J Sa. 

We turn now to the construction of G and the functions appearing in (2). 
For any x, y G H and a £ E, we have 

(x — a) — y = ((x — a) — (a — a)) — ( j — (a — a)) 
= (x — a) — (3/ — a) = x — ;y. 

Similarly, if b Ç £ , then x — (^ — b) = x — j . Combining these relations, 
we obtain 
(3) (x — a) — (y — b) = x — y. 

(For the sake of compactness, we shall also let (3) stand for the two preceding 
relations.) If we set F = E — E = {u — v: u,v £ E}, then 7̂  is a sub-half-
group by virtue of (3). Repeated application of (3) also shows that x — (x — z) 
= x — x £ F for all x £ i J and z £ F. Hence, by Theorem 4, i ï / F = G is 
a group. The corresponding equivalence relation will be written x = y, and 
the quotient mapping from H onto G will be denoted by h. 

For each a £ ^4, let Ga = Sa — ea. We now define functions yf/a' H—> Ga 

as follows: 
\f/a(x) = ea — (ea — x). 

For any x £ i l , we have ea — x £ 5 a . From Theorem 1 it follows that the 
difference of any two elements in Sa lies in Sa — ea = G«, whence \pa(x) £ G«. 
In addition, 

h(ypa(x)) = h(ea) - (A(e«) - h(x)) = e — (e — h(x)) = *(*)» 

where e is the identity of G. Hence, x = \f/a(x) and 

(4) x — ^«(x) = e7 — e«. 

If x G 5/3, then x — ^a(x) £ Sp and ey — e« £ 57, whence 7 = £. (Further 
calculation shows that ô = a, but we shall not need this fact.) Thus every 
equivalence class intersects each Ga. Furthermore, no two elements of Ga are 
equivalent, that is, Ga r\ F = {ea}. In fact, if y £ Ga and y = ea — ̂ , then 
y = y — ea = [ea — ê ) — ea = e«. Hence, the restriction of h to Ga is an 
isomorphism ha between Ga and G. 

The functions fa are now defined to be the restrictions of h to 5a , and the 
</>a/3 are defined, for each a, ft £ ^4, and each g Ç G, by 

<Mg) = ^(g) - «*. 
Since x — ep = x îor all x £ 5 a because of (3), it follows that fa(4>ap(g)) = g 
for all g £ G, and conditions (a) and (b) are fulfilled. Moreover, if x G Sa, 
then ha~"l{fa{x)) = x — ea, for each member is equivalent to x and lies in 
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Gay and such elements in Ga must be identical. Similarly, if y £ 5^, then 
ha~l{fp{y)) ~ $a(y), for each member lies in Ga and is equivalent to y. Finally, 
if x Ç Sa and y £ Sp, then, using (3) and (4), 

x - y = (x - ^«(y)) - (y - ^«(y)) 

= ( (x - e«) - ^ « ( y ) ) - ( ^ - «a) 

= (k"1 (/«(*)) - ^ ( f i ^ ) ) ) - * 
= fcT1 (/«(*) -My)) - ep = <t>ap(fa(x) -fp(y)). 

This completes the proof. 

COROLLARY. Le£ K Z) E be an invariant sub-half-group of H. Then there 
exists an invariant subgroup N of G such that K/F = N and H/K = G/N. 

Proof. We adopt the notation of the proof of Theorem 5. Let h(K) = N. 
Then N is clearly an invariant subgroup of G. Since the restriction of h to K 
is the canonical mapping from K onto K/F, N and K/F are isomorphic. Now-
let L = hr1(N) and k be the canonical mapping from H onto H/K. Clearly 
x — y Ç i£ implies x — y 6 L for all x, y Ç i ï . Conversely, iî x — y £ L, 
then there exists a. z £ K such that x — y = z (mod F). Since K Z) F, 
x — y = z (mod i£) and 

&(x) — My) = *(# — y) = k(z) = 6, 

where ë is the identity in H/K. Hence, k(x) = k(y) and x — y £ K. 
Let 0 be the canonical mapping from G onto G/N. For any x, y Ç i l , the 

relation 6(h(x)) = 6(h(y)) is evidently equivalent to A(x) — h{y) £ iV and, 
hence, to x — y Ç L. Thus, the correspondence between i J / X and G/iVdefined 
by x* <-» 0(/z(#)), where x* is the equivalence class (mod K) containing x, 
is one-to-one and onto. Finally, 

x* - y* = (x - y)*<-*d(h(x - y)) = 0(h(x)) - 6(h(y))t 

and the correspondence is a group isomorphism. 
Let {Ga}a (A be a family of disjoint groups, indexed by the set A, satisfying 

the following condition: 
(c) For each a, £ Ç ^4, there exists a unique isomorphism 0a#: G/9 —> Ga. In 

addition, for all a, /3, 7 Ç ^4, 0a/3-0/3<y = 0a?. 
It follows from (c) that 0aa(#) = x for all x £ Ga. We now define an operation 

x o y in H = UGa as follows: if x € Ga and y Ç Gp, then 

(5) x o y = x - ^«u(y). 

Thus x o y 6 Ga. If 2 £ G7, then 

(X O 2) O (y O Z) = (X - day(z)) — 0«^(y - ^ y W ) 

= (x - 0a7(s)) - (ft*(y) ~ M * ) ) = * o y. 

Hence, i J is a half-group. Furthermore, if x o z = y o 2, then a = 0 and x = y, 
whence fl" satisfies (vii). 
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We can define a second operation x © y in i ï a s follows: x © y = x o (eyoy), 
where ey is the identity in Gy. We have 

(6) x ® y = x - day(ey - 6yfi(y)) = x - (ea - 6ap(y)) = x + Ba&{y). 

Thus x © y is independent of 7, and it is easily verified that this operation 
is associative. In addition, each ey is a right identity of H. 

THEOREM 6. If H is a half-group in which the right cancellation law holds, 
then H can be represented as the union of disjoint, isomorphic groups in which 
the operation is defined by (5). Moreover, H is a semigroup under the operation 
defined by (6). 

Proof. We adopt the notation of the proof of Theorem 5. It follows from 
(3) that, for all x G H and a G A, x — ea = (x — ea) — eai whence, by (vii), 
x — x — ea. Thus Sa = Ga, and fa is one-to-one. From (b) we infer that 
<t>ap = /a - 1 for all fi G A. If x Ç Ga and y Ç G ,̂ then 

* - y=/:UW -My)) - * -/r'toOO). 
If we set / a~% = 0aj3, then the conditions of (c) are fulfilled and (5) is verified. 
The rest of the theorem follows from the discussion preceding it. 

COROLLARY. If H is a half-group satisfying (vii) in which the operation 
x © y is commutative, then H is a {commutative) group. 

Proof. If x f Ga and y G Gp, then x © y G Ga and y © x G G/9, whence 
a = fi and x © y = x + 3>. 

4. Topological pseudo-groups. A topological pseudo-group 5 is a 
pseudo-group with a topology J in which x — 3> is continuous jointly in x 
and y. Thus G = S — e is a topological group in its relative topology. This 
definition, however, places very little restriction on the topology in the com
plement of G, and it will sometimes be necessary to impose the additional 
condition that the topology does not separate x and x — e: 

(viii) For every U G J and every x G S, x G U if, and only if, x — e G U. 
Let 5 be an extension of a topological group G with topology J (G), and let 

/ be defined as in § 2. We introduce a topology J(S) into S as follows: 

(7) AS) = {f-1(U): U£J(G)\. 

With this topology and the operation defined in (1), S becomes a topological 
pseudo-group. To show that subtraction is continuous, let x, y G 5 and 
x o y G W, where W G /(-S). Then there exist sets Uo, V0 G J (G) such that 
/(*) G C/o, / 6 0 G Fo, and U0 - V0 Cf(W). Hence, x G U=f'1(Uo)1 

y G F = / _ 1 (^o) , and ï / o F C IV. Since/(x) = x o e, (viii) is also satisfied. 

THEOREM 7. Every topological pseudo-group S which satisfies (viii) can be 
represented as an extension of a topological group in which the operation is 
defined by (1) and the topology by (7). 
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Proof. Let G = S — e and f(x) — x — e for x € S. Then G is a topological 
group in its relative topology, and / is continuous on S. From (viii) it follows 
that if U e J(S), t h e n / - H C / n G) = U, which verifies (7). The rest follows 
from Theorem 1. 

In each of the following corollaries, S denotes a topological pseudo-group 
satisfying (viii). We define 5 to be Tt (i = 1, 2) if 5 — e is Tt in its relative 
topology. A topological space is T\ if each of its points is closed, and T2 if 
every two distinct points have disjoint neighbourhoods. A space is first 
countable if every point has a countable base of neighbourhoods. 

COROLLARY 1. If C C. S is closed, and x 6 S is such that x — e # C — e, 
then there exists a continuous 4>: S —> [0, 1] such that <j>(x) = 0 and #(y) = 1 
for y Ç C. 

Proof. Since f(x) $f(C) and f(C) is closed in G, there exists (3, p. 188) 
a continuous 4>0: G —» [0, 1] such that 4>o(f(x)) = 0 and <t>o = (J(y)) = 1 for 
y G C. Hence, 0 = <j)of has the desired properties. 

COROLLARY 2. If S is first countable, then S is pseudo-metrizable with a 
right-invariant pseudo-metric. 

Proof. Since G is first countable in its relative topology, it follows from (3, 
p. 210) that G is pseudo-metrizable with a right-invariant pseudo-metric 
r(x, y). Then s(x, y) = r(f(x),f(y)) is the desired pseudo-metrix for S. Since 
f(x — z) — f(x) — f(z), s is also right-invariant. 

COROLLARY 3. If S is TI and locally compact, then there exists a right-invariant 
Haar measure ix in S. 

Proof. Since G is T\ and locally compact, there exists a right-invariant 
Haar measure fio on the Borel sets of G (cf. 2, p. 254). Each Borel set B C 5 
is evidently of the form/_ 1(^0) where B0 is a Borel set relative to G. Hence, 
l*(B) = po(f(B)), and the right-invariance follows as in the proof of Corollary 2. 

To show the necessity for some additional assumption such as (viii) in the 
preceding corollaries, we give the following example, based on one in (1), in 
which 5 is a topological pseudo-group which does not satisfy (viii). In addition, 
5 is compact, connected, first countable, and Ti, but not T2, and hence, not 
pseudo-metrizable. Let S be the interval [0, 2], and let the operation in 5 be 
defined as subtraction (mod 1). Then S is evidently a commutative pseudo-
group, and G = [0, 1). The neighbourhoods of the points in (0, 2] are those 
of the relative Euclidean topology, while the neighbourhoods of 0 are of the 
form [0, p) W (o-, 1), where p, a Ç (0, 1). Evidently S is a topological pseudo-
group, and the other properties of 5 are easily verified. In particular, 0 and 1 
have no disjoint neighbourhoods. 

5. Topological half-groups. A topological half-group H is defined as 
a half-group with a topology in which x — y is jointly continuous in x and y. 
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For the theorems in this section, we do not need as strong a condition as 
(viii), and we shall require only the following: 

(ix) For every U G J (H) and every x G H, x G U implies x — (x — x) G U. 
The notation of the proof of Theorem 5 will be adhered to throughout this 

section. From the foregoing definition, we see that each Ga is a (not necessarily 
Ti) topological group in its relative topology, and each Sa is a topological 
pseudo-group. 

THEOREM 8. Let H be a topological half-group satisfying (ix) and i£ D E an 
invariant sub-half-group of H. Then the quotient mapping from H onto H/K 
becomes an open, continuous mapping when H/K is given the quotient topology, 
and H/K becomes a topological group. 

Proof. We first consider the case K — F and show that, for any open 
U C H, U* = h~l{h{U)) is open. Let V = U a iA^a-

l{U). Since 4>a is con
tinuous on H and ^a(x) = x for all x G H, F is open and V C U*. If x G £/*, 
then x = u for some u G U. Now u G Sa for some a Ç i , and u = u — ea 

= u — (u — u) G Ga C\ U in view of (ix). Thus, we can assume that u G Ga. 
Then ^«(x) = ypa(u) = u, and since \[/a(x) G Ga, we have ypa{x) = ^. Hence, 
x G F and U* C V, so that U* = V is open. It follows immediately that h 
is continuous and open, and G is a topological group in the quotient topology. 

Now let K D E be an arbitrary invariant sub-half-group of H, k the quotient 
mapping from H onto H/K, and S the quotient mapping from G onto G/N, 
where N = h(K). From the corollary to Theorem 5, it follows that, for each 
x G H, x* = k~l(k(x)) = h~l(B~l{6{h{x)))). Since A and 0 are each open, 
continuous mappings, we conclude that if U C i?is open, then U* = k~1(k(U)) 
is open. Hence, & is open and continuous, and H/K is a topological group in 
its quotient topology. 

A topological half-group H will be said to be Tt (i = 1, 2), provided 
T = {JGa is Tj in its relative topology. If H satisfies (ix), then each ha is a 
topological, as well as an algebraic, isomorphism between Ga in its relative 
topology and G. The continuity of ha follows directly from Theorem 8. Let 
U C H be open. Since the range of \f/a is Ga and fa(x) = x for all x £ H, 
each x G $a~

l{U) is congruent (mod T7) to some element in U C\ Ga> More
over, ypa{x) — x for each x G Ga, so that yl/a~

l(U) D U C\Ga. Hence, 
h{UC\ Ga) = h(\pa~l(U)) is open, and ha is open. Thus, if H is 7\, then G 
is also Ti-

Consider now the set G X E and the operation defined in it as follows: 

(gi, ea) o (g2, ty) = (gi - g2, e«). 

Under this operation, G X E evidently becomes a half-group satisfying (vii) 
(cf. the discussion preceding Theorem 6). If we introduce the product topology 
in G X E derived from the quotient topology in G and the relative topology 
from H in E, then G X E becomes a topological half-group. In fact, if f/i X Vi 
and U2 X V2 are open in G X E, then (Ui X Fi) o (t/2 X 72) = (C/i - J72,7i). 
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Let 0: 2ï—> G X E be defined as follows: if x G 5a , then #(x) = (h(x), ea). 
Since, for any y Ç H, x — y £ Sa, we have 

<K* - y) = (&(*) - h(y), e«) = </>(*) o 0(y) . 

The restriction of $ to T is clearly one-to-one and onto, but, in general, 
x — y ?£ 0-1(0(x) o </>(j)) for x j Ç T. 

THEOREM 9. If H is a topological half-group satisfying (ix), ^ew $ is a con
tinuous, open homomorphism of H onto G X E. 

Proof. It remains to prove that <j> is continuous and open. Let w(x)=x — x 
for all x Ç H. Then co is continuous on H, w(Sa) = e« for each a Ç i , and 
*(*) = (h(x), «(*)). If C / X F C G X £ i s open, then ^(UXV) = A-^tO 
f^or*1 ( F) is open in iJ, and <j> is continuous. Now let U (Z H be open and 
y G <t>(U). By an argument used in the proof of Theorem 8, we can assume 
that y = <j>(x), where x Ç £/ P\ Ga for some a Ç i . Since x = ea — (ea — x), 
there exist neighbourhoods V, W, of x, ea, respectively, such that W — (W— V) 
C I/. Let V = A(F) and TF' = W H £. Then F ' X W is open in G X £ , 
and clearly y £ V X W. II v £ V and ^ G IF, then efi - (e0 - v) € U, 
h(e$ — (ep — v)) = h(v), and co(ê  — (ep — v)) = ^ . Hence, 

(h(v),ep) = *(e, - to-»)) G * ( # ) , 

and F ' X W C «(Î / ) . Therefore, 0 is open. 
A further consequence of the continuity of co is that, in a T\ topological 

half-group H, each Sa is closed in H. 

THEOREM 10. If H is a connected, 7\ topological half-group with a finite 
number of idempotents, then H is a (topological) pseudo-group. 

Proof. We have u(H) = E, whence E is connected and 7\ in its relative 
topology. Since a finite T\ space is discrete, E reduces to a single point. 

COROLLARY. If, in addition, the right cancellation law holds in H, then H is 
a (topological) group. 

To show the necessity for the assumption that E be finite, let H = [0, 1] 
with the relative Euclidean topology and the structure of the simple half-
group mentioned in § 2. Evidently H is a compact, connected, T\ topological 
half-group in which every element is an idempotent. 
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