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RESIDUE FREE DIFFERENTIALS AND THE 
CARTIER OPERATOR FOR ALGEBRAIC 
FUNCTION FIELDS OF ONE VARIABLE 

TETSUO KODAMA 

1. Introduction. Let K be a field of characteristic p > 0 and let A be a 
separably generated algebraic function field of one variable with K as its 
exact constant field. Throughout this paper we shall use the following notations 
to classify differentials of A/K: 

D(A) : the i£-module of all differentials, 
G (A) : the X-module of all differentials of the first kind, 
R(A) : the i^-module of all residue free differentials in the sense of Chev-

alley [2, p. 48], 
E*(A) : the X-module of all pseudo-exact differentials in the sense of 

Lamprecht [7, p. 363], (compare the definition with our Lemma 8). 
In the preceding paper [5, Satz 1] we proved that for a perfect field K, 

àimKR(A)/E*(A) = â\mKG{A)/G(A) C\ E*(A), 

R{A) = G {A) + E*(A). 

This is a natural generalization of the theorem of Kunz [6, Satz 3], and this 
means that the X-dimension of R(A)/E*(A) is not greater than the genus 
g(A/K). 

In this paper we have two aims. One is to obtain similar formulae with the 
preceding formulae without the assumption of perfectness on K. Another is to 
consider a kind of transfer of these formulae on the constant field extension. 
The former consideration is necessary for the latter one. 

In § 2 we shall study a definition and some fundamental properties of the 
Cartier operator which is an important tool for our aims. In particular we 
shall make comparison between a differential and the differential obtained by 
application of the operator on the given differential about their degrees and 
residues (Lemmas 2 and 3). In § 3 we shall introduce a semi-linear mapping 
Cm(CospA/Am •) of D(A) into D(Am). In relation with the notation Am we 
explain some notations now. Let F and 5 be fields. Then Fpn denotes the field 
of all elements of pn-th power of elements in F for an integer n. F(S) denotes 
the extension field of F generated by adjunction of all elements of S to F. 
Following these notations Am means A(Km) with Km = Kp~m (m ^ 0), and 
Cosp^/^m is the cotrace from A to Am. By this mapping we shall define two 
iT-submodules of R(A) 

Rm(A) = {œ e D(A) | C-(CospAMmco) 6 G(Am)} 
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906 TETSUO KODAMA 

and 
Em{A) = {co e D(A) | Cm(CospA/Amœ) = 0}. 

After some discussions on residues and inseparable poles of differentials we 
shall characterize elements of R(A ) and E* (A ) by the operator Cm(Cosp^/Am •)> 
and we shall prove that R (A ) = Um=o Rm(A) = (Jm=c* Rm(A) (Corollary of 
Lemma 6), and determine an explicit form of a differential in £* (A) (Lemma 8), 
where c* is the minimum integer of such n as g{A{Kn)/Kn) = g0(A/K) : the 
conservative genus of A/K. Further we shall show that linear independency of 
a finite number of differentials over K mod £* (A ) is transferred into the field 
obtained by the constant field extension A(L) with L D K (Lemma 9), for a 
preparation to the proofs of Theorems 1 and 2. In the last part of the section 
we shall prove Theorem 1. From this we obtain that the X-dimension of 
R(A)/E*(A) is not greater than the conservative genus gQ(A/K). 

In § 4 we shall prove Theorem 2 which shows the corresponding transferred 
formulae by the constant field extension with the formulae in Theorem 1. 

As main results we have 

THEOREM 1. Using the same notations mentioned above it holds that 

dimKR(A)/E*(A) = d'imKmG(Am)/G(Am) n E*(Am), 

R(A) =Rm(A)+E*(A), 

for any integer m ^ c*. 

THEOREM 2. Using the same notations mentioned above it holds for a given 
extension L of K that 

R(A(L)) =LCospA/ML}Rm(A) + E*{A{L)) 

for any integer m ^ c*, and 

d\mLR(A{L))/E*(A{L)) = AimKR(A)/E*(A). 

2. The Cartier operator. We begin with the definition of the Cartier 
operator. Let us denote a separating variable of A over K by x and let us 
always use it in this sense. With this x, {1, x. . . , xp~1} forms the so-called 
£-base of A/B with B = AV(K) and represents any co Ç D ( i ) in a unique 
form co = 2^=o a^dx, with at G B. If a%Z\ is in A, define CA(œ) = 
aÇ}\dx\ hence CA(a>) is in D(A). Then we say that CA(œ) is defined in A and 
call CA the Cartier operator for A. We shall simply write C instead of CA when 
no confusion might arise. 

Let L be an extension of K. Then the constant field extension A(L) of A 
by L over K is separably generated over L, as A is separably generated over K, 
and x remains as a separating variable of A(L)/L. Hence {1, x, . . . , xv~1} 
remains as a ^-base of A{L)/AV(L). 

The following fundamental properties of CA are obvious by making use of 
facts in Eichler's book [4, pp. 160-167]. 
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(1) Whether CA(u) is definable or not, CA(œ) itself is independent of the 
choice of a separating variable. 

(2) If CA(œi) and CA(œ2) are defined for coi, co2 G D(A), then 

CA(yip<*i + y2^2) = yiCA(c»i) + y2CA(u2) with yu y2 € A. 

(3) If OJ 6 -DC4) is exact, CA(co) is defined and CA(<a) = 0. Conversely, if 
CA{L) (CospA/A(L)0)) is defined and is equal to 0 for an extension L of K, 
then co is exact (cf. [2, p. 118] on the definition of Cosp). 

(4) Let 0 = CospAM<jrw> co for co £ D(A). Then all 0(Q) (i = 1, . . . , m) 
are defined in A(Km). 

LEMMA 1. Let CA (co) be defined for a differential co £ D {A). If Lis an extension 
of K, then CA(L)(CospA/A(L)œ) is defined and 

CA(L)(CospA/A(L)u) = CospA/A{L)CA(o>). 

Proof. The proof is obvious from the fact that CospA/A(L)dx is a non-zero 
exact differential of A(L) and CospA/A(L)ydx = y CospA/A(L)dx. 

LEMMA 2. Let C(co) be defined for a differential co £ Z> (̂ 4 ). Then 

"«(CM) + 1 ^ p-1 (*«(«) + i) 

Aa/ds /or any place % of A, where v§ is the valuation with respect to a place g, 
(cf. [5, Hilfssatz 2], when K is perfect). 

Proof. If K is perfect, then K = Kp, B = Av. Accordingly C(co) is defined 
for any co £ D(A). Any uniformizing variable t is a separating variable since 
the residue field of the place g of the uniformizing variable t is separable over 
K. By property (1) we have 

ĝ(co) = minilv^iai^dt)} S v%{ap^itp~ldt), 

vs(t-ldt) = - 1 . 

From this we get 

,9(C(co)) + l ^ - i ( „ 8 ( c o ) + 1). 

From now on we consider a general field K. Let K* be the smallest perfect 
field containing K in the algebraic closure of K and let A* = A(K*) be the 
constant field extension of A by K*. Let p* be the place of A* lying above a 
place g of 4̂ and let ep*/Q be the ramification index of p* w.r.t. g. If we denote 
12 = CospA/A*co, then 

iv(C(Q)) + l ^ i ^ O v W + D. 

On the other hand the divisor 9DÎ = (Con4M*co) (12)-1 is integral as well-
known and this is independent of co. Since for any co £ D(A), v$*(ConA/A*œ) = 
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^*/0yfl(co), therefore we have 

v,(C(œ)) + 1 ^ p'KvM + 1) + *$it (1 - p-^^&fl) + ^*/9 - 1) 

This completes our proof. 

From Lemma 2 we obtain easily 

COROLLARY. Let co be in D(A) and let us assume that C(co), . . . , Cm(co) are 
all defined for a large enough integer m ^ 0. Then there exists an integer n* such 
that ^9(C

w(co)) ^ —I for any place g and integer n with n* ^ n ^ m. 

Proof. Using Lemma 2, 8̂(co) ^ — 1 implies vQ(C(œ)) ^ — 1. If 8̂(co) ^ —2, 
then r„(C(«)) > ê(co) because ^8(C(co)) - 8̂(co) ^ (1 + ?„(«)) (p~l - 1) > 0. 
Hence v%(Cn>(co)) ̂  — 1 for w' ^ — (1 + yfl(w)). Since the number of poles 
of co is finite, let n* be the maximum of such nns. Then this w* satisfies our 
Corollary. 

LEMMA 3. Let C(co) be defined for a co Ç £>C4). î^ew Res8co = (Res8C(co))p 

for any place g (cf. [5, Hilfssatz 1] when K is perfect). 

Proof. Using the same notations as in the proof of Lemma 2 we have 

(Resp*C(CospAM*co))p = Resfc*CospAM*co. 

If the residue field of g is identified with a subfield of the residue field of p*, then 

Resp*CospA/A*w = Resgco [2, Theorem 11, p. 119]. 

Hence we have by Lemma 1 

(Res8C(co))p = Res8co. 

3. The Cartier operator and residue free differentials. Let us denote the 
fields ~K?-m, A(K^m) and B(Kv~m) by Km, Am and Bm for any integer m ^ 0. 
If g is a place of A/K whose residue field is separable over the constant field K, 
we call g a separable place (or separable). 

We obtain as a simple generalization of [2, Corollary 4, p. 123]: 

LEMMA 4. Let Qi, . . . , §n be a finite number of places of A/K. Then there exists a 
finite purely inseparable extension L of K such that the place pt of A{L)/L 
lying above ç̂  is separable for any i = 1, . . . , n. 

Proof. Using the same notation as in Lemma 2 we denote the place of A* 
lying above ĉ  by p*. By [2, Corollary 4, p. 123] there exists an intermediary 
field Mi between K* and K having the following properties: Mt is a finite 
purely inseparable extension of K; the place p / of A (Mi) (which lies above g )̂ 
lying below p** is separable, and £pt-*/pi' = 1- If w e form the composite field 
L = Ufc=i M^ then L is a finite purely inseparable extension over K. II pt is 
the place of A(L) lying below p^*, then p^ is lying above p / and is separable 
since p* is unramified with respect to A(L) [2, Corollary 3, p. 123]. 
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COROLLARY. Let gi, . . . , gw be a finite number of places of A/K. Then there 
exists an integer m0 è 0 such that for m ^ m0 the place pt of Am lying above g* is 
separable for each i = 1, . . . , n. 

F roof. In the proof of Lemma 4 L is contained in K* and L is a finite extension 
of K. Hence there exists the minimum integer m0 satisfying K CI L Ç Kmo. 
Since pt* is unramified with respect to A(L), hence so to Amo, and therefore 
p** is unramified with respect to Am for m ^ m0, so that the place p* of Am 

lying below p/* is separable. 

LEMMA 5. Let co be in D(A). Then there exists an integer m ^ 0 such that 
v^iC™ (CospA /4row)) ^ — 1 for all places p of Am/Km, and any pole p of Cosp^ /Amœ 
is separable. 

Proof. Using the same notation as in Lemma 4 there exist a finite number of 
places g of A/K lying below all poles p* of CospAM*co. We apply the Corollary 
of Lemma 4 to these finite number of places. Denoting by r any integer which 
satisfies the Corollary, the place p' of Ar lying below p* is separable. Let 
q = — min {0, min ^p*(CospAM*co)} for all places p* of A*/K*, and let m = 
max{r, q- l}.Ifp„(S2) ^ 0 for a place of Am, then v*(0 (G)) ^ O f o r O ^ j ^ r a 
by Lemma 2, where 12 = CospAMmco. If J/P (Î2) < 0, then *>p((?'(12)) ^ — 1 
for m ^ j ^ —1 — pp(Q) by the Corollary of Lemma 2. The fact that m ^ 
— 1 — i/p(î2) is obvious; as from ^*/p = 1, it holds that 

j/p(Œ) = *v(CorumM*12) ^ *v(CospAM*co) ^ — q, 

hence m §; —1 — vp(ti). Since the place p* of A* lying above any pole p of 0 
is among the poles of CospAM*co, p* is unramified with respect to Am, and 
hence p is separable. This completes our proof. 

Let us define a set of differentials for any integer m ^ 0: 

Rm(A) = {co G 0 ( 4 ) ; Cw(CospA G{Am)}. 

LEMMA 6. The mapping Cm(CospA/Am •) is a semi-linear homomorphism of the 
K-submodule Rm{A) of R(A) onto the Km-module G(Am). 

Proof. Since CospA/A™ is an 4-linear mapping of D(A) into D(Am), it 
is obvious from property (2) in § 2 that Rm(A) is a i£-module and 
Cm(CospA/Am -) is a semi-linear homomorphism of Rm(A) into G(4m) . If 
z/CospAMmdx is an element of G(Am), then co = uvmxvm~ldx is in 0 ( 4 ) and 
Cw(CospAM/nco) = uCospA/Amdx. Thus the mapping is surjective. Let p be the 
place of Am lying above a place g of A. If u CospA/Amdx = Cw(CospAMmco) 
for co G î m (-4 ), then by Lemma 3 we have for any place 

Resg co = (Resp u CospAMm dx)pm = 0, 

as ^CospA ,Am dx belongs to G {Am). Therefore Rm (A ) is a i£-submodule of R {A ). 

COROLLARY. R(A) = \JZ=oRm(A) = Um=c*Rm(A). 
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Proof. We proved in Lemma 6 that Rm{A) C R(A) for every m ^ 0. 
Conversely, let co £ i?(^4). By making use of Lemmas 3 and 5 there exists an 
integer m such that ^(Cm(CospAMmco)) ^ — 1 , Resp Cm(CospA/Am œ) = 0 for 
all places p of ^4m/i^w and all poles of Cm(CospA/Am co) are separable. Therefore 
Cm(CospA/Amco) is in G(4m) , hence co Ç i?TO(4). From the Corollary of Lemma 4 
we can take all m ^ c*, hence # ( 4 ) = U m = o ^ ( i ) = Um=c*-^m(^). 

LEMMA 7. L ^ ^s assume that g(Am/Km) = g{An/Kn) for some two integers 
n ^m è 0. rfte» ^ ( 4 ) £ Rn(A). 

Proof. From the definition of Rm(A), C^CospA/Am^) belongs to G(Am) for 
any co Ç Rm(A). Let p' be any place of An/Kn and let p be the place of Am/Km 

lying below p'. Then using the Corollary of Lemma 2 

*V (Cw(CospAMnco)) ^ iy (Cm(CospAMnw)) 
= éy,^p(C* (CospAMmco)) 

^ 0 

by the equality of two genera. Hence Cw(CospA/Anco) is contained in G(An), 
which means that co Ç i?w (̂ 4 ). 

From Lemma 7 it holds that 

i?mG4) Q Rn(A) if n^m t c*. 

Let us denote the kernel of Cw(CospA/Am *) by Em(^4). Then Em(A) is 
contained in E* (A ) in the sense of Lamprecht as shown by the following Lemma. 

LEMMA 8. co is in Em(A) if and only if co = Ydlaixl
Qi~1dxi, q{ = pm\ where 

all integers mt ^ m — 1, all at Ç K and all xt £ A. 

Proof. If co = ^nctiXf^dXi, qt = pm% with mt^ m — 1, at 6 -K and Xf £ A, 
then Cm(CospAMmco) = 0. We shall prove the "only if" part by induction on m. 

Let C(CospAMlco) = 0; then co is exact by the property (3) in § 2. Assume 
that our lemma is true for all En(A) with n S m — 1. If co Ç Em(A), then 

< ? * ( C o s p A M m C 0 ) = C C C o S p ^ - i / A ^ - H C o s p A / ^ - i C o ) ) = 0 , 

hence Cw_1(CospA/Am_iw) = dz, 2 f i w _ i . Since ^4m_i is purely inseparable 
over ^4, 2 has no variable pole. Hence z = ^taiv~{m~l)xu where at £ K, xt £ ^4, 
and dz = Si«ip~(m~1)Cospil/4OT_1dxï. By this we have 

C^-HCospA/^-^co — E<a^ipw"1_1d^<)) = 0, 
which means 

co - Y.iOiiXf,m-l-ldxi = 0 mod Em^(A). 

Hence by the induction assumption 

w — L<ai^ipm"1™1^< = HjPjyf^dyj, 

where mj ^ m — 2, (3j £ K, jj £ A. This completes our proof. 
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Let L be an extension of K and let S be a iT-submodule of D(A). Then we 
define an L-module 

L CospA/A{L)S = {T,i^iCospA/A(L)0)i | at 6 L, co* G 5}. 

COROLLARY. Jf L w algebraic over K, then 

Em(A(L)) = LCospA/A{L)Em(A). 

Proof. It is obvious that L CospA/A(L)Em(A) C Em(A{L)). Conversely 
if 12 G Ei(A(L)), then fi = à , z Ç A(L). As L is algebraic over i£, s is written 
in such form z — YL&iXi with at £ £, Xi (E ̂ 4. Hence 

& = HiOiiCospA/A{L)dxl = 0 mod LCo$pAIA{L)Ei(A). 

Assume that En(A(L)) = L CospA/A(L)En(A) lor n ^ m. 
Let 12 = zvm~xdz be a purely pseudo-exact differential of Em+i(A(L)), then 

CO = zvm~l-ldz Ç Em{A(L)). By the induction assumption 

CB = L^z^/ i~1CospAM(Z/ )^x i , g, = £m% 

where T^J ^ w — 1, /5̂  G L, Xf G -<4« From this we have 

C(Q - ZMxt'^CospAuiudxt) = 0, r, = ^ i + 1 , 

hence 

^ — Z ^ ^ / i _ 1 C o s p 4 M ( L ) ^ X i = 0 modEi(^4(L». 

Since E%(A(L)) = L CospA/A(L)Ei(A) as proved already, 12 is contained 
in L CospA/A(L)Em+i(A). Since any differential in Em+i(A(L)) is wrritten 
as the linear combination of purely pseudo-exact differentials with the coeffi
cients in L, by Lemma 8 it is contained in L CospA/A(L)Em+1(A). 

If we denote US-o-E*(A)byE*(A), then E*(A) is a. X-submodule oiR(A). 
Since En(A) C En(A) for m ^ n, E*(A) = Um=c*Em(A). Therefore 
E*(A(L)) = L CospA/A(L)E*(A) if L is algebraic over K. 

LEMMA 9. Let L be an extension of K and let A' = A(L). If o>i, . . . , œh 

of D(A) are linearly independent over K mod£*(^4), then CospA M ' coi, . . . , 
CospA/A ' œh are linearly independent over L mod E*(A'). 

Proof. We shall show that if Cosp^M'coi, . . . , CospA/A'co^ are linearly 
dependent over L mod Em(A'), then coi, . . . , o)h are linearly dependent over 
K mod Em(A). This is sufficient to our proof. We shall prove it by the induc
tion on m. 

The case m = 1 has been proven by Rosenlicht [8, Lemma 5]. Hence assume 
that our lemma is true for all m less than n. Let ^iaiCospA/A>oii = 0 mod 
En(A

f) for L elements {a*}, not all of which are zero. Then using the Corollary 
of Lemma 8 we have 

Y^ia.rlCospAl,Al'C(Co$pA,AlWi) = 0 m o d £ w . i ( i / ) . 
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By the induction assumption 

Yttaf^CiCospA/AiWi) = 0 mod£ w _i(^ i ) 

for K elements {a^, not all of which are zero. Using the Corollary of Lemma 8 
again and Lemma 8 we have 

L^ip"1C ,(CospA/illû>i) = Ei&ip~1CospA/Aitti||BW~1~"1d#<f 

where n(i) ^ n — 1, bt Ç K and ut £ A. Hence 

C (CospA/Al (52 & iPt — 'E,ibju?nit)-1dui)) = 0, 

therefore we have Y,iaiUi = 0 mod En(A). This completes our proof. 

COROLLARY. If g(A/K) = g(A'/L), then it holds that 

dimKG(A)/G(A) r\ E*(A) = dim* G(A')/G(A') C\ E*(Af). 

In particular if m, n ^ c*, then 

d i m ^ G(Am)/G(Am) H E*(Am) = dim*. G(4 n ) /G(4 n ) H £*(^B ) . 

Preo/. Let coi, . . . , œh be a base of G(4) mod G(4) Pi E*(A) over X. If 
g(A/K) = g(Af/L), then CospAM'coi, . . . , CospAM'co^ are contained in 
G (A') and by Lemma 9 they are linearly independent over L mod G (A') C\ 
E*(Ar). Hence we have 

dlmK G(A)/G(A) n E*(A) ^ dim* G(A')/G(Af) C\ E*(A'). 

Conversely it is obvious that a linear dependency of coi, . . . , œh mod E*(A) 
over K implies a linear dependency of CospAM'Wi, . . . , Cosp4M'CoAmod£*(^4') 
over L. Hence the first equality holds. The second one follows easily from 
g(Am/Km) = g(AJKn). 

The proof of Theorem 1. Let R (A) = Um=c*Rm(A) a n d £ * ( ^ ) = U L ^ ( i ) . 
Since Cm(CospA/Am •) is the semi-linear homomorphism of Rm(A) onto G(Am) 
whose kernel is Em(A), we have 

Rm(A)/Em(A)^G(Am), dimKRm(A)/Em(A) = dimKm G(Am) = g0(A/K). 

At the same time, by this mapping Rm(A) C\ E*(A) is mapped onto 
G(Am) C\ E*(Am), hence by the Corollary of Lemma 9 we obtain 

d\mKRm(A)/Rm(A)r\E*(A) = dim*m G(Am)/G(Am) H E*(Am) 

and this dimension is equal to dimKc*G(Ac*)/G(Ac*) C\ E* (Ac*) for any 
m è c*. On the other hand we have 

R(A)/E*(A) = U^c*(Rm(A) +E*(A))/E*(A), 

dim,, (2^ (4 ) + E*(A))/E*(A) = d i m ^ i ^ ) / ^ ^ ) H E*(4) . 

As for n ^ m, 
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by Lemma 7, these two modules are identical and 

R(A)/E*(A)^Rm(A)/Rm(A)nE*(A) 

for any m ^ c*. Therefore we obtain the two equalities in Theorem 1. 

COROLLARY. IfA/K is conservative, then 

dimKR{A)/E*(A) = dimKG(A)/G(A)nE*(A), 

R(A) = G (A) + E*(A). 

(cf. [5, Satz 1] and [6, Satz 3]). 

4. Residue free differentials and constant field extension. Let L be an 
extension of K and let A' — A(L). 

LEMMA 10. It holds that 

Rm(A') C L CospA/A,Rm(A) + Em(A'). 

In particular if g{Am/Km) = g(A'm/Lm), then equality holds. 

Proof. By definition, a differential 12 G D(A') is in Rm(A') if and only 
if (^(CospA' /^ 12) is in G(Am'). Any differential in G(AJ) is a linear combina
tion of differentials in CospAm/AmrG(Am) with the coefficients in Lm. Hence 
Cm(CospA'/Am>Ql) is written as follows: 

C*(Cos P i l W Q) = Z^rmCospAm/ATnMu 

where 12* G G(Am), X* G L. On the other hand Cm(CospA/Am •) is the mapping 
otRm(A) onto G (A m), hence tit = Cm(CospAMrou>0 with co* G i?w (̂ 4 ). Therefore 

C™(CospA>M7ra'(Û - E.-^CospA/A/Wi)) = 0, 

and hence 12 — J2i\iCospA/A>a>i = 0 m o d E ^ ^ i ' ) ' This proves the first 
assertion. 

Assume g(Am/Km) = g{Am
f/Lm) and let 12 = Ez>wCospAM/a^ be in 

L CospA/A>Rm(A). Then 

C-(CospA,Mm,S2) = ^i^~mCospAmlAm^Cm{CospAIAm^i) 

with (^(CospA/^Wi) G G(Am). As Cm(CospAMffl>coO is in G(AJ), 
Cm(CospA>Mm'12) G G ^ J ) , which means that 12 is in Rm{Ar). Since Rm(A') jD 
ETO(4')> w e n a v e 

2?m(4') = L CospA/A,Rm(A) + Em(Af). 

Proof of Theorem 2. By Theorem 1, R{A') = Rm(A') + E*(Af) for m à c'*, 
where c'* is in the same meaning with c*. If m ^ c*, then g(Am'/Lm) = 
g(^4m/i£m) and by Lemma 10 we have 

iCG4') = L C o s p A M ^ w ( ^ ) + Em(A'). 
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Since R(A) = Rm(A) + E*(i4), it holds that 

R{A') =LCospA/A>Rm(A) + E*(A'). 

On the assertion of the dimensions, using the Corollary of Lemma 9 we have 

dimKmG(Am)/G(Am) r\ E*(Am) = dimLmG(AJ)/G(Am
f) H E*(AJ) 

for m ^ c*. Therefore by Theorem 1 

dimKR(A)/E*(A) = d\mLR(A')/E*(A'). 

This completes the proof of Theorem 2. 

COROLLARY. R(A') = L CospA/A>R(A) + E*{A'). 
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