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Some arithmetical identities for
Ramanujan's and divisor functions

D. B. Lahiri

A new linear expression in o(\>) , V = 1,2,...,n , which vanishes

identically is established. A linear expression in o(\))'s has

been found for O^(n) . A similar expression in a^(\))'s has been

proved for O7(n) also. Ramanujan's i(n) = p2L,(n-l) is given

in three different ways as linear expressions in a2fe+i('n'' a n d

o,(v)'s with k = 1 , 3 , 5 respectively. Again, the

coefficient p^^(n-Z) is expressed as a linear expression in

On(v)'s and O5(v) 's . In establishing these results advantage

is taken of the general theorem, also established, that the

coefficients of the square of a pover series whose coefficients

satisfy a certain functional equation are expressible as linear

functions of the latter coefficients.

1. Introduction and final results

There is a beautiful classical identity [7, p. 212] involving the

arithmetical function o(n) , the sum of the divisors of n . This may be

stated as

(l) I ± o(n-v) - 0
y

where the summation is over the pentagonal numbers

v = i m C 3 m + i ; , m = 0 , ± l , + 2 , ± 3 ,

with the understanding that the sign to be prefixed to the term o(n-v) is
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positive or negative according as

v = (2m+l) (3m+l) or v = m((m+l)

respectively, and further o(0) = n and a(m) = 0 if m < 0 . An

interesting problem is to find other identities in which, as is in the

relation (l) above, the only arithmetical function involved is o(-) with

arguments which are all functions of the integral variable n . An answer

is provided by the following theorem which will be established later on.

(dz-rz)~\ „THEOREM 1. (n-l)a(n) - 6n I \—I' (d2-5?2)oI ft-*'
The arguments in the above theorem unlike those in (1) involve squares

instead of pentagonal numbers. Also unlike that in (l), 0(0) = 0 . In

fact we shall adopt the convention throughout the paper, - with the single

exception stated for (l), - that all terms involving negative, zero or

fractional arguments which might appear in a function which is defined

strictly for positive integral values only are really vanishing. The sum

T extends over the divisors of n . We shall use £ to denote a sum
d\n r

extended over all positive integers r , and £' F(r) would be used to mean
r

•z F(0) + I F(r) .
r

Another problem which the author has considered is to express aj,(n) »

the elementary divisor function of degree k , in terms of divisor functions

of lower degree. The answers for k = 3 and 7 are shown in the following

theorems. For the sake of uniformity we have used £ in Theorem 2 even
r

though I could have been used as well.
r

THEOREM 2. a3(n) = (2n-l)o(n) + 2hn J [—V
d\n id3 r

THEOREM 3. o7(n) = o3(n) + 2h0n
3

d \n y
3 r

V
r

--T2

i k J

\d2-r2}
h ]•

In connection with Theorems 2 and 3 it is relevant to point out that

the author has in an earlier paper [6] given expressions for
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O,(n) ,fc = l , 3 , 5 , 7 , 9 in terms of an arithmetical function of a

different category, namely, the unrestricted partition function pin) . As

illustrations we give below the cases corresponding to k = 3 and 7 •

(2) ± [I8n-di(v)].vp(n-v) ,

v

(3) 5 O7(n) = I ± [1512n3-5Olkfi (t>; .n2+h2d2(v) .
v

where the polynomials d•(v) , £ = 1 , 2 , 3 are as follows:

di(v) = 1 + 12u ,

d2(v) = 1 + Zhv + 192u2 ,

1 + 36v + 576v2 +

The me^nod followed in establishing the above theorems leads us

naturally to expressions for Ramanujan's i(n) in terms of a,(n)'s where

x(n) , as is well known, is defined by

I
n=l

These expressions are given below.

THEOREM 4. For all positive integral values of n

Tin) = -§-nho3(n) - i(6n5-5n^)ain) - lO5n5. > I —
d\n W

Incidentally a pair of expressions of a different type are given for

i(n) in the paper [6]. There not only o^(n)'s are involved as in Theorem

k but also pin) .

Another function to which the method is applicable is

functions VvM defined for different values of k by

The
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CO \fj(l-X
n)] =lpk(n)x

n

L 1 J o

have received considerable attention. Explicit expressions for the values

of Pj.frt'1 for the cases k = 1 and 3 are given respectively by the

famous identities of Euler and Jacobi. It is of interest to find explicit

values of k . We have already referred to such expressions for k = 2h ,

- we recall P2n(n-1) = \in) . We shall now give for p^gin) a finite

series involving the divisor functions only as in the previous theorems, in

addition to one involving Ramanujan's function.

THEOREM 5. pH8(n-2) = 2*
11 Y f-±-

d\n

2. Some lemmas

LEMMA 1. D(pn) = dip).Din) - p a.D(n/p) where p is any prime and

Din) = na ak(n) , a , k > 0 .

The above lemma can be proved from the following identities which can

be established successively without any difficulty.

ak ipn) = a

ipn)a oApn) = pa a

LEMMA 2. 1 2 ^ ain

12 \ l na(n
Li.

120 £ a3in
Li

v(p) .a, in

kip).n"o

1 9 oo

J 1

)x\ =l

a'^in) -p .a^in/p)

- Pk+2a

\.n2a3(n) - n
3o(n)]xn »
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The above identities are already known; they are respectively
mere restatements of the identities (3.1), (3.3) and (7.1) of Table B(l)
given by the author in [4] where we have written

CO

I nro (n)xn = (r,s)
1 s " r

for the sake of simplicity.

LEMMA 3. oUoHf n2o(n)x*\2 = £ [I5n'*a3(n)-lkn5a(n)--z(n) ]xn ,
4. J l

°° " 1 2 ° °
l no3(n)xn\ = £ [n2a7(n)-i(n)]xn ,
l J 1

The above identities are also known; they are respectively mere

restatements of the identities (3.2), (7.1) and (ll.l) of Table B(2) given

in [5] where we have written

CO

I i(n)xn = {0} .
1

3. The basic theorem

All the theorems stated in the introductory section require for their

proof the following basic theorem.

THEOREM 0. If N(n) is a function of the integral variable n > 0
such that for any prime p

N(pn) = N(p)N(n) - \(p)N(n/p)

where \(x) is completely multiplicative, that is,

\(uv) = \(u)\(v) , \(u) + 0 ,

u and v being any arbitrary pair of positive numbers, then

d\n

where
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l N(nJxn] 2 = I M(n)xn .
i J 1

The validity of the above theorem can be seen from the following

observations. Formulas have been given by Hurwitz [3] for the number of

ways a square can be expressed as the sum of 3 and 5 squares. While

extending the results to 7 squares £S1 and to 9 , 11 and 13 square?

[9], Sandham pointed out that Hurwitz's arguments applies to more general

numbers, and he gave in [9] a theorem in three parts. The part (or rather

an important particular case of it) which is relevant for our purpose is

that the coefficient of q in the product

+2q2 +2q3 + ; [N(l)qk+N(2)q8+N(3)q12+.

is equal to

where \l(n) is the Mob i us function, and N(n) and M(n) are the same as

those stated in Theorem 0. We can restate this fact as

(5) 2

r
\(r)v(r) .

Now remembering the multiplicative property of \(x) we have

?] = ̂  •
In virtue of the above relation and the fact that X(u) =)= 0 we obtain from

(5) the following

Theorem 0 is now easily established from (6) by the use of the Mobius

inversion formula [2].

4. Proof of the theorems

Remembering Lemmas 1 and 2 and writing successively o(n) , na(n) and

03(n) in place of U(n) , and n , n3 and n3 for \(n) in the basic

theorem we can show that
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(7)

(8)

(9)

- (6n-l)o(n)] = f Li i '
\n <- r

d\n Us r

- « o W ] = T — ] •
1 r, „

Theorem 1 follows easily from (7) and (8) by the elimination of

between them. Theorem 2 is equally simple, - we subtract (8) from (7)-

Theorem 3 is an obvious consequence of the relation (9).

Again remembering Lemmas 1 and 3 and writing successively n2a(n) ,

na^(n) and 05(n) in place of N(n) , and n5 for X(n) in the basic

theorem one can obtain without difficulty the following.

(10) ^ .

(11)

(12)

1 5
—

105n
5

+ 69105(n) -

d|n

T p - T W2-r2;03
d|n kf5 r

= 3^8261+n5. 7 f-i- I '
d\n hi5 r

0-

°s

The first part of Theorem k is obtained easily by subtracting twice

the relation (8) from the sum of the relations (7) and (10). The second

part is obtained by subtracting (11) from (9). The last part is a direct

consequence of (12).

To prove Theorem 5 we note that in virtue of the relation [J]

T(pXn) = T(p)T(pX~Xn) - puTCpX~2n;

one is justified in substituting r(n) = P2h(n-1) for N(n) , and 11 for

a in Theorem 0. The first part of Theorem 5 is an immediate consequence

when one notes that

[f xfn;*M]2 = * 2[fr a-*";]" 8 = I PkB(n-2)x
n .

The second part of the theorem follows easily on a joint consideration of

the first part of Theorem 5 and the last part of Theorem k.
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