
APPLYING THE CAUCHY INTEGRAL 

J. C Taylor 

( rece ived J a n u a r y 30, 1967) 

In t roduc t ion . It could p e r h a p s be r e a s o n a b l y ma in t a ined 
that for m o s t s tuden t s of ca l cu lus the defini te i n t e g r a l 

rb 
/ f(x)dx is in fact the Cauchy I n t e g r a l . That i s to say, 

J a 

f f(x)dx = F(b) - F (a ) , w h e r e F is a p r i m i t i v e of f. J a 

If done h e u r i s t i c a l l y , the d i s c u s s i o n of the R i e m a n n 
i n t e g r a l s e r v e s two p u r p o s e s . F i r s t l y , it i nd i ca t e s that e v e r y 
cont inuous function has a p r i m i t i v e . In the second p l a c e it 
p r o v i d e s the s tudent with an in tu i t ive b a s i s which wil l p r o b a b l y 
m a k e h i m accep t , for example , the defini t ion of the s u r f a c e a r e a 

/ 9 

of a su r f ace of r evo lu t ion as f 2 TTX f(x) / I + [f'(x)] dx. 
J a » 

If the defini te i n t e g r a l / f(x)dx is defined to be 

F(b) - F (a ) , w h e r e F ' (x ) = f(x) for a l l but a countable n u m b e r 
of points of ( a , b ) , then t h e r e i s the p r o b l e m of us ing this 
def ini t ion to just ify, for example , the defini t ion of su r f ace a r e a . 
In a r e c e n t ca l cu lus book by Lang this p r o b l e m is solved for 
a r e a , work and m o m e n t s . The other app l ica t ions of the 
defini te i n t e g r a l a r e t r e a t e d by m e a n s of R i e m a n n s u m s . 

I p r o p o s e to show that the s t andard app l i ca t ions of the 
defini te i n t e g r a l can be d i s c u s s e d by us ing this def ini t ion of the 
i n t e g r a l , that is by using the Cauchy I n t e g r a l . An advantage 
of th is p r o c e d u r e is that the p r o b l e m of i n f i n i t e s i m a l s of 
h igher o r d e r , which o c c u r s in the method of she l l s and su r f ace 
a r e a , i s comple t e ly e l im ina t ed . In o ther w o r d s , the use of 
the P r i n c i p l e of Duhame l i s avoided. 
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E x a m p l e s 

1 . L e t 0 <_ a <C b and l e t f(x) b e a c o n t i n u o u s 
d 

n o n - n e g a t i v e f u n c t i o n o n [a , b j . D e n o t e b y V , a <: c •< d •< b , 

t h e v o l u m e of t h e s o l i d o b t a i n e d b y r e v o l v i n g y = f (x) , c <_ x<_ d, 

a b o u t t h e y - a x i s . T h e n i t a p p e a r s t h a t 

(I ) u m J d - c ) < V < T r M 1 ( d - c ) , and 
1 cd — c ~~ cd 

( I j V + V = V , c < d < e , w h e r e M 1 ( m _) i s t h e 
Z c d c — — cd cd 

m a x i m u m ( m i n i m u m ) of f o n [c , d ] . 

F r o m t h e s e p r o p e r t i e s , i t f o l l o w s e a s i l y t h a t 

v x + h - v x 

u(h ) a a Li(h) , w h e r e 
h h — h — h h 

Mn (m , ) i s t h e m a x i m u m ( m i n i m u m ) of f on t h e c l o s e d 
h h 

i n t e r v a l b o u n d e d b y x and x + h , and u (h ) = i j Zirt d t 

a c c o r d i n g a s h > 0 o r h < 0 . L e t t i n g h - * 0, i t f o l l o w s f r o m 
d x 

t h e s q u e e z i n g p r o c e s s t h a t —— V = 2 i T x f ( x ) . H e n c e , 
d x a 

V b = f Z î T x f ( x ) d x . 
a Ja. 

2 . L e t x ( t ) , y ( t ) b e t w o c o n t i n u o u s l y d i f f e r e n t i a b l e 

f u n c t i o n s w i t h a <_ t <_ b . T h e l e n g t h L of t h e a r c d e f i n e d b y 

x and y f o r c <£ t < d i s d e f i n e d to b e 

s u p 
n / 2 ~ 2 

. 2 7 [ x ( t . ) - x ( t . )] + [ y ( t . ) - y ( t . , ) ] , w h e r e P r a n g e s 
i = l ' l l - l l i - l 

o v e r t h e p a r t i t i o n s c = t < t < . . . < t = d of Tc, d l . 
o 1 n 

D e n o t e b y M ' . and N ' n ( m 1
 n and n ' ) t h e m a x i m u m 

cd cd cd cd 

( m i n i m u m ) of ( x ' ) and i y ' ) ^ on [ c , d ] . T h e n , 
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(I ) /m' TTn' \ . (d-c)< L < fM' + N1 , . (d-c), and 
1 y cd c J — ~J - j cd — c ~v/ cd cd 

(I J L + l / = LG if c < d < e. 
2 c d c — — 

The difference quotient satisfies 

L t + h - l} 
a a 

/mi + n' < - < /M' + N' , where M' and N" 
V h h ~ h ~ V h h h h 

2 
(m' and n' ) denote the maximum (minimum) of (x') and 

h h 
2 

(y') on the closed interval bounded by x and x+h. Hence, 

~ l} =V[x'(t)]2 +[y'(t)]2 and s< 

Lb = / V W ) ] 2 + [y'(t)]2 dt. 
a ^a 

3. Consider the surface obtained by rotating the curve 
in example 2 about the x- axis . Assume y(t) > 0, a <̂  t <_ b. 

Denote by Ŝ  the area of the surface obtained by rotating 

the part of the curve corresponding to c <_ t <_ â about the 
x-axis. Then, assuming that the area of the surface determined 
increases if the curve is replaced by a longer curve which is 
further away from the x-axis than the original one, it can be 
seen that 

( I ) 2un n / m ' + n ' ( d - c ) < S < 2TT N /jVl' + N ' ( d - c ) , and 
1 cd y cd cd — c ~ cay cd cd 

d e e 
( I ) S +S = S if c < d < c, where N _(n ) is the maximum 

2 c d c — — cd cd 
(minimum) of y on [c,d]. 

From this it follows that 

t+h t . _ 

2TT n, Jrnî~+lil < a a < 2TTN / M ' + N» . 
h h h — •—*— — h h h 

h 
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and so — S t = 2iry(t) J [x '(t)]2 + [y'(t)J . Hence 
Q C a 

Sb = f 2^y(t) v ' [x ' ( t ) ] 2 + [y'(t)]2 dt. 

The p r i n c i p l e of D u h a m e l . T h e s e t h r e e e x a m p l e s , t o g e t h e r 
with the e x a m p l e s of a r e a and work d i s c u s s e d in L a n g ' s Ca lcu lus 
book, should suffice to show how one can apply the Cauchy I n t e g r a l 
d i r e c t l y . 

However , i t i s p e r h a p s of s o m e i n t e r e s t to e x t r a c t f r o m 
t h e s e e x a m p l e s a g e n e r a l p r i n c i p l e which c o v e r s t h e m a l l . Since 
i t a c c o m p l i s h e s the s a m e thing us D u h a m e l ' s P r i n c i p l e i t could 
be given the s a m e n a m e . 

Le t A C R be a c losed se t with the following p r o p e r t y : 
if x = (x , x , . . . , x ) and y ~ (y , y , . . . , y ) a r e in A then 

1 2 n 1 2 n 
the v e c t o r s u and v a r e in A w h e r e u. = m a x ( x . , y . ) and 

l l r 
v. = m i n {x , y } . Denote by cp a cont inuous r e a l - v a l u e d funct ion 

i i i 
on A. 

Le t [a, b] be a c losed i n t e r v a l in R and le t 0(t), a<_ t <_ b, 

be a cont inuous r e a l - v a l u e d funct ion . If [c, d] C_ [a, b] denote 

Jc G(t)dt by K ([c,d]). 

A s s u m e f , f , . . . , f a r e n r e a l - v a l u e d funct ions on 
1 2 n 

[a, b] with (f (t), f (t), . . . , f (t)) e A if a < t < b . F o r 

i i 
a < c < d < b , le t M _ (m ) denote the m a x i m u m ( m i n i m u m ) 

— — — cd cd 
of f. on fc, d] , and let M , (m _,) denote the v e c t o r 

i cd cd 
1 2 n 1 2 n 

(M -,, M , , . . . , M ,) ((m 1 ( m , , . . . , m J ) . The condi t ions 
cd cd cd cd cd cd 

i m p o s e d on A e n s u r e tha t M _ and m n a r e in A. 
cd cd 

T H E O R E M . A s s u m e tha t with any p a i r of n u m b e r s c <_ d 

r i ^ 

in [a, bj we can a s s o c i a t e a n u m b e r I with the fol lowing 
p r o p e r t i e s : 
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( I ) ? ( m ,) n ( [ c , d ] < I d < <p{M ) yi ( [c ,d]); and 
1 cd — c -~ cd 

(I ) I d + l ' = I e if c < d < e . 
2 c d c — — 

Then, - £ I* = <?(f (t), f (t), . . . , f (t)) 9(t) and hence 
at a 1 2 n 

b b 

I - / cp(î (t), f (t), . . . , f (t)) 6(t)dt. 
a «̂ a 1 2 n 

C o n v e r s e l y , if <p i s i n c r e a s i n g ( i . e . x. <.y.» 1 < i < n 

i m p l i e s cp (x) <C <p(y)) and 9 i s n o n - n e g a t i v e , then 

i d = fd <p (iAt), f (t), . . . , f (t)) e(t)dt 
c J c 1 Z n 

s a t i s f i e s (I ) and (I ). 
1 2 

P roof . Le t rri denote m . . , if h > 0 and m , , , 
h t(t+h) (t+h)t 

if h < 0. S i m i l a r l y define M and fJi(h). 

Then, i t fol lows f r o m p r o p e r t i e s (I ) and (I ) tha t 

I t + h - I* 
<p{m ) |i(h) _a a < <p(M ) jJi(h) for h 4 0. 

h - h h 

Hence , taking the l i m i t s as h -> 0, we obtain by the squeez ing 
p r o c e s s tha t 

- ^ I1 = <p(iAt), f , ( t ) , . . . . f (t)) 6(t). 
dt a 1 2 n 

F o r the c o n v e r s e , the hypo theses on <p and 9 imp ly that (I ) 

i s s a t i s f i ed . It is c l e a r that (I ) i s s a t i s f i ed . 

REMARK. To cover the s i tua t ions d i s c u s s e d in the e x a m p l e s 

i t i s n e c e s s a r y tha t A be al lowed to be a p r o p e r s u b s e t of R . 
Note that in the second example , n = 2, 

A = {(u, v ) | u > , v :> 9} , and <p (u, v) = \hi + v . 
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