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GAUSSIAN ESTIMATES FOR THE HEAT KERNEL
OF THE WEIGHTED LAPLACIAN
AND FRACTAL MEASURES

ALBERTO G. SETTI

ABSTRACT. Let 0 < w be a smooth function on a complete Riemannian manifold
M", and define L = —A— V(logw) and R,, = Ric —w ! Hess w. In this paper we show
that if R, > —nK, (K > 0), then the positive solutions of (L + d/du = 0 satisfy a
gradient estimate of the same form as that obtained by Li and Yau ([LY]) when L is the
Laplacian. This is used to obtain a parabolic Harnack inequality, which in turn, yields
upper and lower Gaussian estimates for the heat kernel of L. The results obtained are
applied to study the I mapping properties of ¢t — e~ for measures y which are a-
dimensional in a sense that generalises the local uniform a-dimensionality introduced
by R. S. Strichartz ([St2], [St3]).

0. Introduction and notations. Let (M",g) be an n-dimensional, complete Rie-
mannian manifold and 0 < w € C*°(M") a given function on M", the weight function.
We will denote (cf. [S]) by R,, the symmetric tensor

R,, = Ric —w~! Hess w,

and by L the operator
L= —A—V(logw).

L is induced by the quadratic form

o) = [ [VfPwav., feczmm,

and extends to a self-adjoint operator on L>(w dV), where dV denotes the standard Rie-
mannian measure on M” (cf. [Bk1]). Therefore the heat semigroup exp(—tL) can be de-
fined via the spectral theorem and, since Q(f) is a Dirichlet form, exp(—¢L) induces a
positivity preserving contraction semigroup on I’(wdV) for all 1 < p < oo ([RS],
[F1). Moreover Strichartz’s proof of the existence of the heat kernel for A ([St1]) can
be adapted to show that exp(—tL) has a smooth strictly positive symmetric heat ker-
nel A(x,y,t). The paper is divided in two parts. In the first part we obtain upper and
lower bounds for h(x,y, ), which extend results obtained for the Laplacian by Li and
Yau ([LY]), and further investigated, using different methods, by Davies ([D1]-[D5])
and Varopoulos ([V]). Li and Yau’s estimates depend on the hypothesis that the Ricci
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curvature of M" is bounded below. This is replaced by the assumption, in force through-
out the paper, that R, is bounded from below, and the estimates that can be deduced
from it (Theorems 8 and 11) are exactly of the same form as Li and Yau’s. As for the
Laplacian, the fundamental step towards obtaining diagonal and off-diagonal estimates
is establishing a parabolic Harnack inequality.

In the second part of the paper we apply the results of the first part to study mea-
sures on Riemannian manifolds with weight which are a-dimensional in a sense that
generalises the concept of local uniform a-dimensionality introduced by R. S. Strichartz
for measures on R”, and, more generally, on manifolds with bounded geometry ([St2],
[St3]). Extending results of Strichartz ([St3]) and Lau ([La]), we relate various notions
of a-dimensionality to I” mapping properties of of t — e~"-1. The main result is that if
a locally finite (complex) measure v satisfies

|v[(B(x,r))

(n—a)/p’
oy voly, (B(x, r))

0<r<l

<C, pl+pt=1,

LP(wdV)
forgiven1 <p <ooand0 < a < 1, then

— / —
sup l(" a)/2p He tL
0<r<1

v||pwavy < C1,

where vol,, denotes the volume with respect to w dV. Moreover the converse holds if v
is a positive measure.

The paper is organised as follows. In §1, using a suitable generalisation of Bishop’s
comparison theorem ([S], Theorem 4.1), we derive pointwise and distributional inequal-
ities for Lr, where r(x) = d(xo, x) is the distance from some fixed point xg, and in §2 the
comparison theorem is used to prove relative volume estimates for the w dV-measure of
geodesic balls in M", which extend those in Proposition 4.1 of [CGT]. §3 is devoted to
the proof of the analogue of Li and Yau’s gradient estimate for positive solutions of the
equation (L + d/dt)u = 0, and §4 to the parabolic Harnack inequality for L. Adapting
ideas of Varopoulos ([V]), the parabolic Harnack inequality and the results of the first
two sections are used in §5 to derive Gaussian upper bounds for 4, and in §6, to obtain
comparable lower bounds. In §7 we present an example that shows that some hypothesis
on R,, is necessary for the kind of estimates obtained. §8 is devoted to applications to
a-dimensional measures. In this section the relative w-volume estimate of §2 will play a
central role.

1. The effect of L on the distance function. Given xy € M", let (r, £) be spherical
geodesic coordinates at xo, and denote by ,/g(r, £) the area element , so that the Rieman-
nian volume element is given locally by dV = ,/g(r,§)drd§, d€ being the standard
measure on the unit sphere ST, M" of T, M". We denote by c(£) the distance along the
geodesic Y¢(f) = exp,, t£ from xp to its cut locus Cut(xo). Note that D,, = {(r,§) €
R* x ST, ,M" : 0 < r < c(£€)} is the domain of the normal coordinates at xo. If r(x) is
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the distance from the point xp, using the equivalent definition of L = —wldiv(wV+), a
computation in the coordinates (r, £) shows that

) Lr= (w@-l*’(‘g{?"%r. £, 0<r<c@).

Then we have the following analogue of the Laplacian comparison theorem:

LEMMA 1. IfR, > nKk, then

) —Lr< n%
where
(V' —K)~sinh(v—Kp) cosh(v/—Kr) forK <0
Sk(n=19r Cxk(n =11 forK=0

(VK)~'sin(vKr) cos(VKr)  forK>0
The inequality holds pointwise in the complement of the cut locus of xy and in the distri-

butional sense in M™ \ xq.

PROOF. By Theorem 4.1 in [S], R, > nK implies
_19(w/®) c
3) Wy/2) 19VB) (L 6y <nE,
ar SK

for € € ST, ,M" and 0 < r < ¢(§), which, in view of (1) proves the pointwise inequality.
To prove that (2) holds in the distributional sense in M" \ xo, one can adapt Yau’s proof
of the distributional subharmonicity of the Buseman function ([Y], Appendix), which
in turn relies on a construction due to Cheeger and Gromoll ([CG]). Indeed, using the
following analogue of Green’s theorem: If Q is a normal domain in M” with outward
normal 9/9v and u € CX(), v € C1(Q), then

ou
—/QvLude+ /Q(Vu, V) = o v§l;wdA,

the argument in [Y] can be used to show that

- A) rLywdV < — L g LWV,

for all relatively compact regions D with smooth boundary dD and for all 0 < ¢ €
C(M" \ {xo}) with support contained in D. This and the pointwise inequality clearly
yield the desired result.

The same argument also yields the following:

COROLLARY 2. Givenf € C*(R*) withf' >0, let ¢(x) = f(r(x)). If Ry > nK then

@) L <" +f'(r)n%,
K

and the inequality holds pointwise in the complement of the cut locus of xo and in the
distributional sense in M™ \ xo.
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2. Relative volume estimates. Given a measurable set E C M" we define its w-
volume, denoted vol,,, as the measure of E with respect to the measure wdV. For x € M"
and r > 0 we let also V,(x,r) = volW(B(x, r)), where B(x,r) is the geodesic ball with
radius r centered at x, and define

Vi(r) = wn-i [ Sp()ds,

wm being the volume of the standard sphere S™ C R™!' and Sk as in the previous
section. Note that, modulo a constant factor, Vi (r) is the volume of the ball of radius r in
the n+ 1-dimensional space form with curvature K (if K > 0, we restrict tor < 7/ VK).

The comparison theorem used above allows us to generalise to the w-volume the rel-
ative volume estimates of [CGT], Proposition 4.1:

LEMMA 3. Assume that R, > nK and let x € M". Then V,,(x,r) / Vk(r) is a mono-
tonically decreasing function of r.

PROOF.  With the notation introduced in §1, in polar coordinates (r, £) at x we have

in{r,c(&)}
Var© = [ de [ e/ &) dr
- /0 dt/{&(t,&)ebx} WVR( ) dE.

If we define

o = |

enoeny WVEROAE 00) = [ Sk dE = wn Sk,

(3) implies that ¢ /¢ is a monotonically decreasing function of r. As in [CGT], p. 42, one
concludes that

Vale )/ Van = [ ¢()ds/ [ ds
is monotonically decreasing.

REMARK. Observe that the analogue statements of ii) iii) iv) in [CGT] Proposition
4.1, follow easily from the lemma. These can then be applied to estimate the number of
disjoint unit balls contained in B(x, R), and hence to show that if R,, > —nK (K > 0) then
V,»(x, R) grows at most polynomially if K = 0, and at most like e°™'R if 0 < K < o00.

3. The gradient estimate. In this section we prove the generalization of Li and
Yau’s gradient estimate ([LY]) for positive solutions of the heat equation for L. As in the
case of the Laplacian the gradient estimate will easily yield a version of the parabolic
Harnack inequality. The proof follows closely Davies’ proof ([D1]) of Li and Yau’s es-
timate and depends on the following two lemmas.
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LEMMA4. Let 0 < u € C®°(M" x [0, T]) be a positive solution of (L+9 /dH)u = 0 in

M" x [0, T]. Define f(x,t) = logu(x, t) and F(x,?) = t(|Vf|>*—af,), « € R. IfR,, > —nK,
K >0, then

—~(L+9/3nF >t n—i—l(Lf)2 — 2nK|Vf[*} — 2(Vf,VF)—t'F.

PROOF ([D1]). Since L(y) 0 g) = (¢ 0 g)Lg — (" 0 g)|Vg|?, we see that

L vl
b= u u?
—u Vu
) = ' +|VrI
u
Therefore, using the generalised BLW formula (¢f. [BE] Theorem 3, [S], Theorem 2.1)

yields

—LF = t{—L(|Vf|) + alLf;}
= 2t{| Hess f|> — (Vf, V(Lf)) + R, (Vf, V) + w (Vw, Vf)?*}

( f)2

+atlf, > 2t +(V£,V(f, — |Vf]D) — nK|Vf)*} + arLf,

where the last inequality follows from

2 2 1 —1 2o (L) ) 2
| Hessf|” > (&) = ~(Lf +w™ (Vw, V)’ 2 - 25 = w X(Vw, Vf)

which in turn is a consequence of (@ — b)? > sa® — sb? /(1 —5'), withs = n/n+ 1. Also
taking the time derivative of (5) we find
—F, = —'F— {2(Vf, Vf,) — ofu}
= —t'F—t{aLf,— 2(a — )(VFf,Vf)}.

The result now follows easily by combining this with the inequality obtained above.

LEMMA 5.  Assume that R, > —nK, K > 0. Then, given xo € M" and R > 0, there
exists ¢ € COI(M™ N C°°(M" \Cut(xo)), ¢ = 10n B(0,R), = 0 on B(0, 2R)", satisfying
the following inequalities pointwise in M" \ Cut(x):

2
e
¢ R2
—Lé > __C_2 — \/_

with C; constants depending only on n.

PROOF. Define ¢ = w(r(x) / R), where r(x) = d(xp, x) and v is a smooth function in
[0, 00) satisfying0 <1 < 1,9 = 1in[0, 11,9 = 0in[2,00),9’ <0, (®")?/4 < C; and
" > —Cy4. Using Lemma 1, it is easy to verify that ¢ satisfied the stated inequalities.
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THEOREM 6. Let u be as in the statement of Lemma 4, and assume that R,, > —nK,
K >0.ThenVa > 1, and (x,t) € M" x (0,T),

|Vu|2_a&<(n+l)a2{l nk }

u? U= 2 t 2a—1J"

©

PROOF. We proceed as in the proof of Theorem 1.2 in [LY]. Fix (xo, o) € M" x (0, T]
and R > 0, and let ¢ be the function constructed in Lemma 5. Let (x;,1;) be the point
where @F attains its maximum over B(xg, 2R) X [0, #o]. We can assume that ¢pF(x),#;) > 0,
and therefore #; > 0, for otherwise there is nothing to prove. We consider first the case
x1 & Cut(xp), so that ¢F is smooth at (x;, ;) and

V(@F)(x1,11) =0, ¢F,(x1,11) 2 0, and — L(¢F)(x1,1) < 0.

Thus at (x;,#;) we have
0> —¢F, — L¢P

> 26, { &y

{(IVflz—f:)Z
n+1

nK|Vf|2} _2(VF,$Vf) — 7' 6F + (VF, V) — FL$

> 261 —nKlVf|2} 2[F1Vf|——t1 oF

( lod C"\/I_()

—F

R? R

where we have used Lemma 4, VF = —¢~'V¢F, Lf = |Vf|> — f, and Lemma 5 in this

order. Defining 0 < p = (F~'|Vf|®(x1, 1), so that fi(x1,11) = F(x;, 1)t — 1)/ e,
and substituting above yield

2
i — 1) P ——nKpF}
Hha

c c"\/E)

R? R

1
02 26n{ = (u-
_2(H¢)1/2F3/2%_ —1¢F F(

Multiplying throughout by ¢#;F~! and simplifying the last inequality becomes
A2—2BA—D <0

where
A 2(p(a—1)+ 1)2, B= Cﬂl/zll’
(n+ Da? R
//\/—
D:1+(R2+ 2 )t1+2unKt2, A= (¢F)' (1, 1).
By the quadratic formula
B B\2 Dil/2y2
2 = < | — — _
) ¥=whmm<{z+[(z)+3] 1"
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Assume now that x; belongs to the cut locus of xp. Then one appeals to an idea of Calabi
([Ca]), already used in [CY] and [LY]): Let ¥ be a minimising geodesic from x, to x; and
let ¢ be a point on 7 close to xy. Denote by 7 the distance function from ¢ and by ¢ the
function defined by

_ M+ f(x))

5= (L),
A simple computation shows that ¢ satisfies the inequalities of Lemma 5 in the comple-
ment of the cut locus of g. Moreover, since r(g) + F(x) > r(x) Vx with equality at x = x;,
and v is decreasing, we have

) F G, 1) = w(%)m.,n) > w(i(;—))F(x, h
> ¢(@)m, 1) = $@F, 1),

so that $F attains a (local) maximum at (x;, ;). Since ¢F is smooth in a neighbourhood

of (x1, ) the first part of the proof yields
- B B\2 D7l/2y2
<!Z _ _
(¢F)(x"")—{A+[(A) +A] |

and (7) follows letting ¢ — xg along ¥.Thus we have

F(xo,t0) = ¢(x0)F(xo, o)

< gtFn, ) < {7+ [(;)2 + g]”z}z.

Now a computation aé in [D1], pg. 161, shows that

B D (n+1)a? { nKty
—0and — — +2(a_1)

2 y) 3 },asR—+oo.

Therefore (6) follows by letting R — 00 in (7) and recalling the definition of F.

REMARKS. 1) The gradient estimate (6) holds if u > 0: it suffices to consider u + ¢
instead of u and then take the limit as € | O in the gradient estimate;

2) For (6) to hold it suffices to assume that 0 < u € C°°(M" x (0, T]) is a solution
of (L+9/dNu = 0in M" x (0, T]: the function v = v, defined by v(x,?) = u(x,? +¢),
€ > 0, is smooth and satisfies the heat equation in M" X [0, T — €]. Thus (6) holds for v,
Vx € M" and Vt € [0, T — ¢), and by letting e | O we see that u satisfies (6). In particular
the heat kernel A(x, y, t) of L satisfies

®

VW2 ke (n+1)a? { 1 nk }
—a= < ——F ,
h? h 2

h 2@

Vx,y e M",t > 0,and a > 1.
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4. The parabolic Harnack inequality. Using the gradient estimate of the previous
section, it is now a simple matter to extend to L the parabolic Harnack inequality of Li
and Yau.

THEOREM 7. Let 0 < u € C°(M" x (0, T1) be a solution of (L+9/0tu = 0 in
M"x (0,T]. IfR, > —nK, K >0, thenV0 <t <t+s<T,x,y €E M", and x > 1, we
have

(n+D)a /2 2
© 05u(x,t)§u(y,t+s)(t+s) + exp{ad(x,y) +0m(n+1)Ks

Tt 45 4a—1)

Since the proof of (8) follows from the gradient estimate (6) exactly as in the case of
the Laplacian, we refer for the proof to Li and Yau [LY], pp. 1667, or to Davies [D1],
pp- 162-3.

5. The upper bound. Using the parabolic Harnack inequality, one could obtain
first a diagonal upper bound for the heat kernel of L and then derive a Gaussian upper
estimate by adapting Davies’s techniques ([D4], §2.). We will follow instead Varopoulos
approach ([V], §4), which is more elementary and is suitable to give a unified treatment
of the cases K = 0 and K > 0.

THEOREM 8.  Let h(x,y, 1) be the heat kernel of L and E the bottom of its L*(w dV)-
spectrum. Assume that R,, > —nK.
1) IfK = 0, then V0 < € < 1 there exists C = C(c,n) such that

d*(x,y) }
4(1+ex|’
2) IfK >0, then V0 < € < 1 there exists C = C(e, n, K) such that

d*(x,y) }
4(1+ex |’

h(x,y,1) < CVa(6 /D)Wy, /D)2 exp { -

h(x,y.1) < CEPY, (e /1y V2V, (5, Vi) 2 exp { -

PROOF. Using the parabolic Harnack inequality of the previous section the proof
follows almost verbatim [V], §4. Let ¢ € C°(M") be such that |V¢| < 1 and define

Bf(x) = eMWL(e *f)(x), f€ C(M"), A €R.

Then (Bf, /)zowav) = (V(e’\‘i’(")f , V(e‘*‘ﬁf)) > (E — A)||f||3, and the semigroup gener-
ated byB, e B = )W Le=M0) satisfies

e~ ||2p < X8
(cf. [RS], Theorem X.48). Therefore

/B(x,\ﬁ)w(g) 4 BO/1)
(10) = (€ Xpy iy Xpyi) < X BV, (e, VD 2V, VD)2,

w(Q) dCh(€, ¢, 1) PO~
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for x,y € M", t > 0. The parabolic Harnack inequality with o = 2 yields

h(x,y, (1 — o)) < h(€,¢, (1 —

2 2
6)*("+1)exp d=(x, 5):;‘1 (C’y) + n(n2+ l)KCt},

for 0 < e < 1. Integrating over £ € B(x, /1) and ¢ € B(y, v/1), and using (10), |¢(x) —
PO < IVhlloud(x, €) < V1, |6(») — $(Q)] < V/1, we obtain

h(xy, (1 — o)1) <A =) "DV, (x, V2V, (3, V1) /2

x exp{t)\z — A$() + X6 + 2|V — 1E + % + "("; I)Ket},

Vx,y € M",t > 0,and 0 < € < 1. Putting A\ = —d(x,y)/2t and ¢ = ¢;, where ¢; is

a sequence in C°(M") satisfying ¢;(x) — 0, ¢;(y) — d(x,y) as i — 00, and taking the
limit in the last inequality we obtain

h(x,y, (1 = o)) < (1= )"V, (x, V2V, (0, v/ '/

2
Xexp{_m+d(x,y) 2 n(n+1)

—tE+ -+ Ket
4t Vi € ¢

Using

) 2 2
_d_+i:_(i_1) st L och<n,
4t \/; 2\/5 44 v-—1

with Y = (1 — 2¢)/(1 — €), and letting s = (1 — €)t, the inequality above becomes

h(x,y,5) < (1=~ ™DV,(x, V5) ™ /2V, (3, V/5) 1/
d*(x,y) 3 n(n+1e
><e"1°{_4(1+2e)s TR =

Observing that E = 0 if K = 0 (because in this case the w-volume of balls grows
subexponentially, cf [S], Proposition 3.1), by redefining ¢, 1) and 2) follow with C =
c1€?/¢, where ¢ = c;(n), and ¢; = ¢(n, K).

6. The lower bound. This section is devoted to obtaining a lower bound for
h(x,y,t) comparable with the upper estimate of the previous section. The idea of the
proof is exactly as in Davies [D1], §6, and therefore we will only sketch the proofs,
briefly indicating what changes must be made. We start with a lemma.

LEMMA 9.  Assume that R,, > —nK, K > 0. Then for every T > 0 there exists a

constant a = a(n, K, T) such that

(11 5y, WO) V) 2 %

/l;(x,a\/;
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Y0 <t < T. Moreover if K = 0, a is independent of T and (11) holds for 0 < t < o0.

PROOF. The argument is as in Varopoulos [V], §4. Let vy € C®(R*) satisfy 0 < ¢ <
I, withy = 1in[0,1/2],4 =0in [1,00), —C; < ¢’ <0, [¢"| < C3, and define

¢(z,1) = w(%'i), ) =dxz2), 0<a<l.

Since rCx /Sk(r) < C(1+v/Kr), and ¢/(ar? [1),4"(er* /t) = Ounless P < t/a < T/,
using Corollary 2 we see that

—Lé(-,1) > ——‘I@C(\/% VKT)

holds in the sense of distributions, with C constant depending only on n (and on the
choice of ). Proceeding as in [V], p. 266, we find

|, 90 DRy W) AVO) — [ 60 DAz, . OW() AV()
> —Cya(/a+ VKD,

Since, by definition of A, the second integral converges to ¢(x,f) = 1 as € | 0, one can
choose € and @ = a(K, T) small enough so that

/M 60, Dh(xy, HWR)AV() > 1/2, xEM", 0<1<T,

whence, recalling the definition of ¢, (11) follows with a = a~1/2. As for the second
statement it suffices to observe that if K = 0, then o and therefore a can be chosen
independently of T so that (11) holds for 0 < t < oo.

LEMMA 10. Assume that R, > —nK, K > 0. Then for every T > O there exists a
constant Cy = C(n, K, T) such that

(12) h(x,x,t) > CiV(x, VD!, xeM", 0<t<T.
If K = 0, C| depends only upon n and (12) holds for 0 < t < oo.

PrROOF ([D1], LEMMA 5.6.2). Given T > O let a be such that (11) holds. The
parabolic Harnack inequality with o = 2 yields

d*(x,y) + n(n4+ )

h(x,y,t/2) < h(x,x, 1)2""! exp{ KT},

so that integrating over B(x, a\/ 75) gives

1
1/2 < h(x,x, )V (x, ay/1/2)2™! exp{a2 + "(”: ) KT}.

By the relative w-volume estimate of Lemma 1,

Vo(x,ay/t/2) < bVu(x, /1), 0<t<T,
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where

) 1 ifa/vV2<1
b=b(a,T) = Vk(ar /1/2) .
SUPg<i<T Tfj,f: ifa/v2>1,

and (12) follows with C; = 27"2p~! exp{—a* — n(n + 1)KT /4}.

If K = 0, then a = a(n) is independent of T and Vo(ay/t/2)/Vo(v/1) = (a/ V2™,
so that b is also independent of T. It is then clear that (12) holds for 0 < ¢t < oo with
C1 =2"2exp{—a*}b~L.

THEOREM 11.  Assume that R,, > —nK, K > 0. Then forevery T >0and0 < e < 1
there exists a constant C; = Cy(n, K, T, €) such that

d*(x,y) }

(13) h(x,y,1) > CoVi(x, VD2V, V)12 exp{—m

Vx,y € M" and 0 < t < T. Moreover if K = 0 then C, does not depend on T and (13)
holds for 0 < t < oo.

PROOF. One argues as in Davies [D1], Theorem 5.6.3. Let C; = Ci(n,K,T) be
such that (12) holds. Given 0 < € < 1, the parabolic Harnack inequality with o =

(1—¢/2)/(1 —e¢) gives

d*(x,y) . n(n+1)
4(1 —e)t 2¢

h(x,x,et/2) < h(x,y, t)(2/e)"*! exp{ KT},

forx,y € M" and 0 < t < T. By the Lemma above

2
) > Cile/ 2™ exp " DRT Vit er /2 exp - =2

By Lemma 3,

Vi(x, \J€t/2) > baV,(x, V1)

with by = by(e, T) = info<,<1 Vk(y/€t/2)/ Vk(+/1). Substituting this into the inequality
above, and using the symmetry of h(x,y, r), (13) follows with

C2 = C] (E/2)n+lb2 CXp{—n(n2+ 1)

K T}.
€
From this expression it is clear that if K = 0, C; does not depend on T and consequently
(13) holds for 0 < ¢t < o0.

7. Anexample. Let(M", g) = (R,can), and consider the weight functionw = e~ s
so that
d? d
L=—— —2x—.
dx? dx
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The spectrum of L is given by {2k}, and the eigenfunction belonging to 2k is the
Hermite polynomial Hy. Using the generating function of the product of Hermite poly-
nomials (cf. [Le], p. 61) one shows that the heat kernel of L is given by Mehler’s formula:

e—2t e»4t
h(x,y,0) = {m(1 —e~*)}~1/2 CXP{zx}’"lT_ﬁ - (x— y)zl—_;x},

for x,y € R, t > 0. It is then easy to see that neither a gradient estimate of the form

(14)

2 1
vah(x’y9t)| _aht(x’y’t) SCO(—+1), x,yER, t>0, a>0’
h2(x,y,1) h(x,y, ) t

nor a parabolic Harnack inequality

2
) +CzS], Lz €R, 1,s>0,

(15) h(x,y,t)gh(x,z,t+s)('—+t—s)cexp{cl(y

hold for 4. Indeed the left hand side of (14) equals
—4t —2t 2
e e
ooy
—4t -2t —4t
LA . S—
(l—e 41)2 (1+e 2r)2 1 —e

— a{4(x —y)?

For x = y this reduces to

—2t —4t

c "+a}+2ale

2
4x2 (1 + e-2t)2 {e _ e—4t’

which, for ¢ fixed, is not bounded independently of x. As for a parabolic Harnack inequal-
ity, assuming x = y and 0 < z < x, then

e—4(r+s) e42t

hx, ot 1— —4(t+s)
(x,x,1) >{ e _x—2.

~1/2
)2
h(x,z,t+s) — | 1—e¥ } exp{(x —2) N

R 2x1 +e

If we further assume that ¢;' < x — z < ¢ with co > 0, then

h(};—(z):—i)?) > e, 1 = ci(t,s), c2 = ca(t) > 0,
which is unbounded as x — oo.

Since in this case R, = —w” /w = —2(2x* — 1) is not bounded from below, we see
that some assumption on R,, is necessary for the kind of bounds obtained here.

In this connection observe that Bakry’s tensor R = Ric —Hess(logw), (¢f. [Bkl1],
[Bk2], [BE]) in this case is identically equal to 2, showing that a control on R does not
imply the results described here. From this point of view R,, rather than R seems to be a
more useful generalization of the Ricci tensor. On the other hand, it was shown in [DS]
that R > k > 0 implies that the spectral gap of L is bounded below by k, and the example
above shows that this bound is sharp.
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8. a-Dimensional measures. In this section we define various notions of a-
dimensionality which generalise Strichartz’s locally uniform «-dimensionality, and use
the results of the previous sections to extend some of his results relating c-dimensionality
of i to I” bounds for e~"- . The notation is unchanged and we continue to assume that
Ry, > —nK (K > 0).

A Borel measure p on M”" is locally w-uniformly a-dimensional (0 < a < n) if there
exists a constant Cy such that

WB(x, 1))

an sup 7" vol,(B(x, 1))

0<r<l1

S
Note that if w = 1 and M" has bounded geometry (17) reduces to Strichartz’s a-dimen-

sionality condition
u(Bex,n) <Cr*, 0<r<l.

PROPOSITION 12.  The measure p is locally w-uniformly a-dimensional if and only
if
(18) S By D duG) < P 0< <1,
where the constant C depends only on n, K, and on the constant Cy in (17).

PROOF. The proof follows that of [St3], Theorem 2.4, almost verbatim: Given 0 <
t < 1, let {M;} be a paving of size /1, defined (cf. [St3], §2) as a disjoint decomposition
of M" into Borel sets satisfying B(x;, /1) C M; C B(x;, 2y/1). If p satisfies (17)

/M h(x,y,0) du(y) < vol, B(xj, 2v/D(2v/D% " sup h(x,z,1).

U 2EM;

Integrating the parabolic Harnack over M; yields

sup h(x,2,1) < co(n, K) vol,, BCy, VO™ [ h(xy.0) du(y).
2EM; M;

Substituting this above, using the relative w-volume estimate, and summing over j, (18)
follows with

_ vol,, B(x, 2+/7)
C=2"C R up ————.
e RSP S B v

Conversely, by the proof of Theorem 11

inf _h(x,z,t) > Cyvol, B(x,v/1)™!,
2€EB(x,\/1)

with C; independent of x and 0 < ¢t < 1. Hence
(19) [ by, 0du() > Cvol, Bx, Vo w(Bex, Vi),
B(x,\/1)

and (18) implies (17)

As in [St3], Theorem 3.1, interpolating between p = 1 and p = oo, we obtain
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THEOREM 13.  Let u be a locally w-uniformly a-dimensional measure. Then there
is a constant C which depends on n, K, and on the constant Cy in (17), such that V1 <
p < oo, and Vf € LP(dp)

(20) sup 1"~ L (f dp) | powavy < Cllf s P 4P =1

0<<1

Here e "L(f ) is defined by
S 153 0F0) )

iff € LP(dp) N L*®(dp) and extended to all of LP(du) by density.

We can define different notions of o-dimensionality by using L” norms instead of
sup norms in (17): We shall say that a locally finite (complex) measure v is L weakly
a-dimensional if

|v|(B(x, )

(n—a)/p’
@b e vol,(B(x, 1))

0<r<1

<Cp, pl+p'=1

LP(wdV)

(21) is related to a condition considered by Lau ([La]) in the Euclidean setting. For p = 2
it is a generalisation of Strichartz’s condition of weak a-dimensionality ([St3], §5). The
following lemma shows that (21) is essentially equivalent to a discrete condition.

LEMMA 14. Forevery 1 < p < o9, there is a constant C = C(n, K, p) such that for
every 0 < r < 1 and for every paving {M;} of sizer,

|v|(B(x,4r))

1] @) | _ iy }1/”<
~ T|lvol,(B(x,4r) |’

Clvol,(B(x,n) || — {XJ: vol,,(M;)?—D

where the norms are taken in LP(w dV).

PROOE. Let {M;} be a paving of size r. By elementary geometry x € M; C B(x;, 2r)
implies M; C B(x,4r). By the relative w-volume estimate

vol,(B(x, 4r)) < vol,,(B(x;, 6r)) <c 0<r<li
vol, (M)  ~ vol,(Bx.,n)) ~ =

and therefore

vl / |v|(Bx,4n)y W) dVr)

vol, (M)~ vol,,(M;yp—1 vol,, (M)
<c /M |v|(B(x,4r)y

, Vol (B(x, anyyp "D 4V

whence the second inequality in the statement follows summing over j. To prove the first
inequality, let again M; be a paving of size r. If x € M;,

1 vol,(B(x,4r)) 1 1
< <G ,
vol,,(B(x, r)) vol,,(B(x,r)) vol,, M; vol,, M;
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and
v|(B,») < 3 {|v|(My) : My B(x;, 3r) # 0}
Since My N B(x;, 3r) # 0 implies d(xj,x;) < 5r, we have

vol,,(My) < Yol,(B(x, 7r)) <
vol,(Mj) — vol,(B(xj,r)) —

vol,(B(y, 1) _

C3, and .
» an vol,(Bxe. ) = >

This and the fact that the M,’s intersecting B(x;, 3r) are contained in B(x;, 7r) yield

vol, (B3, 1) _ 4

card{k : M, N B(x;,3r) # 0} < C3 vol,(B(x;,r)) —
W ]

Therefore we conclude that

|v|(Myy

|v|(B(x, )Y
/Mi T w(x)dV(x) < Gy S SRITAE]

vol,(B(x, )y
Summing over j and arguing as before to estimate the number of B(x;, 3r) that intersect
a given M, we conclude that the first inequality of the lemma holds.

. MkﬂB(xj, 3r) # (0}

As a corollary of Lemma 14 it is easy to see that if u is a locally w-uniformly a-
dimensional measure and f € IP(du), 1 < p < oo then the measure v = fdu is LF
weakly a-dimensional: Indeed given a paving {M;} of size r we use Holder inequality
and p(M;) < vol,(M;)r*"to estimate |1/|(M,-)”. Summing over j we conclude that

vy '

S e SOl p g = 1,
J Wi

with C depending on p only through the constant of locally w-uniform cr-dimensionality.

THEOREM 15. Let v be a locally finite (complex) measure. If v is P weakly -
dimensional, 1 < p < 00, then there is a constant C\ that depends on v only through the
constant Cy in (21) such that

(22) sup t(n»a)/Zp'“e~tLl/“U,(de) < (.
0<i<1

The converse holds if v is a positive measure.

PROOF. We only need consider p < oo. Assuming first that v is L” weakly a-
dimensional we proceed as in [St3], Theorem 5.2: Given 0 < ¢t < 1/8, let {M;} be
a paving of size r = 1/t. By Lemma 14

iy '

e LA R oA
7 Vol (M))®~D

Define a measure p, by

(A) .
pr(A) = 1:|‘(M,») vol,(M)), if A C M,
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so that v = f,u, with |[f,|| a,) = Cor'®™/P'. Arguing as in the proof of Proposition 12,

one shows that there exists a constant C = C(n, K) such that
<
S By ndu ) < €,
whence, interpolating between L' and L™,

le™ ¢ dunllpovavy < C77|If |l -

Taking f = f, we conclude that (21) holds with C; = C(’)C‘/p' for0 < r < 1/8, and,
since e~ is a contraction semigroup on LP(wdV), for 0 < t < 1. Conversely, if v is a
positive measure, again as in the proof of Proposition 12 we have

V(B(x, /1))
vol,(x, v1)’

and, by taking I” norms (22) implies that v is L7 weakly a-dimensional.

Ly, > > <
e V_/l?(x‘\ﬁ)h(x,y,t)dV@)_Cg 0<t<1,

REMARKS AND FURTHER RESULTS. Referring back to Theorem 13, we note that, for
locally uniformly o-dimensional measures on a manifold M” with bounded geometry
and for p = 2, Strichartz ([St3], Corollary 3.7) has proven an estimate analogous to (20)
but with sup,,, replaced by limsup,

. (n—a)/4)| 1A 2
(23) timsup £~/ (f o) v < € [ 17176 due

where p, is a-dimensional Hausdorff measure on M” and ¢ € Llloc(du(,) is the function
that appears in the decomposition ¢ = ¢ duy + v proven by Strichartz ([St2], Theo-
rem 3.1) as a generalisation of the Radon-Nykodim theorem for non o-finite measure.
Strichartz also proves an extension of Wiener’s Theorem for 0-dimensional measures
([St3], Theorem 3.2).

The corresponding results for locally w-uniformly a-dimensional measures do not
seem to hold only under the assumption that R,, is bounded from below, mainly because
this does not give enough control on vol,, (B(x, r)). If we are willing to impose additional
conditions on M", namely that it is of bounded geometry and that |V(logw)| is bounded
above, then

vol, (B(x,r)) < wx)r", 0<r<1,

and Strichartz’s method of proof can be applied to show that the obvious generalisa-
tion of (23) to locally w-uniformly a-dimensional measures holds. Moreover by a direct
application of (1.2) in Kannai ([Ka]), or by adapting the argument in McKean Singer
(IMKS]), pp. 4446, one verifies that, under minimal assumptions,

ifx#y

. /2 — 0
ltll%l r h(xv Ys t) (47r)‘"/zw(x)fl ifx = y
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and, with the additional hypotheses on M" imposed above, the proof of Theorem (3.2) in
[St3] can be carried through to show that if 4 is locally w-uniformly a-dimensional and

1= ¢+ e
is its decomposition in discrete and continuous parts, then Vf € L*(dpu)

lim " Plle ™ @[ Fgeary = M2 L If @)l wian ™,
7

where the right hand side is bounded by const |[f||i2( 4y and therefore finite.
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