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1. Introduction. The purpose of this paper is to consider the general nonlinear nth order
differential-difference equation

[r (ORGP +a®y)f (y(t~(1)) = b 1) M

and derive an inequality of Lyapunov type. Later we use this inequality to find conditions to
ensure that the oscillatory solutions of equation (1) tend to zero as ¢t — c0o. The conditions that

ensure that the oscillatory solutions of equation (1) tend to zero, also cause all solutions of
equation

[r(ORGEN]V + a(y@ f (y(t—2(1)) = 0 2

to be non-oscillatory.

The classical Lyapunov inequality states that if y(¢) is a non-trivial solution of the second
order linear equation

y'(®)+a()y(®) =0,

where a(t) is real and continuous, and if y(7) vanishes at least twice on the interval [¢,, ¢,], then
pta
(t,— tl)j' a*(f)dt >4, where a*(t) = max(a(t),0).
t

This inequality is well known to be the sharpest possible, so that 4 cannot be replaced by
larger constant, cf. [1]. In general, this inequality is not true for delay equations. As an
example, the equation

y'(®)—y(t—m) =0
has as a nontrivial solution y(t) = sint on (0, c0) subject to y(f)=sin¢, te[~=,0], but taking
t; =0, t; =m, a(t) = —1, we find that the conclusion of the inequality is not true.
Eliason [2] considered the equation

[r(®)y' (9] +a@®y®)f()(®) =0

and proved a more general version of Lyapunov inequality. Recently, Dahiya-Singh [4]
considered the equation

[r(Oh(Y'N] +a()y)f (y(t =) = 0,

and, more recently, Singh [5] also considered the equation

[r(®y' (01"~ +ay(t) = £(1)
and proved an extension of this inequality which is a particular case of our result.
t This research was supported,by the National Science Council.
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We shall consider only those solutions of the equation (1) which exist on some half-line
[;, o0), where 1, may depend on the particular solution, and are nontrivial in any neighbourhood
of infinity. Such a solution is called oscillatory if it has arbitrarily large zeros; otherwise it is
called non-oscillatory. 1In addition the following assumptions will be made for the rest of this

paper.

AssumpTIONS. (i) a(t) and b(¢) are continuous real-valued functions on [0, c0).

(i) r(¢) is a continuous and positive real-valued function on [0, co).

(iii) t(¢) is continuous positive and bounded so that there exists some positive constant
msuchthat0 < t(f) < m.

(iv) A(x) is continuously differentiable on (— o0, c0) and is an odd function such that
sgn A(x) = sgn x; there exists § > 0 such that 0 < x/A(x) < f, and lun (x/h(x)) exists finitely so
that x/h(x) is continuously differentiable on [0, o0).

(v) f(x) is a continuous, even, real positive function on (— o0, o) and increasing on
[0, o) with f(0) = 0.

To obtain our results we make use of the following lemma adapted from Singh [5].
LEMMA. Assume that o, > a,>03 > ... > a,_, are, respectively, zeros of
(BT, [rORG'E)Y, -5 [ORG'ENI,  [FORY' )],

where y(t) is a solution of equation (1). Furthermore, suppose that t, < o,_, and t, > a, are
zeros of y(t). Let

L=sup{y(t): te(t,—m,t;),t;,t,>m} and M =sup{|y(®)|:te[t;,1,]}.

(t=1,)""" 2 (=) 2
. (t){f( )J N Na)|dt+— J Y Ib(t)ldt}. 3)

Proof. Integration of (1) n—2 times gives

Then

(= D" [r(ORG' ()] + Ial sz e fan-z a(®)y(s)f(y(s—1(s)))dsds,_,...ds,

ay ffaz An~2
= j J ...J‘ b(s)dsdsn_z...dS2. (4)
t $2 Sp=-2

Since a; > oy > a3 > ... > a,_,, we obtain from (4),

| [r(ORG' )] | < r r . -r |a(s) || () || f(¥(s—(s)) | dsds,, ... ds,

+I J J | b(s)| ds ds,- ...ds,,
t 852 Sp-2

(s—ty?
—3)!

Sp=2

which implies

| RGO |sj s 10| 99 (s~ r(s»)lds+f

|6(s)|ds.  (5)

https://doi.org/10.1017/50017089500003219 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500003219

NONLINEAR DIFFERENTIAL-DIFFERENCE EQUATIONS 163

Let
M= |J’(to)| » to€[t,ts]). ©
Now

£M = y(10) = f "y,
which implies "
MZ ﬁo | y'()|dt. ™
Similarly l
M< f |y'()| dt. ®)
From (7) and (8), ¥
2M gjt2|y’(t)|dt.
By Schwarz’s inequality, we get "
<[ 20 [ Tooyed ©
since y'(t)/h(y'(¢)) is continuous and positive. Therefore
<h| = TR OO

since 0 < y'(1)/h(y'(1)) < B.
Integrating the second integral of the right-hand side by parts, we have

4)M? t2
Ta g = —L YOLr®h(y' ()] a1, (10)
£l 7o
since y(t,) = y(t;) = 0. It follows, from (10), that
= J |y | (RG]’ | dt. (11)
L o
From (6) and (11),
T _I | [r(ORG' ()] | dt. (12)
4 ¢ I (t)
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From (5) and (12), we have

aM [ (o (x—s)?
——Eéf O ) 09| @y s
/)0

t2 fay n—3

j J' (x— s)3)' | b(x) | dx ds. (13)

Dividing by M and noting that ¢, > «,, we have, from (13),

4 <f(L) J'z I‘2w| a(x)| dx ds

T2 dr !
g
J '2("_5)3")'3|b(x)|dxds. (14)

From (14), we have
2 dt tz(s 1)"- (s t,)?
<s| (t){f( D | S e dst o f b |b(s)|ds},
and the proof is complete.

ReMARK 1. Eliason [2] has discussed the lemma in the case n =2, h(y'(t)) = y'(r),
b(t) =0 and f(y(t—1(t))) =f(¥(?)). Dahiya-Singh [4] has discussed it in the case n=2,
b(t) =0, and Singh [5] also has discussed it in the case r(f) = 1, b(t) = 0, h(y'(t)) = y'(t) and
SOe-) = 1.

2. Theorems. We now give a generalization of Lyapunov inequality for the equation

yP(O)+a(®)y(t) = 0. (15)

THEOREM 1. Assume that ry>ry> ... >r,_, are zeros of y"(t), y"'(1),..., Y"1 (¢t)
respectively, where y(t) is a solution of equation (15). Let t, <r,_, and t, > r, be zeros of y(t).

Then
4 gf"”") |a(e)| dt. (16)

t,—t 2)!
Proof. In the lemma, we put
=1, hY'@O)=y®, fye-u))=1 and b(1) =0,
and the conclusion follows.
THEOREM 2. Assume that f(x) is bounded and

r "~2|a(t)| dt < o0, (17)
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f 72| b(r)| dt < o0, (18)
and
© dt
J ;:(—5 < 0. (]_9)
Let y(¢) be an oscillatory solution of equation (1). Then
lim y(t) = 0.
1t~ o0
Proof. Let
M= sup f(x). 20)
0Sx<w

Suppose to the contrary that lim y(¢) £ 0. Then

t=w
lim inf | y(t)[ =0, 2D
t—= o
and for some positive d,
limsup| y(t)| > 2d. (22)
1=

Due to the oscillatory nature of y(t), [r()h(y'(1)]"~* must be oscillatory. In fact if
[r()A(y'(£))]™" 2 is non-oscillatory, then r(¢)h(y'(¢)) assumes one sign eventually. Sincer(t) > 0,
sgn h(y'(2)) = sgny'(t), h(y'(¢)) is continuous and odd, y'(¢) becomes non-oscillatory which in
turn forces y(¢) to be non-oscillatory, which is a contradiction. Hence [r()h(y'(£))]"~? is
oscillatory. Similarly

[r(AGy' )], [r()h(y' )], . .., [rORGY' ®))
are all oscillatory. Let T be large enough so that

® 1
"~ 2|a(®|dt < —, 23
L || dt <57 23)
J 2| b(t)|dt <d (24)
T
and :
°dt 1
— <. 25
L TON 9
LetT<t, <a,.,<... <0y <a,<a, <T,be points such that
W) =0, (26)
[Heh(y'(@)]P? =0, i=12,...,n-2, 1))
and
M= sup |y(|>d. (28)
115t<To
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Let ¢, > T, be another zero of y(z). Let
My,= sup |y(®|.

tyStSt

Then M, > d. From the conclusion of the lemma, we have

oo oo [ ot [ ).

From (23), (24), (25), the fact that M, > d and (29), we have
4L 14+(djd)=2. (30)
This contradiction proves the theorem.

ReMARK 2. For the case A(y'(1)) = y'(¢), f(¥(t—1(2))) = 1, our Theorem 2 coincides with
Theorem 1 of Singh [5].

THEOREM 3. Suppose that (17) and (19) are satisfied, and that f(x) is bounded. Then every
solution of (2) is non-oscillatory.

Proof. Following the proof of Theorem 2, we arrive at conclusion (29). From (29), we get

L PV G
=F " r(t){ f (n=2)! l“(s)lds}<1 @31

using (23) and (25). This contradiction proves the theorem.
The author wishes to express his thanks to the referee for his helpful suggestions.
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