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ON A PERTURBATION IN A TWO-PARAMETER
ORDINARY DIFFERENTIAL EQUATION
OF THE SECOND ORDER

BY
M. FAIERMAN()

1. Introduction. Let us consider the linear system in the two parameters A and

u; ie.,
M) YOO+ =0, 0<x<1, ‘=%
1.2) cos ay(0)—siney’(0) =0, 0 < ¢ < 7,

cos By(1)—sinBy'(1) =0, 0 < B <=,

and where for the moment we shall assume both 5(x) and g(x) are real-valued,
continuous functions in [0, 1]. Then for each real u, the eigenvalues of (1.1) and
(1.2) are real and form a countably infinite set denoted by {A,(1)}r=0, With Aq()
<A < ... lim,, oA(u) = 00, and where an eigenfunction corresponding to
A.(w) has precisely n zeros in (0, 1); in fact in the real (i, A) plane {(g, A ()}r=0
determine a countably infinite set of disjoint analytic curves called the eigenvalue
curves. For further information regarding the eigenvalue curves we refer to
([11, [2), [3]) and the references listed therein.

From now on we shall further assume that b(x) € C,[0, 1] and attains its absolute
maximum in [0, 1] at precisely the finite set of points {¢}}~;, p=1, where 0<c,
<eg< - <cp<l,and b'(c)<0, i=1,..., p. Now let us put for p>1,

Ji={x]0<x < et

Ji={x|¥e-1te) < x < et i=2,...,(p=1),
J = {x | Heporteo) < x <13,

while if p=1,
Ji={x|]0=sx<1}

and introduce the perturbed equation
(1.3) V') + A4 pb(x)— tpbt(x)+9(x)y(x) =0, 0<x <1,

where >0, and for p>1,
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5
bT(x) = (Cl-;cz—‘x) (x—Cl)zbl, XGJU

5
(x ""+Cf 1) (c“lz”i-x) (x—c)?b, xeJ, i=2,...,(p=1),

(x c,,+c,, 1) (x—c,)?b,, xeJ,,
while if p=1,
bi(x) = (x—c1)’by, x€Jy
and the b, i=1,.. ., p, are positive constants. It is then the purpose of this paper
to investigate some effects of this perturbation on our eigenvalue curves.

2. Preliminary Results. For p>0 put A, (p)=p Y2 (x)+pnB), where B
=SUPg<x<1 b(x). Then for each n>0 there are numbers pf and A, both greater
than one, such that for u>pf, 0< A,(w) < Al ({1, Ch. 3, p. 102], [2, p. 135]); in fact
lim,_ o A.(n) exists [3, Theorem 3.2], and, denoting this limit by A,, we have
lim,_, o A,=00 [3]. Let us now denote the eigenvalues of (1.3), (1.2) by {A.(g, t)}r=0,
and for n=0, 1,..., and x>0 put

An(p, 1) = ”—1/2()‘"(#, 1) +uB), A1) = uling An(p, 1).

Also let
ai=—-b—(ii)9 i=1,...,p, a= min a;,
2 1<i<p
at = max @, Q= sup |q(x)|,
1<i<p 0<x=<1
and for i=1,...,p,
_ B—b(x) 1 .
bi(x) = m’ xeJi—{c}, 6bc) =1,

and where it is clear that 0,(x) € C,[J;] and 0 < 0 =min, .., inf,e,, 0i(x). From now
on in this section we shall fix an integer m >0 and always assume that

e s[5 o () o))

ci+1—cz’

where

d = min

and ¢, =0, cp41=1;
0<i<p

hence if .
A +Q 1/2
— -l Lm
Be) = (222 L)
and, for i=1,...,p,
I(p) = {x| |x—a| < 8w},
then A, () + pb(x)+¢g(x)<0in [0, 1]—J?P-; Ii(n). Fori=1,.. ., p, we shall also put

n(w) = (ﬁ\%’—%) = lim v ().
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THEOREM 2.1. Let y,(x, pn) be the eigenfunction of (1.1), (1.2) corresponding to
A(r) and satisfying y,(0, p)=sin o, y5,(0, p)=cos .. Then for all sufficiently large
values of p, the absolute maximum of | y,(x, )| in [0, 1] is assumed in\J?P-1 I(n).

Proof. In the intervals (0, ¢;—38()), (¢;+8(n), ¢iv1—0()), i=1,...,(p—1),
and (¢, + 8(p), 1), it is clear that y,(x, ) is convex downward wherever it is positive
and concave downward wherever it is negative, and hence the absolute maximum
of | ym(x, w)| in [0, 1] cannot be assumed in these intervals. Also, if 0 <« </2, then
Y2(x, p) is strictly increasing in the interval (0, ¢; — 8(u)]; and if #/2 <f <m, then
Y2(x, p) strictly decreases in the interval [¢, + 8(u), 1). By use of a Priifer transforma-
tion [4, p. 209], and arguing as in ([1, Ch. 3, pp. 85-87], [4, p. 213]), it is easy to
show for «>=/2 and all sufficiently large values of p, y2(x, p) strictly decreases in
the interval [0, x;(n)) and strictly increase in the interval (x,(u), ¢; — 8(u)] and where
(), ©)=0 and x,(x)=0(~') as p—>o0; similarly, if B<=/2, then for all
sufficiently large values of u, y2(x, u) strictly decreases in the interval [c,+ 6(u),
x2(1)) and strictly increases in the interval (x,(u), 1] and where y;(xo(n), #)=0
and (1 —x5(n))=0("1) as p —oo. From [3, §2.2 and Theorem 3.2] we also have
for all p sufficiently large and o #0,

Ines = p%(4ay) ™4, )

i -3y, w16 us [ 1/2 [t
= sin agi(-2w exp {2 [ (B2 dx =),

where g <g,(#)<G and g, G are positive constants; and if Y,,(x, p) is the eigen-
function of (1.1), (1.2) corresponding to A,(x) and satisfying Y,(1, u)=sinp,
Y, (1, p)=cos B, then for all sufficiently large values of x and B#m,

Yo(co ™" 4a;) ", 1)
1 1/8
= sin s~ exp { w2 [ B-p0oy st
where g < g,(1) < G. This completes the proof of the theorem. Incidentally we have

also shown that y,,(x, ) has no zeros in the intervals (0, ¢; — 8(p)] and [c, + 8(u), 1)
for all sufficiently large values of u.

THEOREM 2.2. Suppose for a sequence of values of p, {pm}r=1, p1<pe<---,
lim;_, o, py =00, there is a j, 1 <j<p, such that

sup | ym(x, )| = JSup, | ym(e, )5

xeli(up)
then v;=1im,_, o{A()/2V a;—3} is a nonnegative integer.
Proof. Forl=1,2,...,select x; € I(i) so that | y,(x;, w)| =SuPo<x<1 | Yml(Xs )l

and introduce the substitution s=(4ua)*(x—c;), x € J;; then with p=y,, denote
by JJ(i;) the image of J; on the s-axis, s, the image of x,, and let I} be the interval

https://doi.org/10.4153/CMB-1971-005-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1971-005-9

28 M. FAIERMAN [March

|s| < 8;=(4a,)"*[(AL + Q)/ab]''2, which is just the image of I,(x,) under our trans-
formation. Then for /=1, 2, .. ., we see that if z; ,(s)=v(x, ) = [¥n(*, p)/Yn(Xi p)],
x €J;, then z; (s) satisfies the differential equation

@.1) y"(s)+(v,(p,)+%—§) YG) = f)Y(s),  sedi(u), ' = dii,

with z, ,(s) =1, z} ,(s)=0, and where

£6) = LD e L, (9,
7

q1,(8)=q(x), x € J;, and ¢, (s)=0,(x), x € J;, We also observe that for I=1,2,...,
vi(w)++—5%/4<0 in Jf(u)~— I} and v;+3—5%/4<0 if s ¢ If. By a selection of a
subsequence of {u,}i>, if necessary and relabelling suitably we may assume that
lim,, o 5,=5, € I]. We therefore see that in any compact subset of the s-axis,
lim,, » z;,,(s)=w(s), uniformly, where w(s) is the solution of Weber’s equation
Y'(s)+(v;+3—5%/4) Y(s)=0, [5, p. 347], with w(so)=1, w'(s)=0. Now if v; is not
a nonnegative integer then we know from [5, pp. 347-348] that there is an s*, s* ¢ I},
such that |w(s*)|>2 SUDse;t |w(s)|; and hence for all / sufficiently large the hypo-

thesis of our theorem is contradicted. This completes the proof of our theorem;
and an argument similar to above also leads to the important conclusion that
lim, . ,, z;,(s)=A4;D,(s) uniformly in any compact subset of the s-axis, where
D, (s) is the parabolic cylinder function and 4, is a nonzero constant (see also
[2, pp. 136-137)).

Continuing with the argument of the above proof we wish now to construct a
fundamental set of solutions for (2.1) in the interval §, < s < u}/32 for all sufficiently
large values of /. Since fi(s)=O(u; %2) as I — oo, uniformly in 0<s<u}/®?, and
vi{p) —v;=O(u; *'?) as I — oo [3, Theorem 3.2], then with F(s)=v,—v,(u)+£(s)
we are led to write (2.1) in the form

2
@2 Y6+ (v +3-5) Y6) = F YO, s € JJGu,
and for the interval 0 <s<u}/®? consider a solution of the form
(2.3) Up,(5) = Dy, _10)[1 +u1,(5)],

u;,(0)=u;1,,(0)=0. Substituting (2.3) into (2.2) we see [3, §2.1] that for each /> 1,
(24)  ui(s) = Dz%,_.(s) f: F(OD2, ([l +uy (D]dt, 0 <5< pi®,
and u, ((s) satisfies the Volterra integral equation

@9 wio= [ Kend+ [ Keom@d,  0<s<u,

where ’ ’

K(s, 1) = ™2 F D[ Dy a0 Dy 0~ o0 D2, 1)
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Since K(s, )=0(u; ®®%) as [ — oo, uniformly in 0<s, t<pi’®? ([3, §2.1], [5, pp.
347-348]), we see that for each />1 equation (2.5) has a unique solution in
0 <s<pi’3? which may be obtained by the usual method of successive approxima-
tions ([3, §2.1], [6, pp. 353-354]); and using the Gronwall lemma we see that
uy ($)=0(u; 1'®) as I — oo, uniformly in 0 <s<pu}’®2. Also from (2.4) we see that
u1,(8)=0(u; ''®) as | — oo, uniformly in 0<s<pu}/®2 Similarly for the interval
8; <5< pi’®* we consider a second solution of (2.2) in the form

Uai(s) = Dy ()1 +up (9], 85 <5 <y’ 1 /(1) = ug,(ui"®?) = 0;
and as above we have wu, i(s)=O(u; *'®), uj,,(s)=O(u; *'®) as I — oo, uniformly in
8,<s<ui’® If W denotes the Wronskian, then we see that

zlim WU, Uy, )(3)) = ie™ '3,

and therefore for all sufficiently large values of /, U, ,(s) and U, (s) form a funda-
mental set of solutions for (2.2) in §,; <5< pi/?2, Hence

THEOREM 2.3. For all | sufficiently large,
z;,(8) = di(u) D, _1(is)[1 +uy,1(5)] + do(u) D, ($)[1 + uz,i(5)]

in 8,<s<pui’%, where wuy (s)=O0(u; %), uj, (s)=O0(u;i }'®) as 1— oo, uniformly in
8;<s<u 2, k=1, 2, and lim,,, , dy(p)=0, lim,_, o, dy(u)=A,. We also have as
| — o0,

dy() = O(uf'* /5% 34u}13%) and 2, (u}'%%) = OGup/*e™4ut™.

Similarly for all | sufficiently large
Z!.l(s) = dy(n) D V- 1)1 +us,(s)]+ d4(l‘1)Dv,(S)[1 + u4,z(5)]

in —p}*?<s< —3§;, where uy, (s)=O0(u %), ui.(s)=O(u; *'®) as I — oo, uniformly
in —piP2<s< —§;, k=3, 4, and lim,_, o, dy(,) =0, lim,_, ., dy(;) = A4;. We also have
as | — oo,

ds(l“l) — 0(‘U~§vf + 1)/328_ 114#‘}/16) and zj,l(_ “}164) — 0(“1\71164e— 1/4H}I32)'

Proof. For the interval §;<s<pui/®? the proof is completed by observing that
for all / sufficiently large, |z, ,(u}/3%)| < |z;,(s;)|, Theorem 2.1, and hence

20 )] < 1+50p | 4,D,(5)]
k)

tel

then bounds for d,(g;) and z; (ui'®*) follow directly from [5, pp. 347-348]. The
results for the interval — /32 <5< —§; can be shown in the same manner as above.
Carrying on, let us now denote by E the set of integers {i}’-,; and if p>1 then
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for each i, | <i<p, i#j, we again proceed as in Theorem 2.2 and introduce the
substitution s=(4pa;)*'*(x—c¢,), x € J;, and put

ym(x, :“'i) s
ym(xh F‘l)
and where we see that for /=1, 2, ..., z; ,(s) satisfies (2.1) with j replaced by i.
Assuming a further selection of a sequence of {u,};2, if necessary and relabelling
suitably, we introduce a partition of F into the two subsets E; and E,; i.e.,
E=E UE, E NnE,=@, and where E;=g if p=1. An element i€ E will be
a member of £, if

21,1(5) = v(x, w) = xeld;

(a) »; is a nonnegative integer,

(b) im0, z; (s)=A4; D, (s) uniformly in every compact subset of the s-axis,

(c) and where A; is a constant,

max {|z; ,(11®?)|, |zi, (=1 ®3)|} < Su? |zi,.(5)],
SEIi
for all / sufficiently large.

It is clear that if i € E; then the results of Theorem 2.3 hold with j replaced by i,
and that E, # o since j € E;. The remaining elements of E, if any, are members of
E,; we observe that if E,# @ and i € E,, then for all sufficiently large values of /,
there is an x; ; € J;— I,(u;) such that |o(x; ;, p)| > SUPxer,p |U(X, )]

THEOREM 2.4. If
X, = [0, 11— U [e;— (4a) = ou 1904, ¢+ (4ay) = Vi 19704,
i€Ey1

then for all sufficiently large values of |,

sup |v(x, p)| < v; = max max {|v(c;—(4a)) M 4pr 1104, |o(e;+(da) ~Hepm )|}
xeX; i€eEy

Proof. From the proof of Theorem 2.1, we see our statement is true if E,= 3.
Suppose then that E,# @ and the theorem is false; then there is an / and an
x; € X; such that |o(x;, p))| >v;, and where / can be assumed sufficiently large to
satisfy all statements of the preceding paragraph and proof of Theorem 2.1.

Let us first consider the case x; € Ii(w,), i € E,; then there is an x;, € J;— Ii(w;)
such that

[o(xi,1, )| > sup |o(x, w)| > v,
xeli(ny)

Assuming x; ;> x;, we see that if i=p or (i+1) € E; we have a contradiction; and
if i<p and (i+1) € E, we can proceed on to find an x;,,-1, € Xi—Urer, In(t1),
k=2, X;11-1,> Ciyx-1,+ 8(py), such that
[0(xs 41— 1,0 )| > sup  |o(x, w)| > vy
x€li 45 -1(1))
and with the property that either (i+k) € E; or (i+k — 1)=p, and which again leads
to a contradiction. A similar argument for the cases x;,;<x; € I(,) and x; € X,
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—ier, 1i(m) lead again to contradictions. This completes the proof of our theorem.
Continuing on, let us now denote by ¢,(x, 1) the eigenfunction of (1.1), (1.2)
corresponding to A, (1) such that [ $2(x, u) dx=1. Then we have

o+ (da)= 114, 15164

bnlx, ) = k(uo(x, w),  k*(w) vi(x, ) dx < 1,

¢j—(day)~ 1%y 15164
and
41164

z3/(s) ds +f :

gl

()~ 40| [

22 (5) ds] <1

j
ul”64

hence from Theorem 2.3 ([2, p. 137], [5, p. 350]), and the fact that 4,70, we see
that as [ — o0, k(u,) = O(pi'®).

THEOREM 2.5. It is the case that

H f (BH (X6, )2 dx = O(1) a5 p— o,

Proof. Suppose that the theorem is false; then there exists a sequence of values
of p, {321, py<pa< - -+, lim, , py=00, such that

i i [ @1C0MaC, )2 dx} = 0

By a selection of a subsequence of {«;};2; and relabelling suitably we may assume
the results of Theorems 2.3 and 2.4 as well as the results immediately preceding the
statement of this theorem are valid. Hence

m f (B, 1) dx = k() L B, w)? dx

41/64
+ > f_ vee S RLUOZE(S) ds = 81,1+ S,
i€Eq uy

and where |R; (s)]<R, and R is a positive constant independent of i,/ and s.
From Theorems 2.3 and 2.4 we see that S; ;=o(1) as / — o0; and from Theorem 2.3
and [5, p. 347] we have S, ;= O(1) as I — o0. Hence we are led to a contradiction.

3. Final Results.

THEOREM 3.1. For n=0,1,..., we have as t — 0,
(@) A, 1) — Ay(p) = O(2), (u fixed), and
(i) A(0)—A,=0(1); (and not uniformly with respect to n). In fact if we fix a
>0, we have for p=pt and as t — 0,
(i) (@) Aolr, 1) — Ao(w)=0(1);
) ifn>0and A,> A, 1, then A (p, ©)— A(p)=0();

3—C.M.B.
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© if AMp=Apyi=---=Ap, 121, and A1 <A, if n>0, and A,
<Apire1, then Ay (u, )— Ay, (w)=0@), and if I>1 and 1 <m<i—1 then

minl IAn+m(l-"’ t)—Aan(/-")l = O(t);

msk<

and where the results are uniform in p for each n, but not uniform with respect to n.

Proof. We shall only prove parts (ii), (iii); part (i) can be proved using similar
arguments (see also [6, pp. 231-232]). We shall also assume for the remainder of
this proof that u > uf, where ut is given above. Then for n=0, 1, 2, . . ., let ¢,(x, w)
denote the eigenfunction of (1.1), (1.2) corresponding to A,(x) such that [ $2(x, p) dx
=1 and let ¢,(x, u, t) denote the eigenfunction of (1.3), (1.2) corresponding to
Au(, 7) such that [ ¢2(x, u, 1)=1, and put

Fuls 0 = [ a1y O3, 1)

Gl 1) = [ B1CHr,  0615, ) s

and for n=0,1,..., let us introduce the positive constants B, and C,, where
BE=5up,t<u<w {1 [5 (B1(X)$n(x, w))* dx}, (see Theorem 2.5), and Ci=37_, B2
Now putting L=d?/dx?— u(B— b(x))+4g(x), we have from equations (1.3) and (1.1),

L{pn(x, py D]+ p 2 An(, )pu(x, 1 1) = tpb (X)bn(x, 1, 1), 0<x <1,
L{ga(x, WI+p12An(@)ba(x, 1) =0, 0 < x < L.

Hence from Green’s formula and equation (1.2) we have
(3'1) (Am(l"’ t)'_ An(”'))Fm,n(/-"’ t) = tiu'llsz,n(llw t)'

Since A,(g, £)— A () =0,n=0, 1,..., [6, pp. 87-90], we see from equation (3.1)
and the Parseval theorem [4, p. 199] that

(Ao, D= Ag(w))* < ZO (A, )= Ao(W))*Fz, 01> )
= S Gl 1) < B3,
m=0
and our results follow for n=0.
Similarly, if A; > A, then there is a A>0 such that A;(u) — Ao(w) = A for p>put;
hence if t<A/4C, and 8(u, t)=min {A;{u, £)— Ay(K), Ay(w) — Ao(p, £)}, then
(3G 0)° < 3 (Anls, )= As(w)*Fra(u, 1)
= 3 Gii(u 1) < 1°B},
m=0

and our results follow for n=1 for this case.
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If Ag=A;=---=A,Il>1, and A;,;> A, then there is a A*>0 such that
A1) — Af(p) =A% for p>put. Hence if 0<n </, then
(A*)Z z Fiﬁ,n(l"” t) = 2 (1\m(:u” t)_ A"(,LL))SF%'"(}L, t) =< [2312:,
=1+1 m=1l+1
and
1
2. Fia(u, t) = 1=13(B,/A%),
m=0
! !
> F (g, 1) > (14+1)—2(C/A%)?
n=0m=0
and

©

3.5 R s BCeY.

=T+1

Therefore for 0<m<|,

=) 1
2 Fra(uwt) < A(C/A*)? and 3 FZ.(u, 1) = 1-13(C/A%)2
n=0

n=10+1

Hence for 0<m<|,
1 !
mlzll:rsll {(Am(:u', t)—Ak(l"'))2} n=zo Fﬁ,n(/“': 1 < n=20 (Am(;”‘s t)_An(F'))2Frﬁ,n(}’*s 3]

1
=1 > G3.(p,0) < 2CE;
n=90

SO
min (An(p, )= Aw)® < °(4C73) if 1 < (A%/2C)),
ms<ks<

and again our results follow.

The proof of parts (ii) and (iii) of our theorem is then completed by arguing in
the same way for all values of n.

In conclusion we would like to state that similar results also hold under suitable
conditions if ¢; =0 or ¢,=1.

REFERENCES

1. M. Faierman, Ph.D. Thesis, Univ. of Toronto, Toronto, 1966.

2. J. Meixner and F. W. Schifke, Mathieusche Funktionen und Sphdroidfunktionen, Springer-
Verlag, Berlin, 1954.

3. M. Faierman, Asymptotic formulae for the eigenvalues of a two-parameter ordinary
differential equation, Trans. Amer. Math. Soc., (to appear).

4. E. A. Coddington and N. Levinson, Theory of ordinary differential equations, McGraw-
Hill, New York, 1955.

5. E. T. Whittaker, and G. N. Watson, A course of modern analysis, Cambridge Univ. Press,
New York, 1965. ‘

6. E. C. Titchmarsh, Eigenfunction expansions, Part II. Oxford Univ., New York, 1958.

LovoLAa COLLEGE,
MONTREAL, QUEBEC

https://doi.org/10.4153/CMB-1971-005-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1971-005-9

