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Let if be a valued field, let v denote its valuation and B its valuation ring.
Let P denote the valuation ideal. For each a in B, let a denote the residue
class a + P in the field B\P; for f(x)=Zarx

T in B[x], let f(x) denote Zdrx
r in

B/P[x]. Let Ap denote the leading coefficient of a polynomial p, and dp the
degree of a non-zero polynomial.

Hensel's lemma will be said to hold for K in the strong form if, given any
triple of polynomials f, g, h in B[x] for which (i) f=gh; (ii) (g, h) = l;
(Hi) Ag=l, 8g^=02; (iv) dh^df—dg, there exists a pair of polynomials G, H
such thatf=GH, g = 0, 8g=dG, AG=\, Ji = R.

If this conclusion follows when (iii) and (iv) are replaced by the require-
ment that /, g and h be monic (i.e. that Af, Ag and Ah be units of B), we shall
say that the weak form of Hensel's lemma holds for K.

K will be said to be strongly (weakly) relatively complete if Hensel's lemma
holds for K in the strong (weak) form.

A valued field K is said to have the unique extension property if any algebraic
extension Kx of K admits one and only one valuation which agrees on K with
the valuation of K. Krull (1) proved that a strongly relatively complete
field has the unique extension property. Dock Sang Rim (2) has stated the
theorem that the unique extension property is equivalent to relative complete-
ness. He appears, however, to have overlooked the difference between strong
and weak relative completeness, for he proves only that a field with the unique
extension property is weakly relatively complete. The purpose of the present
note is to show that the unique extension property implies strong relative
completeness.

The author is very grateful to Dr K. A. H. Gravett for his help in clarifying
the argument, and to Dr G. Higman, F.B.S. for reading the manuscript and
suggesting improvements.

LEMMA 1. Let K be a field with the unique extension property. Let a be any
automorphism of & (the algebraic closure of K) over K. Then a leaves the
valuation invariant.

Proof: Suppose that a e&^K, and that v(a) ̂  v(a°). Then if w(x) = v(x")
for each a; in J?, it is clear that w is a valuation of & distinct from v. Hence
the valued field K does not have the unique extension property, contrary to
hypothesis. Thus Lemma 1 is proved.

For the discussion of the strong form of Hensel's lemma, it suffices to
consider polynomials over B which are primitive (in the sense that the corres-
ponding polynomials over B\P are non-zero). Accordingly, I suppose all
polynomials to be primitive, unless otherwise indicated.
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LEMMA 2. Let I be an irreducible polynomial of degree v over the valuation
ring of a field with the unique extension property. Then either (i) l=txx" (a in BjP);
or (ii) l=/3 (f$ in B/P); or (Hi) Al is a unit of B, and 1(0) is a unit of B.

Proof: Let R denote the algebraic closure of K. Then, over &, I may be
V

represented in the form IJ (az + bt). Then {bja} is a set of conjugates over if,
i = l

and so for each i, v(bija)=y, say ; so that v(b{)=y + v(a). Hence either for
each i, 5f = 0, or for each i, 5*^0. Thus if bi = 0, l=TIax = axv, or if 5^0 ,
but d = 0, l=I7bi=l3, say. (We cannot have both d = 0 and 5̂  = 0, since we

V

are assuming that I is primitive.) In the remaining case, I— TI (aa;+5t) with

j-^0, and so Al and 1(0) are units of B.

LEMMA 3. Let I, m, n be elements of B[x] such that l\mn, Am = \,
(m, n) = l, and I is irreducible over K. Then I divides at least one of m and n.

Proof: By Lemma 2, either l = ax" or Z=/?(^0, in B/P) or 1= A (ax + bj,
i = l

a^O, 5 ^ 0 .
In the first case, since (m, n) = l, x" divides either m or n, and so also I

divides either m or n.
In the second case (?=/5), clearly l\m and l\n.
For the third case, we have that each irreducible factor of I divides either

m or n. Since (m, n) = \, any repeated factor of I will divide either m or n
in its full multiplicity. Thus if each factor of I divides m it follows that I
divides in (and similarly for n). I now use a method due to Schilling ((3), p. 60),
to show that I cannot have two distinct relatively prime factors, the one
dividing m and the other dividing n. Suppose that this occurred. Then we
may write (over &) l = aTI(x + ci) ; we have for some i0, x + ci0\ih, and for some
ix, x + cn\n. However, there is an automorphism a of i? over K which carries
ci0 into cn. This induces an automorphism a of the residue class field BjP
over B\P which carries x + ci0 into x+cn. 5 leaves m and n invariant, and so
5(x + ci0)\m, i.e. x + cn is a common factor of in and n. This is contrary to
hypothesis. Hence either each irreducible factor of I divides m, or each
divides n. The conclusion of Lemma 3 now follows : in each of the three cases,
either l\m or l\n or both.

LEMMA 4. If I is irreducible over a field with the unique extension property,
then I is a constant multiple of a power of an irreducible polynomial.

Proof: Suppose I is not a constant multiple of a power of an irreducible
polynomial. Then I may be written in the form inn where (in, n) = l and
dm7^0, dn^O. Further, we may take Am = Am=l, so that &m=dm. Then
the hypotheses of Lemma 3 will be satisfied, so that I divides either m or n
(or both). In each of these cases the remaining factor must be a constant
(i.e. n or m or both), contrary to hypothesis. Hence the lemma is proved.
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THEOREM 1. If I is an irreducible polynomial of degree n over the valuation
ring of a field with the unique extension property, then either (i) l=a.xn ; or
Hi) l=fi; or (iii) l=k{ccox

r + <x.1x
T-1 + . . .+a r }

3 , where <xlyCr+a.1x
T-1 + ...+a.r is

irreducible over B\P, ao^O, and rs = n.

Proof: This follows from Lemma 2 and Lemma 4.

Note: The property of irreducible polynomials given in Theorem 1 is the
corollary of Hensel's lemma (strong form) which Krull used. I prove, finally,
that this property is equivalent to the strong form of Hensel's lemma.

LEMMA 5. Let K be a valued field such that each irreducible polynomial I
of degree n over the valuation ring has either l=a.xn, or l=fi, or

where aoa;r+a1a;T-1+...+ar is irreducible over B/P, o.0¥=0, and rs = n. Then
Hensel's lemma in the strong form holds for K.

Proof: Let /, g, h be a triple of polynomials over B for which (i) / = gh ;
(ii) (g,h) = l; (iii) Ag= 1, dg^O; (iv) dh^df—dg. Let the irreducible factors
of / be / j , ...,fv (we may have p = 1). Then for eachi = 1,..., p, /f is primitive,
and /,• is either a constant, or a power of an irreducible monic polynomial
such that 8ft = 8ft.

Clearly, we may take each suchft to have leading coefficient 1. By Lemma 3,
each of the /,- must divide at least one of g, h, and those corresponding to monic
/,- of non-zero degree can divide only one. Let G denote the product of
such monic ft for which f(\g. We take (?= 1, if there are no such /,-. It is
readily seen that G = g, and (since AG = Ag=l) that 8G=dg. Finally, if
H=fjG, then S = h, so that the conclusion of Hensel's lemma holds for K.

As a consequence we have the following theorem.

THEOREM 2. / / the valued field K has the unique extension property, then
K is strongly relatively complete.
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