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CONTINUATIONS OF RIEMANN SURFACES 

MAKOTO SAKAI 

ABSTRACT. We shall show that if a Riemann surface is continuable, then it admits 
one of three types of continuations. Using this classification of continuations, we con
struct two nontrivial examples of two-sheeted unlimited covering Riemann surfaces of 
the unit disk one of which is continuable and the other is not. 

Introduction. In 1924, Rado [5] constructed an example of a noncompact maximal 
Riemann surface. A Riemann surface, always assumed to be connected, is called maximal 
if it is not a proper subdomain of another Riemann surface. Every compact Riemann sur
face is maximal. Every noncompact Riemann surface of finite genus is not maximal and 
it is a proper subdomain of a compact Riemann surface of the same genus. Consequently, 
every noncompact maximal Riemann surface has infinite genus. Every noncompact Rie
mann surface is homeomorphic to a Riemann surface which is not maximal. This means 
that, when we try to show that a noncompact Riemann surface is maximal, we need an 
argument on the global conformai structure of the Riemann surface. 

Radô's example is a two-sheeted unlimited covering surface of the complex plane with 
an infinite number of branch points. We can show that a two-sheeted unlimited covering 
surface of the complex plane is maximal if and only if the number of branch points of 
the surface is infinite. The boundary of the complex plane is just one point, the point at 
infinity, and it is very small. It is natural to ask about a covering Riemann surface such 
that the boundary of the basic domain is large. Oikawa [4, Chapter 5] actually proposed 
the following problem: How about a covering surface whose basic domain is the unit 
disk? 

In this paper, we shall be concerned with the problem. Let R be a two-sheeted unlim
ited covering Riemann surface of the unit disk and let P be the projection to the unit disk 
of the set of branch points of R. It is apparent that if the derived set of P, the set of all 
accumulation points of P in the complex plane, is not equal to the unit circle, then R is 
not maximal. Hence we assume that the derived set of P is equal to the unit circle. 

We shall construct two examples of such surfaces one of which is maximal and the 
other is not. By de Possel, Tamura and Renggli, see e.g. Sario-Oikawa [8, Chapter X, 
5A], it is known that a Riemann surface R is maximal if and only if 

(a) R has no planar ends 

and 
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(b) R has no simply connected regular subdomain DofR which admits a one-to-one 

conformai mapping onto a proper subdomain of the unit disk such that the relative 

boundary of D in R corresponds to a relatively open subset of the unit circle. 

Here the relative boundary of D in R means the boundary of D considered in the topology 

of R. To make clear the difference between two above examples, we divide (b) into the 

following two cases introducing new notions of "skirts" and "disks with crowded ideal 

boundaries": 

(b-1) R has no simply connected skirts 

and 

(b-2) R has no disks with crowded ideal boundaries. 

IfR has a planar end, then we can embed the end into a larger planar domain. Figura
tively speaking, we can "fill up holes". If R has a simply connected skirt, we shall show 
that the skirt is conformally equivalent to a rectangle and its ideal boundary corresponds 
to the left vertical side of the rectangle. R can be continued by pushing the left vertical 
side of the rectangle to the outside, we can say this as "pushing against walls". IfR has a 
disk with a crowded ideal boundary, then we first take a one-to-one conformai mapping 
of the disk into itself and next enlarge the image. This is neither "filling up holes" nor 
"pushing against walls". It is like "crushing a disk and beating out a domain" and it is 
a very pathological continuation. It seems, however, that Radô [5] already realized the 
existence of this complex continuation. 

In our cases, we have assumed that R is a two-sheeted unlimited covering Riemann 
surface of the unit disk and P is the projection of the set of branch points of R, we shall 
show that the derived set of P is equal to the unit circle if and only if R satisfies (a) 
and (b-1). Hence the above example which is not maximal can be continued only by 
"crushing a disk and beating out a domain". For the example which is maximal, we shall 
show that if a Riemann surface R does not satisfy (b-1 ) nor (b-2), then R can be continued 
into a bordered Riemann surface. For every interior point of a bordered Riemann surface, 
the HD-span does not vanish. Thus our example is a surface which has a point where the 
HD-span vanishes. 

This paper consists of seven sections. We shall discuss three types of continuations in 
Sections 1, 2 and 3. In Section 4, we shall show that if a Riemann surface is not maxi
mal, then the Riemann surface admits one of these continuations. Two-sheeted unlimited 
covering Riemann surfaces of the unit disk are discussed in Section 5 and an example 
which is not maximal is given. In Section 6, we show a sufficient condition for a Riemann 
surface to be maximal and give an example of a maximal Riemann surface. Concluding 
remarks are given in the final section. 

The author would like to express his heartfelt gratitude to Professor Oikawa for a 
stimulating discussion about the problem. The author is grateful to the referees for their 
suggestions. 
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1. A continuation of a planar end. We say that a Riemann surface is continuable 
if it is not maximal, namely, if it is a proper subdomain of another Riemann surface. The 
latter Riemann surface is called a continuation of the former. We say that a subdomain 
of a Riemann surface is planar if it is conformally equivalent to a plane domain. 

Let R be a noncompact Riemann surface and let { Rn} be an exhaustion of/?, namely, 
each Rn is a relatively compact regular subdomain of R and satisfies Rn C Rn+\ and 
UJJii Rn — R, where Rn denotes the closure of Rn. We call {Rn} normal if every con
nected component of R\ Rn is noncompact and its relative boundary in R is a dividing 
simple closed curve. 

DEFINITION 1.1. Let {Rn} be a normal exhaustion of a Riemann surface R. Each 
connected component of R\ Rn is called an end of R, or more precisely, an end of the 
exhaustion {Rn} • 

The following lemma is well known, but for the sake of the definition of a continuation 
of a planar end, we shall give a proof. 

LEMMA 1.1. If there is a planar end ofR, then R is continuable. 

PROOF. Let E be a planar end of R and let ip be a one-to-one conformai mapping of 
E onto a bounded plane domain G such that the relative boundary of E in R corresponds 
to the outer boundary of G. We denote by G a bounded simply connected domain which 
is surrounded by the outer boundary of G. A continuation ofR is constructed as the union 
of R and G identifying points z G E and ip(z) G G. • 

DEFINITION 1.2. We call the continuation in the proof of Lemma 1.1a continuation 
of a planar end. 

2. A continuation of a simply connected skirt. We need some preparations to 
define "skirts". Let Ro be a relatively compact regular subdomain of R such that R\ Ro 
is connected. Let u be the harmonic measure of the relative boundary dRo of Ro in R 
defined in R\Ro. It is defined as the limit function of harmonic functions un. For large 
n, the function un is the solution of the Dirichlet problem in Rn\Ro : un is harmonic in 
Rn\Ro and has boundary values 1 on dRo and 0 on dRn. We note that u is identically 
equal to a constant 1 if and only if there are no Green's functions in R. We also note that 
d(u + /w*), where w* is a conjugate function of w, is a holomorphic differential in R\ RQ. 
It has at most a countable number of zeros in R\ Ro if u is not constant. 

Assume that u is not constant. Let p be a point in R\ R0 at which d(u + /w*) does not 
vanish. Take a branch of w* in a neighborhood of p and denote it again by w*. We take a 
level arc of w* starting from/7 so that u(z) decreases as z on the arc leaves p. We continue 
the level arc as long as possible. It reaches a zero of d(u + *w*) or approaches the ideal 
boundary of R. We denote J(p) the level arc and call it the level arc ofu* starting from 
p. We note that it does not depend on the choice of the branch of «*. 

Now we take two distinct points/? and q in R\Ro so that 
(i) p and q can be joined by a simple arc J\ contained entirely in the level set { z G 

R\ RQ ; u(z) = A } of w, where À denotes a constant with 0 < A < 1. 
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(ii) There are no zeros of d(u + /«*) on J\. J\ contains its end points /? and q. 
(iii) u*(z) decreases as z moves from/? to qonJ\. 
(iv) The level arc /(/?) (resp. J{q)) of w* starting from/7 (resp. q) approaches the ideal 

boundary of R. 
We note that /(/?) Pi J\ = {/?}. In fact, w*(z) decreases as z moves from ptoqonJ\, 

whereas u * (z) is constant on J(p). By the same reason, J(q) P\ J\ = { q} . Assume next 
that /(/?) n /(<?) 7̂  0. Then, by the definition of /(/?) and 7(g), it follows that J(p) passes 
through q. This contradicts that w(z) decreases when z moves on J(p) from/? toward the 
ideal boundary of R. Thus /(/?) n J(q) = 0, and so the union J = J(p) \J J\\J J(q) is a 
simple arc in R\ Rç>. Since R is connected, # \ J is connected or consists of two connected 
components. In the latter case, there is a unique component which does not contain R0. 
We denote the component by S(p, q). 

DEFINITION 2.1. We call S(p, q) a skirt of R, more precisely, a sfoVt of the harmonic 
measure u. 

We note that the skirt is defined only if R has the Green function and only if R\ J is 
not connected. There is a Riemann surface having the Green function such that R\ J is 
connected for every 7. We shall show an example in Section 5. 

If a skirt S is simply connected, then we can choose a branch of u + /w* defined in S. 
We shall next show that any branch is univalent in S. 

LEMMA 2.1. If a skirt S — S(p,q) of a harmonic measure u is simply connected, 
then every branch f ofu + iu* is a one-to-one conformai mapping of S onto a rectangle 
{ w E C ; 0 < Re w < À = u(p) = u{q) and u*(q) < Im w < «*(/?)}. 

PROOF. Let £ = (p(z) be a one-to-one conformai mapping of S onto the unit disk 
U. The boundary of S consists of the relative boundary J of S in R and a part of the ideal 
boundary oïR. Each point of J determines boundary elements of 5. If it has two boundary 
elements of S, then S = R\J. This contradicts the assumption that R\ J consists of two 
connected components. Hence we see that each point of J determines just one boundary 
element of S, and so J corresponds by (p to a circular arc C on the unit circle T. 

Next we shall show that T\ C consists of more than one point. If it consists of one 
point, we may assume that T\C = { — 1}. We note that ip can be extended home-
omorphically onto J. We denote again by (p the extension. Set g = / o (p~l. Then 
0 < Reg(C) < A in U, l i rn^- ! g(Q = Ai + iu*(p) as £ with |( | = 1 and ImC > 0 
tends to —1, and lim<;_+_i g(£) = A2 + iu*(q) as £ with |£ | = 1 and Im( < 0 tends 
to —1, where Ai and A2 denote numbers with 0 < A/ < A, because u(z) decreases as z 
moves on J(p) or J(q) toward the ideal boundary of R. Hence, by Lindelof's asymptotic 
value theorem, we get Ai + /«*(/?) = A2 + iu*{q) which contradicts w*(/?) ^ u*(q). Thus 
r \ C consists of more than one point. 

Next we shall show that u(z) tends to 0 as z tends to the ideal boundary of 5; more 
precisely, we shall show that, for every e > 0, we can find Rn such that u(z) < £ on 5\ Rn, 
where { Rn} denotes an exhaustion of R. Let v be the solution of the Dirichlet problem 
in U with boundary values 0 on T\ C and (u o ip~1 )(£) on C. Then v(£) < (u o ip~x)(() 
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in U. Set s(z) = (v o <p)(z) in S and s(z) = u(z) on R\RQ\S, where R0 is a relatively 
compact regular subdomain of R appeared in the definition of a skirt. Since s(z) < u(z) 
in S and s(z) = u(z) on 7, s is superharmonic in /?\/?o- Hence un(z) < s(z) in Rn\Ro for 
large n, where un denotes the solution of the Dirichlet problem in Rn\Ro with boundary 
values 1 on dRo and 0 on dRn. Letting n tend to oo, we get u(z) < s(z) in R\ /?o, and so, 
together with the previous inequality, we get u{z) = s(z) in R\Ro- Hence, u o (p~l = v 
in U, and so Re g = w o 99_1 is continuously equal to zero on T\ C except its end points. 
We apply again Lindelof 's asymptotic value theorem at the end points of C and see that 
(Re g)(£ ) tends to zero as( E C tends to the end points of C. Hence, for every e > 0, 
we can find Rn such that u(z) = (Reg)((/?(z)) < £ on 5\/?n. 

Finally we shall show that / is a one-to-one conformai mapping of S onto T = 
{w ; 0 < Rew < À and w*(g) < Imw < w*(p)}. To do so, it is sufficient to 
show that, for each fixed w G C\ f, (l/2ir)Sd(snRn) dargif — w) — 0 and, for each 
fixed w G T, (l/27r) Ja(5n/?„) darg(f — w) = 1 for large «. We have already seen 
that 0 < w(z) < À in S. Hence, to prove the above equalities, we may assume that 
0 < Rew < À. By definition,/(z) = u(z) + iu*(p) on /(/?), f(z) — A + iu * (z) on 
J\ and/(z) = u(z) + iu*{q) on /(^). Now take n so large that u{z) < (Rew)/2 on 
5\Rn . If Imw < u * (^) or Imw > w*(/?), then the image of d(S n 7?n) under/ can not 
surround w, and so (l/2ir) Jd(snRn) dargif — w) = 0. If u*(q) < Imw < w*(p), then 
(1 / 2TT) Sd(sr\Rn) d arg(f — w) = 1, because the image of 3(5 H /?„) under/ consists of a 
finite number of closed curves. • 

Next we shall show the second type of continuation. 

LEMMA 2.2. If there is a simply connected skirt ofR, then R is continuable. 

PROOF. Let S = S(p, q) be a simply connected skirt of u. Then, by Lemma 2.1, a 
branch/ of u+iu* is a one-to-one conformai mapping of S onto a rectangle T = { w G C ; 
0 < Re w < u(p) and u*(q) < Im w < w*(p)} . We denote by t a continuation of T onto 
the left vertical side of T; for example, set T — TU { w G C ; \w — i(u*(p)+u*(q))/2\ < 
(u*(p) — w*(^)) / 2 and Re w < 0}. A continuation of R is constructed as the union of R 
and f identifying points z G S and/(z) £ 7\ • 

COROLLARY 2.3. If there is a planar skirt ofR, then R is continuable. 

PROOF. Let S be a planar skirt of a harmonic measure. Assume that S is conformally 
equivalent to a bounded plane domain G. We may assume that the relative boundary of 
S corresponds to a subset of the outer boundary of G. There are two possibilities: G is 
simply connected or not. If G is simply connected, then S is a simply connected skirt, 
and so, by Lemma 2.2, R is continuable. If G is not simply connected, then we can find a 
regular real analytic simple closed curve in G such that some points in dG are contained 
inside of the curve. The intersection of G and the inside of the curve corresponds to a 
planar end of R, and so R is continuable by Lemma 1.1. • 

DEFINITION 2.2. We call the continuation in the proof of Lemma 2.2 a continuation 
of a simply connected skirt. 
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3. A continuation of a disk with a crowded ideal boundary. We shall define disks 
with crowded ideal boundaries. Let D be a simply connected regular subdomain of a 
Riemann surface R. It can be mapped conformally onto the unit disk U. The relative 
boundary of D in R corresponds to a relatively open subset of the unit circle Y. We 
denote by / the complement of the set with respect to T and call it a realization of the 
ideal boundary of D. A closed subset K of the complex plane is said to be of class ND 

if the complement C \ K of K is connected and there are no nonconstant holomorphic 
functions in C \ K with finite Dirichlet integrals. 

DEFINITION 3.1. We call D a disk with a crowded ideal boundary if a realization / 
of the ideal boundary of D is totally disconnected and is not of class Np-

We note that the definition does not depend on the choice of the conformai mapping 
of D onto U. For the existence of a closed subset of T which is totally disconnected and 
is not of class ND, we refer to Sario-Oikawa [8, Chapter IX, 4G-4I]. 

We now discuss the third type of continuation. 

LEMMA 3.1. If there is a disk ofR with a crowded ideal boundary\ then R is continu-
able. 

PROOF. Let ip be a one-to-one conformai mapping of a disk D with a crowded ideal 
boundary onto the unit disk U and let / be the realization of the ideal boundary of D. Let 
xp be a one-to-one conformai mapping of U onto a proper subdomain V of U such that 
r \ / corresponds to a relatively open subset of T. Such a mapping %p exists, because / 
is not of class ND, see e.g. Sario-Oikawa [8, Chapter X, 5B]. Take a domain V so that 
V C V C U\ for example, let V = U. A continuation of R is constructed as the union of 

R and V identifying point z G D and (1/; o (f)(z) G V. m 

DEFINITION 3.2. We call the continuation in the proof of Lemma 3.1a continuation 
of a disk with a crowded ideal boundary. 

4. Continuable Riemann surfaces. In this section we shall show the following 
theorem: 

THEOREM 4.1. Let R be a continuable Riemann surface. Then R admits at least one 
of the following continuations: a continuation of a planar end, a continuation of a simply 
connected skirt and a continuation of a disk with a crowded ideal boundary. 

PROOF. Assume that R is a proper subdomain of a Riemann surface Rf. Take a rela
tive boundary point of R in R' and a local coordinate disk U' in R' centered at the point. 
By taking smaller Uf if necessary, we may assume thaXRH (dUf) ^ 0, where dU' denotes 
the relative boundary of U' in R'. Let V be a connected component of R (1 U'.We note 
that V ^ Uf. We have two possibilities: V is simply connected or not. 

If V is not simply connected, then there is a regular real analytic simple closed curve 
in V which surrounds a part of dV contained entirely in the relative boundary of R in Rf. 
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The intersection of V and the inside of the curve is a planar end of R. Hence R admits a 
continuation of a planar end. 

Assume next that V is simply connected. We note that every connected component of 
(d V) D U' consists of more than one point, and so every point on (d V) D U' is a regular 
boundary point of V with respect to the Dirichlet problem. Let h be the solution of the 
Dirichlet problem with boundary values 0 on (3 V)\ (Rn(dU')) and 1 on(dV)nRn(dU'). 
Let {Rn} be an exhaustion of R and let Rç> be a relatively compact regular subdomain 
of R such that R\ Ro is connected. We may assume that R0n Uf = 0. Then un(z) < h(z) 
inVn Rn for every n, where un denotes the solution of the Dirichlet problem in Rn\Ro 
with boundary values 1 on dRo and 0 on dRn. Letting n tend to oo, we get u(z) < h(z) in 
V. Hence the harmonic measure u of dRo is not constant, because h is continuously equal 
to zero on (3 V) D U'. 

Let <p be a one-to-one conformai mapping of V onto the unit disk U. The set (d V) D 
/?D (3(70 corresponds to a relatively open subset of the unit circle T. We denote by / the 
complement of the set with respect to T. We have two cases: / contains a relatively open 
circular arc or not. 

If / contains a circular arc A, then the harmonic function v = wo ip~l in U is con
tinuously equal to zero on A. Hence v can be extended in a neighborhood of A, and the 
holomorphic function v + /v* is also extended and univalent in a neighborhood of a point 
on A. Take 7 = {w E C ; 0 < Rew < A and a < Imw < (5} so that the closure 
T of T is contained in the image of the neighborhood under the mapping v + /v*. Then 
((^ -1 o (v + /v*)_1)(r) = (u + iu*)~l(T) is a simply connected skirt of u contained in V. 
Hence R admits a continuation of a simply connected skirt. 

If / contains no circular arcs, then / is totally disconnected. The set / is not of class 
No, because V is a proper subdomain of U' and (dV) Pi R D (dUf) corresponds to a 
relatively open subset of T, see e.g. Sario-Oikawa [8, Chapter X, 5B]. Hence V is a disk 
with a crowded ideal boundary and R admits a continuation of a disk with a crowded 
ideal boundary. • 

If V is simply connected and if / contains no circular arcs, then there are no simply 
connected skirts contained in V. In fact, assume that there is a simply connected skirt 
contained in V and let G be the image of the skirt under ip. Then GHT consists of just 
one point. We apply the Lindelôf asymptotic value theorem to v + /v* in G and get a 
contradiction. This is why a continuation of a simply connected skirt and a continuation 
of a disk with a crowded ideal boundary are distinct. 

If a Riemann surface has a planar end £, then, for every normal exhaustion { Rn } , there 
is a planar end of {Rn} contained in E. The same holds for simply connected skirts. If 
a Riemann surface has a simply connected skirt 5, then for every harmonic measure w, 
there is a simply connected skirt of u contained in S. Therefore a Riemann surface admits 
a continuation of a simply connected skirt of any given harmonic measure if it admits a 
continuation of a simply connected skirt of some harmonic measure. We shall apply the 
fact in the proof of Lemma 5.1. 
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5. Two-sheeted unlimited covering Riemann surfaces of the unit disk. Let R 
be a two-sheeted unlimited covering Riemann surface of the unit disk U. Let 7r be the 
projection of R onto U and let P be the image of the set of branch points of R under ir. 
We note that P is a nonempty discrete set and R does not admit a continuation of a planar 
end if and only if P is an infinité set. We shall show 

LEMMA 5.1. A two-sheeted unlimited covering Riemann surface of the unit disk does 
not admit a continuation of a planar end nor a continuation of a simply connected skirt 
if and only if the derived set of the projection P of the set of branch points is the whole 
unit circle; namely, every point of the unit circle is an accumulation point of P. 

PROOF. Take p with 0 < p < 1 so that {w e C ; \w\ = p} n P = 0 and 
set Ro = 7r-1({w € C ; |w| < p}). Then the harmonic measure u ofdRo is equal to 
(log 17r(z)| ) / (log p) and w* is equal to (arg 7r(z))/ (log p), except for an additive constant. 

Assume that the derived set of P is not equal to the unit circle T. Then we can find 
a small set F = {w = re1* ; n < r < 1 and 0\ < 9 < 92} such that F H P = 0. 
A connected component of 7r_1(F) is a simply connected skirt of w. Hence R admits a 
continuation of a simply connected skirt. 

Assume next that the derived set of P is equal to T. If there is a simply connected skirt 
S of w, then 7r(S) = {re1* ; rx < r < 1 and 9X < 6 < 62} for some ru 9\ and 02, and 
so 7r(S) contains points of P. Since there are no branch points on the relative boundary 
dS of 5 in R, this implies that R\ dS is connected, a contradiction. Thus R does not admit 
a continuation of a simply connected skirt. • 

Next we shall construct an example of a two-sheeted unlimited covering Riemann sur
face of the unit disk such that the derived set of the projection of the set of branch points 
is the whole unit circle but it is not maximal. By Theorem 4.1, it admits a continuation 
of a disk with a crowded ideal boundary. 

EXAMPLE 1. Let / be a totally disconnected closed subset of the unit circle T which is 
not of class No- Let i/> be a one-to-one conformai mapping of U onto a proper subdomain 
V of U such that T\ / corresponds to a relatively open subset of T. Let R\ be a two-sheeted 
unlimited covering Riemann surface of V such that the derived set of the projection Pi 
of the set of branch points of R\ is equal to (dV) D T. The Riemann surface R\ is not 
maximal and it is conformally equivalent to a two-sheeted covering Riemann surface R 
of the unit disk by the conformai mapping which is induced by ip _1 . The derived set of 
the projection P — ^~l{P\)oîbranch points of R is equal to T, because it contains T\ / 
and / is totally disconnected. 

After the author completed the paper, Naondo Jin constructed a more concrete exam
ple. The author appreciates his kindness in agreeing to include the example here. 

EXAMPLE Y (N. JIN). Let / be a set as in Example 1. For fixed 9 with 0 < 9 < 
7r/ 2, let Q.(9) be a domain surrounded by a line segment joining 1 and (sin9)el(7T/2~~e\ 
a circular arc { w G C ; | vv| = sin0 and TT/ 2 — 9 < argw < 37r/ 2 + 9} and a line 
segment joining (sin9)éW«/2+°) and 1. Set £1 = U{C^(#) ; C e / } , where <Çl(6) = 
{Cw; wef t«9)} . 
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Let R be a two-sheeted unlimited covering Riemann surface of U such that the pro
jection P of the set of branch points of R is contained in U\ CI and the derived set of P 
is equal to T. Then R is not maximal, because a connected component D of n~l(Q) is 
a disk with crowded ideal boundary. In fact the restriction of n onto D is a one-to-one 
conformai mapping of D onto Q and the relative boundary of D in R corresponds to the 
relative boundary of £1 in U. The boundary of Q in C is Lipschitz continuous, and so a 
one-to-one conformai mapping of £1 onto U can be extended to a quasiconformal map
ping of the whole plane C, see e.g. Lento-Virtanen [3, Chapter II, § 8]. Thus the image of 
/ under the extended quasiconformal mapping of C is a realization of the ideal boundary 
of D. Since whether a closed set belongs to class No or not is invariant under a quasicon
formal mapping of C, the realization of the ideal boundary of D is totally disconnected 
and is not of class No-

We note the following interesting fact: For small 9, U\ Q, is large and we can construct 
a continuable Riemann surface R such that the projection P of the set of branch points of 
R is thick and is contained in large U\ Q. 

6. A sufficient condition for a Riemann surface to be maximal. First we recall 
the classes HD(/Ê) and KD(#) of functions in a Riemann surface R. We denote by HD(7?) 
the class of functions in R which are harmonic and have finite Dirichlet integrals on R. 
We denote by KD(/?) the class of functions h G HD(/?) such that the conjugate dh* of 
the differential dh of each h has vanishing periods along all dividing cycles. 

DEFINITION 6.1. Let p be a point in a Riemann surface R and let r = x+iy be a local 
coordinate about/?. The square of 

dh 
sup{ y(p) ; h G HD(R) and DR[h] < ir} 

is called an HD-span for/? and r , where DR[H\ denotes the Dirichlet integral of h on R. 
We denote by 5HD m e c l a s s °f Riemann surfaces R such that the HD-span vanishes for 
some pointp in R and some local coordinater = x+iy about/?. We also define a KD-span 
for/? and r and the class J>KD replacing HD(#) by KD(/?). 

We note that R G 5HD (resp. S^D) if and only if there are a point pinR and a local 
coordinate x + iy about/? satisfying dh/ dx(p) — 0 for every h G HD(7?) (resp. KD(7?)). 
We shall show 

PROPOSITION 6.1. Let Rhea Riemann surface having no planar ends. IfR is of class 

J>KD'
 tnen R ^ maximal. 

PROOF. Assume that R is continuable and let R\ Uf and V be as in the proof of 
Theorem 4.1. Since R has no planar ends, V is simply connected. We note that every 
connected component of (3V) Pi U' consists of more than one point. Take a connected 
component oïU'\V and let W be a simply connected domain which is the complement 
of the component with respect to U'. We note that V is contained in W. Let <p be a one-
to-one conformai mapping of W onto a half unit disk H = { w G C ; \w\ < 1 and 
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Rew > 0} such that (dW) PI (dUf) corresponds to {w ; |vv| = 1 and Rew > 0} . 
Let R\ be a continuation of R which is the union of R and H = {w G C ; | vv| < 1 
and |w + 1/2| > 1/4} identifying z E V and <p(z) G <p(V) C //. Let Bx be a border 
corresponding to { w G C ; |w + 1/2| = 1/4}. Then (R\,B\) is a bordered Riemann 
surface such that the interior R\ is a continuation of R. 

Lemma 1.6 of Sakai [7] asserts that the interior of a bordered Riemann surface is not 
of class 5KD- Hence we see that a subdomain R of R\ is not of class J>KD, either. • 

We note that the proposition also holds for the class of Riemann surfaces R such that a 
KD-span of higher order vanishes for some point in R and some local coordinate about the 
point, see Sakai [7]; since 0 H D C #KD C J>KD, where 0 H D (resp. OKD) denotes the class 
of Riemann surfaces R such that HD(#) (resp. KD(#)) consists of constant functions, the 
proposition holds if S^D is replaced by 0 H D o r ^KD- The proof on 0 H D was given by 
Oikawa and that on 6>KD was given by Jurchescu [2]. 

Now we show 

EXAMPLE 2. Let us consider an example of a two-sheeted unlimited covering Rie
mann surface of the unit disk which is of class J>HD (see Sakai [7, Example 1.5]); since 
J>HD C 5KD> by Proposition 6.1, we see that it is maximal. 

7. Concluding remarks. 1. Let G be a plane domain and set K — C \ G. Let R be a 
two-sheeted unlimited covering Riemann surface of G. Tamura [10] proved that if R has 
no planar ends and K is of class N$D, then R is maximal. Here we say that a closed set K is 
of class NSD if C \ K is connected and there are no functions which are holomorphic and 
univalent in C \ K and have finite Dirichlet integrals on C \ K. Our argument in Section 5 
shows that the result is the best one in the sense that we can not replace NSD by a larger 
class of closed sets. In fact, let K be a totally disconnected subset of the unit circle T 
which is not of class A^D- It is known that a subset of T is of class Â SD if and only if it is 
of class No, see e.g. Sario-Oikawa [8, Chapter XI, 3E]. Hence K is not of class No. Let 
ip be a one-to-one conformai mapping of U onto a subset V of U such that V does not 
contain the origin and T\ K corresponds to a subset of T. The mapping can be extended by 
the reflection with respect to T\Konto G ~ C\K. We denote again by 0 the extended 
conformai mapping and set G\ — xjj (G), which is contained in C because V does not 
contain the origin. We take a two-sheeted unlimited covering Riemann surface R\ of Gj 
such that the derived set of the projection P\ of branch points is equal to (dG\) Pi T. Let 
R be a two-sheeted unlimited covering Riemann surface of G obtained from R\ by the 
conformai mapping induced by ijj~~l. Then R is a continuable Riemann surface having 
no planar ends. 

2. It seems to be an interesting problem to replace the condition (b-2) by a more 
concrete condition. To examine (b-2), we have to take all regular simply connected sub-
domains and determine whether their ideal boundaries are crowded or not. Is it possible 
to replace all regular simply connected subdomains by a "canonical" regular simply con
nected subdomain? Can we describe the condition for the ideal boundary of a disk to be 
crowded or not by not using a realization of the ideal boundary of the disk? If a Riemann 
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surface has no simply connected skirts, then the realization / of the ideal boundary of 
every disk is totally disconnected. It is known that / is of class ND if and only if the inner 
logarithmic capacity of r \ / is equal to the logarithmic capacity of F; see, e.g., Sario-
Oikawa [8, Chapter XI, 3F]. Since T\ / corresponds to the relative boundary of the disk 
in the Riemann surface, there is a possibility that we can describe (b-2) not using the 
realization of the ideal boundary of the disk. 

3. There are many results on continuation. For example, Bochner [1] proved that there 
is a maximal continuation for every Riemann surface. Renggli [6] gave a condition for a 
Riemann surface to admit a unique maximal continuation. It is very important to deter
mine or describe all continuations of a given Riemann surface. An exhaustive study was 
begun by Shiba [9] and others. 
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