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A Hahn-Banach theorem for
complex semifields

Howard Anton and W. J. Pervin

The following form of the Hahn-Banach theorem is proved: Let
X be a linear space over the complex semifield E and let

f:8~>E be a linear functional defined on a subspace S of

X. If p: X~ RA is a seminorm with the property that

|f(s)| << p(s) for all s in S , then f has a linear
extension F +to X with the property that |F(x)]| << p(x) for
all x in X .

1. Introduction

Since the introduction of topological semifields by M.Ja.
Antonovski¥, V.G. BoltjanskiT, and T.A. Sarymsakov [1], several
Hahn-Banach type extension theorems for semifield valued linear
functionels have been obtained. K. Iséki and S. Kasahara [Z] obtained an
extension theorem for semifield-valued linear functionals on a real linear
space. A generalization of this result was obtained by M. Kleiber and
W.J. Pervin [3] who showed that a Hahn-Banach type extension theorem for
semifield-valued linear functionals defined on a linear space over a
Tychonoff semifield could be obtained. In this paper it is noted that the
Kleiber-Pervin result applies to linear spaces over arbitrary semifields
and a general form of the Hahn-Banach theorem for complex semifields is

obtained.
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2. Definitions and background

A topological semifield is a pair (&, K) where E 1is a topological
ring and X € E 1is the subring of "positive" elements satisfying the
axioms in [1]. By «x << y we denote the usual partial order given by
Yy ~x €K . An idempotent e is said to be irreducible if 0 << e' << e
implies that e' =0 or e' = e . The set of all irreducible idempotents
will be denoted by A . It is known that, for each ¢ € A , gF is

isomorphic to the reals.

The following embedding theorem has been proved by An’fonovskiT,
Bolf\janski\i’, and Sarymsakov [1]:

THEOREM. Every semifield (E, K) is semifield isomorphic to o

subsemifield of the semifield R of all real-valued functions defined on
A . The isomorphism is given by x + & where z(q) is the image of xq
under the above mentioned isomorphism between qE and R .

From this it follows that the "axis" of the semifield E , defined

as the minimal subsemifield containing the identity 1 of F ,

corresponds to those elements of RA all of whose coordinates are the

same.
The following Hahn-Banach type theorem has been proved by Kleiber and
Pervin [3]:

THEQREM. Let p : X » R® be a sublinear functional on X , a linear
space over E , and let f be an E-valued linear functional defined on a
linear subspace S of X . If fls) << p(s) for every s €5, then f
has a linear extension F on X such that F(x) << p(z) for all
x € X .

Although the above result is stated in [3] for Tychonoff semifields,
i.e., E = RA » the proof given yields the same result for arbitrary

semifields since the element a € HA constructed in the proof would

actually belong to F .

If E is a semifield, then the complexification E = E + ZF is

called a complex semifield. There is clearly & natural embedding of E
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as a subring of A, o1r cz€t':§_6’A and if LA E~+C 1is the g¢-th
projection, then we define |a] € B vy nq(lal) = Inq(a)l

LEMMA. For each w € E and q € b, there exists an element
z = z(w, q) € E such that |z| is the identity 1 of E and

e zw=-ce |wf.
q q

Proof. ey € £ and so, by the embedding theorenm, nq,(eqw) =0 if

q' + q . Now qu (eqw) € ¢ and so there exists a complex number e’be
such that eleﬂq(eqw = [nq(eqw)| . Let z be that element of C° all
of whose coordinates equal ele . Since the axis belongs to E , =z € E .

Clearly |z| =1 and z is the desired element.

3. Complex Hahn-Banach theorem

If X is a linear space over a complex semifield E = E + ZE , then
p: X~ R® is called a seminorm if

1) plx) >> 0

2) pla+y) << p(x) + ply) 5

3) plax) = |alp(x)
for every * , y € X and aq € E where << denotes the usual
coordinatewise ordering of the semifield RA .

THEOREM. Let X be a linear space over the complex semifield E
and let f : §+E be a linear functional defined on a subspace S C X .

If p: X~ R is a seminorm with the property that |f(s)| << p(s) for
all 8 € S, then f has a linear extension F to X with the property
that |F(x)| << p(z) for all =z € X .

Proof. Let f; and f, be the real and imaginary parts of f . We
will show first that f; and f, are (E-valued) linear functionals on
S wviewed as a linear space over E . For x , y €S and a € E we may

write
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Filaz+y) + ify(axvy) = flaxty) = af(z) + fly)
= [afi(z) + f1(y)] + 2laf(x) + f2(y)] .

Equating real and imaginary parts, we obtain the linearity of f; and
fa -
For each & € S we have fi(s) << |fi(8)| << |f(s)] << p(s) . By

the Kleiber-Pervin extension theorem, f; can be extended to an
(E~-valued) 1linear functional F; on X in such a way that

Fi(x) << p(x) for a1l x € X . Since p(-x) = p(x) , it may be noted
that F(x) << p(x) for all « implies that |[F(x)| << p(x) for all
x € X . Now define F : X+ £ by

Flz) = Fi(x) - iFy(ix) .
We will show that F 1is the desired extension.
For each s € S we have
i(f1(s)+if2(s)) = if(s) = flis) = f1(is) + ify(ds)
so that fi(is) = -f»(s) . Consequently,
F(s) = F1(8) - iFy(is) = fi(s) - if1(is) = fi(s) + ifi(s) = f(s)

so that F extends f . F 1is easily seen to be an E-valued linear
functional when X is viewed as a linear space over E . To complete the

linearity argument, it suffices to show that F(izx) = ZF(x) . But
Fliz) = Fi(ix) - iF1(-x) = Fi(ix) + iF1(z) = i(Fl(x)-iFl('i:c)) = 1F(x)
as desired.

Finally, we must show that |F(x)| << p(x) for all = € X . Fix
x € X. For each g € A we may select, by the Lemma with w = F(z) , an

element 2z € E such that |[z] =1 and equ(x) = equ(x)I . Now
F(eqzx) = |F(eqx)| € E and so IF(eqzx)I = |Fy (eqzx]l << p(eqzx) . Thus
we have

o JF@)] = Jo pe)] = ol 7(e2)] = 12lea)| << plez]

= quzlp(x) = eqp(x) .

Since we have shown eq[F(x)I << eqp(x) for all g € A , it follows from

the embedding theorem that |F(x)| << p(x) .
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