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A CHARACTERIZATION
OF UNIVERSAL LOEB MEASURABILITY
FOR COMPLETELY REGULAR HAUSDORFF SPACES

J.M. ALDAZ

ABSTRACT.  In this paper it is shown that the construction of measures on stan-
dard spaces via Loeb measures and the standard part map does not depend on the full
structure of the internal algebra being used. A characterization of universal Loeb mea-
surability is given for completely regular Hausdorff spaces, and the behavior of this
property under various topological operations is investigated.

1. Introduction. Since the time of their discovery ([10]), Loeb measures have of-
ten been used to define or represent measures in standard topological spaces by means
of the standard part map st (see [13] for the first such application). It is thus natural to
ask when the standard part map is a measurable function. Recall that the Baire sets of
X (denoted here by Ba(X)) are those sets contained in the smallest o-algebra making all
the continuous real valued functions measurable, or equivalently, those belonging to the
smallest o-algebra generated by Z(X), the collection of all zero sets of continuous real
valued functions on X. In [6], Henson found that for a subset A of a completely regular
Hausdorff space X, st™!(A) belongs to the o-algebra generated by the internal sets if and
only if A is a Baire set in some compactification of X. In particular, if X is a complete
metric space, only the separable Borel sets satisfy this condition. It seemed that in this
regard, the usefulness of Loeb measures was rather limited, especially considering that
Henson worked with the largest possible internal algebra, *P(X). However, the situation
greatly improves if instead of the smallest o-algebra generated by an internal algebra, we
utilize its completion under some Loeb measure. Anderson ([2]) investigated the measur-
ability of the standard part map using the L(* 4)-completion of an internal algebra, where
1 is some arbitrary standard measure. Loeb showed (in [11]) that if X is compact Haus-
dorff and B is a Borel subset of X, st~!(B) belongs to the L(v')-completion of * Ba(X), for
any finite, internal, countably additive Baire measure v. He has also given some results
for noncompact spaces ([11], [12]). In [14], Landers and Rogge defined universal Loeb
measurability with respect to all finite, internal, finitely additive measures, producing
new results in the theory.

All the set functions considered here will be finite in the standard sense. So, for in-
stance, in the expression “finite, finitely additive internal measure”, “finite” means that
there exists an n € N such that the measure of the space being considered is smaller than
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n, while “finitely additive” means *finitely additive, for otherwise the measure would
not be internal. Let u be an internal measure on an algebra; recall that an internal or
external set A is L(u)-measurable if given any standard € > 0, there are internal p-
measurable sets A; and Ay with A C A C A; and p(Ay) — u(A)) < e. The first the-
orem of this paper (Theorem 2.2) shows that in order to approximate sets of the form
st™'(A) from above and from below, relatively few internal sets are needed; in particu-
lar, if X is a completely regular Hausdorft space, and if B; and B, are internal subsets
of *X satisfying B) C st™'(A) C B, then there exist sets Z; € *Z(X), i = 1,2, with
B C Z C st"'(A) C Z, C B,. This explains why whenever st is measurable, it is al-
ready measurable with respect to * Ba(X); in fact, it does not make any difference which
internal algebra one is working with, provided it contains the internal zero sets. With
these facts in mind, we are going to define universal Loeb measurability in a way that
differs from Landers and Rogge’s. We shall restrict ourselves to completely regular Haus-
dorff spaces; in this context, universality will refer to all finite internal contents defined
on the lattice * Z(X); a content is a positive real valued set function which is monotone,
subadditive and additive. The basic difference between a content A and a finite (finitely
additive) measure is that the first may fail to be modular, i.e., A(A) + A(B) need not be
equal to A(A U B) + A(A M B). We remark that this definition of content is different from
the one Landers and Rogge use in [14]: in their terminology, a content is just a finitely
additive measure.

Section 2 also contains a characterization of the universally Loeb measurable spaces,
that is, the standard spaces X for which the set of near standard points ns(*X) is uni-
versally Loeb measurable. Let st, be the standard part map for the space X and stg, the
standard part map for its Stone-Cech compactification 8X. Theorem 2.5 states that ns(*X)
is measurable with respect to all finite internal contents defined on * Z(X), if and only if
stgxl (X) is measurable with respect to all finite internal contents defined on *Z(3X). In
Section 3, we show that starting with any finite internal content A on * Z(X) one can pro-
duce a Radon measure on X, provided ns(*X) is A\-measurable. As in the case of measures,
the universal Loeb measurability of ns(*X) is equivalent to the universal Loeb measura-
bility of the standard part map. From this and the characterization given in Section 2, it
follows that all Borel subsets of a compact Hausdorff space are universally Loeb mea-
surable, a fact that implies the previously known results. For example, a theorem of Cech
states that a completely metrizable space (a space homeomorphic to a complete metric
space) is a Gy subset of its Stone-Cech compactification. Hence completely metrizable
spaces are universally Loeb measurable. Actually, all Borel subsets of a universally Loeb
measurable space are universally Loeb measurable (Theorem 4.1). As an application, the
above construction of Radon measures is used to give a proof of the Riesz Representation
Theorem.

We mentioned before that while Loeb examined the Loeb measurability of the stan-
dard map st with respect to any finite, internal, countably additive Baire measure, Landers
and Rogge [14] consider all finite, internal, finitely additive Baire measures, not just the
countably additive ones. One might expect that the class of spaces for which st is univer-
sally Loeb measurable in the sense of Landers and Rogge is strictly smaller than in the
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case studied by Loeb. However, this is not true. By Theorem 3.8, ns(*X) is measurable
with respect to all finite, internal, finitely additive Baire measures in *X if and only if it
is measurable with respect to all nonstandard extensions of standard, finite countably ad-
ditive Baire measures in X. An easy consequence of Landers and Rogge’s results is that
this is exactly the class of (completely regular and Hausdorff) pre-Radon spaces. We also
obtain a characterization analogous to that of Theorem 2.5: ns(*X) is measurable with re-
spect to all finite, internal, finitely additive Baire measures in *X if and only if st[;xl X)1is
measurable with respect to all nonstandard extensions of finite, countably additive Baire
measures in 3X. As a corollary, a standard characterization due to Knowles [8] of com-
pletely regular and Hausdorff pre-Radon spaces follows. Finally, Section 4 investigates
the topological properties of universally Loeb measurable spaces.

We will assume that our nonstandard model is ov-saturated, where « is larger than the
cardinality of the topology of 5X. For easy reference, we state the following well known
facts about the Stone-Cech compactification 3X of a completely regular Hausdorff space
X. AsetZ C Xofthe foomZ = {x € X : f(x) = 0} for some continuous real valued
f, is called a zero set. The space X is embedded in 53X as a dense subspace, and every
bounded, real valued, continuous function f on X has a unique continuous extension f
to X. As a consequence, for every zero set Z of X there exists a zero set Z of 8X with
Z N X = Z; for this reason, the set X is said to be z-embedded in 5X. Furthermore, if Z,
and Z, are disjoint zero sets in X, then there exist disjoint zero sets Z; and Z, in 3X such
that Z; = Z; N X, fori = 1,2. To see why this is true, let f~1{0} = Z; and g~1{0} = Z,.
The bounded continuous function & = f—q% satisfies h~1{0} = Z; and h™'{1} = Z,.
Now Z; = h~'{0} and Z, = A~'{1} are the desired sets.

A paving on a set X is just a collection of subsets of X. Itis a [(, X, Nf, Uf]-paving if
it contains the empty set and X, and is closed under finite intersections and unions. We
remark that the collections of zero sets of X, Z(X), and of cozero sets (complements of
zero sets), U(X), are [B, X, Nf, Uf]-pavings. In addition to this, U(X) forms a base for X
whenever X is completely regular and Hausdorff.

As was indicated before, in order to distinguish the standard part map for X from
the standard part map for 3X, we denote the first by st,, and the second by stg,, so
ste:ns(*X) — X and stg,: *3X — (X. Concerning the relation between these two maps,
we mention that st, is just the restriction of stg, to ns(*X). Let m(x) be the monad of the
point x. If the topological space X fails to be Hausdorff, then the standard part map is not
well defined. In this case, for any A C X we set st; '(A) = Uream(x).

2. Main results.

DEFINITION 2.1.  Given a paving V, ¢V, the complement paving of V, is the collection
of all complements of sets in V.

THEOREM 2.2. Let X be a topological space, A a subset of X, B| and B, internal
subsets of *X satisfying B; C st;'(A) C B,, and B a base closed under finite unions and
intersections. Then:
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i) There exist sets O; € *B, i = 1,2, with B; C Oy C st; '(A) C O, C B,.
ii) If X is a regular space, there exist *closed sets C;, i = 1,2, with By C Cy C
st;1(A) C C, C By.
iii) If X is compact, there exist sets C; € *¢B, i = 1,2, with By C C) C st;'(A) C
C, C B,.
iv) If X is completely regular and Hausdorff, there exist sets Z; € *Z(X), i = 1,2,
with By C Z, C st;(A) C Z, C B,.

PROOE. i) Let x € A. The monad of x, m(x), equals the intersection of all *O for
which O € Band x € O. Since m(x) N —B; = ), by a-saturation there exist basic open
sets O0;,i=1,...,n,x € O;,n € N, with

‘:rn] *Oi] ﬂ*-Bz = @
i=1

Let Oy be the internal set (), *O;, and let C = {O, : x € A}. Finite unions of sets
in C are internal and contained in B,, so we can extend C to a hyperfinite collection
Dy, ...,Dy, h € *N, D; € *B, that satisfies

h
02 = UD, C Bz.
i=1
Thus
0, € *Band st;'(A) C |J O, C O, CB,.
X€EA

Next, we find a set O; € *B with B C O C st;'(A). Using «a-saturation, extend
{*O : O € B} to a hyperfinite collection J = {Oy,...,0;, : h € *N} of subsets of *B.
Select x € By, and let O, be the intersection of all sets in J having x as an element. Then
x € Oy € *B, and since J is hyperfinite, the collection {OX X € B,} contains only
hyperfinitely many different sets. Thus By C Uyep, Ox € *B. To see why U,cp, Ox C
st;‘(A), fix x € B}, and note that O, C *G for each standard basic open set G containing
Sty X.

ii) Let X be a regular space. We will show that if Bj is an internal set with B; C st '(A),
then the internal closure of By is also contained inst; ' (A). Fix y ¢ st; '(A). Foreach x € A
choose a standard open set O, containing x with y & *O,. By regularity of X, given x in
A, there is an open set G satisfying x € G, C ¢f G, C Oy, where ¢/ G, stands for the
closure of G,. Since the internal set B, is contained in | J ¢4 *Gy, by a-saturation there
exists a finite collection Gy, , ..., Gy, with By C Ui, *G,, C U}, *cf G,,. Hence, if we
denote the internal closure of By by C;, we have y & Cy, and thus

B C C; C st; '(A).
To complete the proof of ii), we must show that there exists a *closed set C, with

st;'(A) C G, C By
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Fix x € A. Since =B, N'm(x) = {, by a-saturation there exists a standard open O,
containing x with =B, N *0, = (. By regularity of X, there is an open set G, satisfying
x € G, C ¢l G, C Oy. For any finite subset xp, ... ,x, of A,

n
-B, C ﬂ =*cl Gy,

i=1

so by a-saturation there exists an internal open set —C, such that

—B, C ~C, C ) ~*cl Gy.
XEA
Therefore
st;'(A) C U "G C | *ef G, C C; C By.
X€EA XEA

iii) Let X be compact. Then *X = st !(A)Ust'(X\ A), so B; C st;!(A) C B, implies
that =B, C —st; 1(A) = st;‘(X\A) C —B). By Part i) there are internal sets Oy, 0, € *B
with

-B, C 0, Cst;'(X\ A) C Oy C —B,.

Hence C| := —0; € *¢B, C; := =0, € *c¢Band B; C C; C St;l(A) C C, C Bs.

iv) Now assume X is completely regular and Hausdorff. This case can be reduced
to the previous one by embedding X in its Stone-Cech compactification. Since By C
st;‘(A) C B,,B, C stEXI(A) C B U—*X, so by Part iii), with B = U(BX), there exist
*zero subsets Z, Z of *3X which satisfy

By C Z Cst3/(A) CZy C BU—X.
It is easy to check that *X Mst;!(A) = st;'(A). Hence
B CZiN*XCst;'(A) CZN*X CB,.

This is the desired result, since Z; N *X and Z, N *X are in * Z(X). n

REMARK. By Theorem 2.2, the condition that two internal measures coincide on the
*zero sets is sufficient to ensure that they generate the same standard measure via the
Loeb construction. The converse, however, is not true: if ) is Lebesgue measure, and X
the unit interval, the A can be represented by means of *A, or by a hyperfinite counting
measure y, but clearly these do not coincide on * Z(X).

Theorem 2.2 suggests that instead of considering internal finitely additive measures
on internal algebras, we take a more general approach. We say that a nonnegative, real
valued (and hence finite), set function A defined on a [0, X, Nf, Uf ]-paving is a content if
the following conditions are satisfied:

i) M@ =0.
ii) Monotonicity: A C B implies that A(A) < A\(B).
iii) Subadditivity: A\(A U B) < MA) + A(B).
iv) Additivity: If AN B = 0, then A\(A) + A\(B) = M(A U B).
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Note that i) follows from iv) and the finiteness of . A content X is modular (respectively
submodular, or strongly subadditive) if

AMAUB)+ AMANB) = AMA)+ A(B) (respectively <).

We do not require that a content be modular, so it may fail to be extensible to a finitely
additive measure. (Such contents exist and are easy to construct.) The notion of content
we are using is thus more general than that of Landers and Rogge [14].

DEFINITION 2.3. Let X be a completely regular Hausdorff space, and assume our
nonstandard model is a-saturated, with « strictly greater than the cardinality of the topol-
ogy of 3X. Let V be an internal [(, X, Nf, Uf]-paving on *X, and suppose X is a finite,
internal content on V. A set A C *X is (V, A)-measurable if for every standard ¢ > 0
there exist Aj, Ay € VwithA; CA C Az and M(A2) — MA)) <e.

If A is (V, A)-measurable for all finite internal contents A then it is said to be V-
universally Loeb measurable, and we write A € L, (V). If A € L,,(*Z(X)) we simply
say that A is universally Loeb measurable. (As indicated in the introduction, Z(X) is a
[0, X,Nf,Uf]-paving.)

LEMMA 2.4. Let y be a content on Z(3X). Then N(Z) = inf{u(Z) : Z € Z(BX) and
ZNX = Z} is a content on Z(X). If j1 is submodular, so is ).

PrROOF. Conditionsi) and ii) are obviously satisfied.
iii) Subadditivity: Fix A, B € Z(X). Select € > 0 and sets A, B € Z(5X) withANX =
A, BNX = Band \(A) > u(A) — €, \(B) > p(B) — ¢. Then AU B)NX = AUB and
AMA U B) < u(A U B) by the definition of A
< u(A) + u(B) by the subadditivity of u
< AA) + M(B) + 2e.
The rest is proven in a similar way. ]
Suppose A is a content on Z(X). Define X, the natural extension of A to Z(5X), by
setting \(A) = A\(A), where AN X = A. Clearly X is also a content, which is submodular

if A is. When a subset A of *3X is measurable with respect to all natural extensions of
finite, internal contents on * Z(X) we write A € Le(*Z(BX)).

THEOREM 2.5. Let X be a completely regular Hausdorff space. The following are
equivalent:

i) ns("X) € L,(* Z(X))
ii) st} (X) € Lu(* 2(8%))
iii) stz (X) € Le(* Z(BX)).
PROOF. ii) implies iii) is trivial.
iii) implies i). Let \ be a finite internal content on * Z(X), X its natural extension to
* Z(6X). Fix a standard € > 0, and select Z;,Z, € * Z(8X) with

7y Cst;(X) C Zy and M2Z) — MZ)) < e.

Bx
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Then fori = 1,2, Z;N*X € *Z(X),
ZiN*X c [st;xl(X)] N*X =ns("X) C Z,N*X, and A\(Z, N*X) — MZ; N*X) < e.

i) implies ii). Let x be a finite internal content on *Z(3X) and set A\(Z) = internal
inf{u(Z) : Z € *Z(BX) and ZN*X = Z}. By the transfer of Lemma 2.4, ) is an internal
content on * Z(X). Let € be a positive standard real number. Choose Z;,Z, € * Z(X) with

Z) Cos(*X) C Z and M(Zp) — MZy) < e.
By Theorem 2.2 we can select Z; € * Z(3X) so that
Z, C Zy C stz (X).
We also can choose Z, € * Z((X) satisfying Z,N*X = Z, and M\(Zy)+¢ > (Z,), whence
W(Za) < MZi) +2e < p(Zy) + 2e.

It remains to be shown that st[;x1 (X) is a subset of Z,. Fix y € stg)(l (X). We shall prove
that y is a point of closure of the *closed set Z;, whence y € Z,. Let O be any internal
neighborhood of y. By a-saturation there exists an internal cozero O, satisfyingy €
O, C O Nm|sts(y)]. Now, *X is dense in *3X, and thus there exists some z € *X N O,
But then z € *X N st (X) = ns(*X) C Z,, so we are done. .

3. Construction of standard measures and applications. In the process of repre-
senting standard measures via Loeb measures and the standard part map, one starts with
some internal, finitely additive measure p defined on an internal algebra of sets. By The-
orem 2.2, the same results can be achieved when X is completely regular and Hausdorff,
if we restrict u to * Z(X). In this section we prove that any finite internal content A on
* Z(X) generates a Radon measure defined on the Borel sets of X, provided ns(*X) is A-
measurable; this is so even if A is not the restriction to * Z(X) of an internal measure. The
lack of closure under complementation of * Z(X) adds some technical difficulties, but the
proofs are basically the same as in the case of measure on algebras. As applications we
give a proof of the Riesz Representation Theorem and a nonstandard characterization of
pre-Radon spaces, from which the usual standard characterization immediately follows.
Recall that given a paving V, ¢V denotes the collection of all complements of sets in V.

LEMMA3.1. Let ) be a contenton a [0, X,Nf, Uf1-paving V. Then \ can be extended
to a monotone set function i on VU cV by setting ((Z) = MZ) for Z € V and p(0) =
AX) — A(—O) for O € cV.

PROOF. FixA,B € VU cV, withA C B.
If A, B € V, the result is obvious since A is monotone.
IfA €V, BEeEcV,then

AA) + A(—B) = M(A U —B) by the additivity of A

< A(X) by the monotonicity of A, so
p(A) = AMA) < AX) — A(—B) = u(B).

The other cases are similar. .
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LEMMA 3.2. Let ) and p be given as in Lemma 3.1. If Z € V, 0 € ¢V, and Z C O,
then u(0 '\ Z) = (0) — w(2).
PROOF.

w0\ 2) = u(X) — w(—~0 U Z) by definition
= MX) — AM(—0) — \(Z) by the additivity of A on V
= w0) — w2). .

From now on, we will assume that any internal content A on * Z(X) has already been
extended to * Z(X)U* U(X) in the way indicated by the transfer of Lemma 3.1; the exten-
sion will also be denoted by . Recall (Definition 2.3) that the set st; !(A) is (* Z(X), \)-
measurable if for all standard ¢ > 0, there exist internal zero sets Z;, i = 1,2, such
that Z, C st;‘(A) C Z; and A(Z) — A(Z)) < e. By Theorem 2.2 and the transfer of
Lemma 3.1, st; '(A) is (* Z(X), \)-measurable if and only if there are sets Oy, O, € *U(X)
with

01 C st;'(A) C 0, and M(02) — A(Oy) < e.
An analogous statement holds if either O, or O, is replaced by a set Z in * Z(X).

Next we show that the (* Z(X), A)-measurability of ns(*X) implies that the collection
of subsets A of X for which st I(A) is (* Z(X), \)-measurable is a o-algebra 4, containing
the Borel sets of X. The set function L()\) o st; !, defined on 4 by:

L(\) ost; '(A) := inf{°\(Z) : Z € *Z(X) and Z D st; '(A)}
=sup{°A\(Z): Z € *Z(X)and Z C st '(A)},
is a complete, countably additive measure. The proof of countable additivity is the same

as in the usual case, when one starts with an internal measure (see, for instance, [9]). It
will, therefore, be omitted.

THEOREM 3.3. Let X be a completely regular Hausdorff space, and assume ns(*X)
is (* Z(X), \)-measurable. Then the collection C of subsets C of X for which st; '(C) is
(*Z(X), A\)-measurable is a complete o-algebra.

PROOF. Fix a positive standard .
i) C is closed under complementation: Let st; '(C) be (* Z(X), \)-measurable. For i =
1,2, select internal cozero sets O;, D, and internal zero sets L;, Z, with
0, Cns(*X) C Z C Oy,
AMO2) — MOy) <€, and
L CDCst (0 C Ly,
ML) — ML) < e.

Then
NZ \ D) < M0, \ L;) by Lemma 3.1

= AM0O;) — ML) by Lemma 3.2
<A@ +e—AlLy),
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and
MO\ L) = MX) = A(—0, U Ly)
> MX) — AM(—0y) — A(L,) by the subadditivity of A
= MO1) — MLy).
Now
(Z\ D) D st (=C) = ns(*X) \ st; (C) D (01 \ L),
and also

MZ\ D) = XO;1 \ L)) < MZ) + € — A(Ly) — [MO)) — A(L2)]
= MZ) — MO + ML) — MLy) +¢
< 3e.

ii) C is closed under countable unions: For each standard positiveinteger n select C, € C,
and Z,; € *2(X), 0,; € *UX), i = 1,2,3, with

Zny CO, CZpC St;l(Cn) C Op C Zy3 C Opz and A(Oy3) — MN(Zyy) < €277,

Then ]
U Zu C sty (UC,,)C UOnz
n=1
Also
/\(ng 0,,2> - A(HQ z,,z) = A(nl; Om \ g z,,2) by Lemma 3.2
<)( 10, \ Z;1) by Lemma 3.1
n=1
< /\( LkJ [Z,3\ 0nl]> by Lemma 3.1
n=1

k
< Z A(Z,3 \ On1) by the subadditivity of A

n=1

b

< Z MOp3 \ Zy1) by Lemma 3.1

n

=

= Z[)\(On.’:) — MZ,1)] by Lemma 3.2

<e.

Let a = limy °)\(Uf,:| Zy»). Then for all standard positive integers k

k
A(U 0,,2) <a+e.
n=1
By a-saturation we can extend the collection

{On : nis a standard positive integer }

https://doi.org/10.4153/CJM-1992-041-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-041-2

682 J.M. ALDAZ

to a hyperfinite set
h
{Om:1<n gh,he*N}with/\(U On) <a+e.
n=1

Let m € N be such that
m
)\(U Z,,z) >a—e.
n=1

Then we have

m h h m
Uz cst' (U G) € U On and A(U 0n2) = A(U 22) < 2¢.
n=1 neN n=1 n=1 n=1
Finally, if C is a subset of X and for every standard ¢ > O there exists an internal zero
set Z such that st;](C) C Z and A(Z) < ¢, then C belongs to C, whence C is complete. m
Before we prove that C contains the Borel sets of X, some preliminary results are
needed.

DEFINITION 3.4.  The standard part map of X, stx, is said to be (* Z(X), \)-measurable
(respectively universally Loeb measurable) if st '(B) is (* Z(X), )-measurable for every
Borel subset B of X (respectively if st; 1(B) € Lu(*Z(X)> for every Borel subset B of X).

The proofs of the next two theorems are essentially identical to those appearing in
Theorems 1 and 5 of [14], so they will be omitted. Theorem 3.5 was established by Lan-
ders and Rogge for finite, finitely additive measures. The result appearing in Theorem 3.6
was proven by Loeb when ) is a finite internal measure and X is compact [11], or locally
compact [12], and by Landers and Rogge for all completely regular spaces (Theorem 5,
[14]).

THEOREM 3.5. Let V be an internal [0, X, N, Uf]-paving on a set X, and let C C 'V
be a collection with cardinality less than «. Then UC and NC are V-universally Loeb
measurable.

THEOREM 3.6. Let X be a completely regular Hausdorff space, and let X be a finite
internal content on * Z(X). If ns(*X) is (* Z(X), A )-measurable then so is st,.

It now follows that if ) is a finite internal content on * Z(X) and ns(*X) is (* Z(X), \)-
measurable, then L()) o st;! is a complete, countably additive measure defined on a
o-algebra containing the Borel sets of X. Furthermore, L()) o st; ' is Radon. Recall that
a finite, countably additive Borel measure is Radon if it is inner regular with respect to
the collection of compact sets. Let A be a Borel subset of X and B an internal zero set
contained in st; !(A). By Theorem 3.6.1 of [15], st,(B) is compact, and hence Borel, so
st,(B) is L()\) o st; !-measurable and B C st;l(st(B)) C st; '(A), from which it follows
that L()) o st ! is Radon.

REMARKS. 1) Theorem 3.6 implies that st, is universally Loeb measurable if (and
only if) ns(*X) is. The set ns(*3X) = *3X is obviously universally Loeb measurable in
*BX, so by Theorems 2.5 and 3.6, if X is a Borel subset of 3X then ns(*X) is universally
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Loeb measurable. This fact entails the previously known results: ns(*X) is universally
Loeb measurable if X is compact [14, 11], o-compact [14], locally compact [14, 12] (for
alocally compact space is open in any of its compactifications), or completely metrizable
[14, 1] (since a completely metrizable space is a G5 set in its Stone-Cech compactifica-
tion). A completely regular Hausdorff space X is said to be Cech complete if it is Gy in
8X. Hence ns(*X) is universally Loeb measurable whenever X is Cech complete.

2) It was indicated in the introduction that if Z; and Z, are disjoint zero subsets of a
completely regular Hausdorff space X, then there exists a continuous function 4 which is
identically zero on Z; and identically one on Z,. Hence it is possible to find disjoint cozero
sets O; and O, containing Z; and Z, respectively (just take O; = h"{[O, %)}, 0, =
h! {(% 1]}). We can use this observation to derive the Riesz Representation Theorem:

THEOREM 3.7.  Let X be a compact Hausdorff space and I a positive linear functional
on C(X), the space of continuous real valued functions on X. Then there exists a Radon
measure (1 that represents 1, i.e., for every f € C(X), I(f) = [xfdpu.

PROOE. Define A on *Z(X) by setting A(Z) = *inf{*I(f) : f € *C(X) and f > xz}.
The set function A is clearly finite, monotone, subadditive, \(#) = 0, and by transfer
of the above observation, finitely additive, so it is a finite internal content. Thus p :=
L()) ost;! is a Radon measure. Next we prove that for all f in C(X), I(f) = fxf du. Fix
f € C(X) and a positive standard e. Assume the range of f is contained in the interval
[a,b]. Select yo <a<y <:--<y,=bsothatfori=1,2,...,n,y;, —yi—; <e.Let
E={x:y >fkx)> yi_l}. Because each E; is Borel, we can find internal zero sets
Z; C st \(E) with w(E;) < \(Z:) + <. Choose (disjoint) internal cozero sets O; such that
Z; C O; C st;'(E,») (by Theorem 2.2 i) and internal continuous *[0, 1]-valued functions
h; satisfying h; = 1 on Z;, h; = 0 off O;. The continuity of f implies that for z € st !(E;),
*f(z) > yi—1. Since *f > 1 h;*f, it follows that

1) = "1C) > 3 ) > 300 — ' Thi) > i(yi —\NZ)
1 1
> 3001~ (B~ £) > (B — be — eu0+ €
1 1
> ./deu — be — ep(X).

Therefore
16)> [ fp
and also
~I) = (=) 2 [(<Pdn = [ fdn,

completing the proof. L]

Note that in the preceding proof, the theorem on partitions of unity was not needed;
by Theorem 2.2 we were able to choose the internal functions 4; so that they had dis-
joint supports. For prior use of nonstandard analysis in proving the Riesz Representation
Theorem, see [4], [12], [16], [20].
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In the rest of this section we will investigate the question of when ns(*X) is measurable
with respect to all finite, finitely additive internal measures defined on the internal alge-
bra generated by *Z(X). A surprising answer is given by Theorem 3.8: one only needs
to check whether ns(*X) is measurable with respect to all nonstandard extensions of fi-
nite, countably additive Baire measures. Afterwards, we present a theorem, analogous
to Theorem 2.5, which gives a characterization of the spaces X for which ns(*X) has the
above property. A standard characterization of such spaces is also provided.

Some preliminary definitions follow. Let G be an upwards directed collection of open
subsets of a topological space X, that is, if A and B are in G, then there is a set C in
G with AU B C C. A Borel measure y in X is called T-additive (or T-smooth) if for
each such G, W(UG) = sup{u(G) : G € G}. A Hausdorff space is called Radon if
each finite (countably additive) Borel measure in X is Radon, pre-Radon if each finite
T-additive Borel measure in X is Radon. A subspace X of a Hausdorff space Y is Radon
measurable in Y if it is [i-measurable for every finite Radon measure p in Y, where /i
is the outer measure generated by p. We denote by Ba(X) (respectively aBa(X)) the o-
algebra (respectively the algebra) generated by the zero sets of X, and designate the Borel
sets of X by Bo(X). A finite, internal, finitely additive measure X defined on * aBa(X) is
said to be *zero set regular if for all A in *aBa(X), A(A) = *sup{\(Z) : Z C A and
Z € *Z(X)}. We write A € Lyn(* aBa(X)) (respectively A € Lum(*aBa(X))) if A is
universally Loeb measurable with respect to all finite, internal, finitely additive measures
on (*X, * aBa(X)), (respectively if A is universally Loeb measurable with respect to all
finite, internal, finitely additive measures that are *zero set regular on (*X, * aBa(X))). If
instead of finitely additive measures we are dealing with the countably additive ones, we
use Lyo(* Ba(X)).

Let A be a finite, internal, finitely additive measure on * aBa(X). Landers and Rogge
define foreach A C *X

LO)(A) = inf{L(\)(B) : A C B € *aBa(X)} and
L(\)(A) = sup{L(\)(B) : A D B € "aBa(X)}.

They also prove that if y is a finite T-smooth Borel measure in X, then L(*p) ost;! = p
on Bo(X) (Theorem 9. ii of [14], together with the fact that X is a completely regular
Hausdorff space, so pu is regular).

THEOREM 3.8. Let X be a completely regular Hausdorff space. The following are
equivalent:
1) ns(*X) € Lum(* aBa(X)).
2) n5(*X) € Lun(*P(X)).
3) ns(*X) € Lum(* aBa(X)).
4) ns(*X) € Lyo(* Ba(X)).
5) ns(*X) is (* Ba(X), *\)-measurable for all finite, countably additive measures A
on Ba(X).
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6) X is pre-Radon.

PROOF. 1) & 2) One direction is obvious. The other follows by Theorem 2.2. iv
together with the transfer of a theorem of Horn and Tarski [7] stating that every finite
measure on an algebra can be extended to a finite measure on the power set of X. 1)
= 3) and 4) = 5) are obvious. 3) = 4) is a consequence of the fact that a countably
additive measure defined on the Baire sets is automatically zero set regular. 5) = 6) Let
the countably additive Borel measure A be 7-smooth in X, and denote its restriction to
Ba(X) also by \. Then on Bo(X), L(*A)ost; ! = L(*\)ost; ! isRadonand A = L(*\)ost; !,
by the result of Landers and Rogge mentioned before, so X is pre-Radon. 6) = 1) Let A be
a finite internal finitely additive measure on * aBa(X). L(\) o st;l is a T-smooth measure
on Bo(X) (Theorem 4. ii of [14]) so it is Radon. Therefore ns(*X) is A\-measurable. =

In particular, this theorem tells us that for every (completely regular and Hausdorff)
Radon space X, the set of near standard points of X is p-measurable with respect to all
finite, internal, finitely additive Baire measures . Theorem 3.8 raises the following ques-
tion: is universal Loeb measurability with respect to all finite internal contents equivalent
to all the other notions appearing in Theorem 3.87 At the present moment, the answer is
unknown to me. If there is a counter example, then by Theorem 3.10 and the first remark
after Theorem 3.6, such a space must be a non-Borel, Radon measurable subspace in its
Stone-Cech compactification.

Next we give a characterization of the spaces X for which ns(*X) is universally Loeb
measurable with respect to all finite, internal, finitely additive measures on

(*X, * aBa(X)).

THEOREM 3.9. Let X be a completely regular Hausdorff space. The following are
equivalent:
i) ns("X) € Lun(* aBa(X))
ii) stz!(X) € Lum(* aBa(8X))
iii) st@' (X) is (* Ba(B8X), * \)-measurable for all finite, countably additive measures

A on Ba(6X).

PROOF. ii)implies iii) is obvious. For i) implies ii) we need, given an arbitrary, finite,
internal, finitely additive *zero set regular measure p on * aBa($X), a corresponding A
on * aBa(X) with the same property as in Lemma 2.4; that is, if Z € Z(X), then \(Z)
is the internal infimum of all u(Z) where Z € *Z(6X) and Z N *X = Z. By transfer
of the Alexandroff Representation Theorem, we know that given such a u there is an
internal bounded linear functional I defined on the space of internal, *continuous, *real
valued functions on *8X with I(f) = Sopx fdp. Now define I on the space of internal,
*bounded, *continuous, *real valued functions on *X by I(f) = I(f), where f is the unique
internal, *continuous extension of f to *3X. We apply the transfer of the Alexandroff
Representation Theorem once more to obtain the measure A corresponding to 1. If O €
*U(X), then

MO) = "sup{I(f): 0 < f < xo0}
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(see, for instance, the proof of the Alexandroff Representation Theorem in [19]). In what
follows, O does not denote the closure of the cozero set O C *X, but a cozero subset of
*3X whose intersection with *X is O. Given any O € * U(8X) with ON*X = O, and any
f such that 0 < f < x5, the functionf = f|*X satisfies 0 < f < x. Clearly,

AO0) = *sup{I(f) : 0 < f < x4, 0 € *UBX) and ON*X = O}
= *sup{u(0) : 0 € *U(BX) and O N *X = O}.

Hence for any Z € * Z(X),

MZ) = M*X) — A\(=2) = p(*BX) — *sup{u(0) : O € *U(BX) and O N X = —Z}
=*inf{u(Z): ZNX =Zand Z € *Z(BX)}.

The rest of the proof that Part i) implies Part ii) is as in Theorem 2.5, [i) implies ii)].
iii) = 1) By Theorem 3.8 it is enough to prove that for every finite, countably additive
measure A on Ba(X), the set ns(*X) is (* Ba(X), *\)-measurable, so select any such \.
The natural extension X of ), defined by A(A) = A(A N X) for all A € Ba(3X), is a finite,
countably additive Baire measure in 5X. Now the rest of the proof is the same as in iii)
= i) of Theorem 2.5. L

THEOREM 3.10. Let X be a completely regular Hausdorff space. Then ns(*X) €
Lum(* aBa(X)) if and only if X is Radon measurable in 3X.

PROOE. By Theorem 3.9, ns(*X) € Lum(* aBa(X)) if and only if st;xl X) is
(* Ba(8X), * A)-measurable for all finite, countably additive measures A on Ba(3X). As-
sume ns(*X) € Lum(* aBa(X)), and let A be a fixed Radon measure in 8X. Restrict A to
the Baire sets of 53X, and denote the restriction also by A. Then st’,_’,‘x' (X) is *A-measurable,
and so X is X—measurable, since A = L(*)\) o stgx‘ (Theorem 3.3 of [2]).

For the other direction, again by Theorem 3.9, it is enough to show that if A is a finite,
countably additive measure on Ba((3X), then the set st;,‘xl (X)is (* Ba(BX), * A)-measurable.
ButL(*A)o stgx‘ is a Radon measure in X, so by hypothesis X is L(*A)o st};xl -measurable,
concluding the proof. ]

From Theorems 3.8 and 3.10 we obtain the following standard result, due to Knowles
([8], Theorem 3.4, also Corollary 11.8 of [5], whose terminology we follow).

COROLLARY 3.11. Let X be a completely regular Hausdorff space. Then X is pre-
Radon if and only if it is Radon measurable in its Stone-Cech compactification 3X.

This corollary is important because, among other reasons, one can obtain from it the
most general known criterion for deciding whether a completely regular Hausdorff space
is Radon (see [5]).
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4. Topological considerations. Recall that subspaces and products of completely
regular Hausdorff spaces are completely regular and Hausdorff. Clearly, the universal
Loeb measurability of ns(*X) is a topological property of the space X. When ns(*X) is
universally Loeb measurable, or equivalently (by Theorem 3.6), when st, is universally
Loeb measurable, we also call the space X universally Loeb measurable. In this section
we examine how these spaces behave under various topological operations.

“Nice” subspaces of universally Loeb measurable spaces inherit this property. We
have already seen that the Borel subsets of 3X are universally Loeb measurable. In gen-
eral, we have:

THEOREM 4.1. Every Borel subset of a universally Loeb measurable space is uni-
versally Loeb measurable.

We omit the proof, since the argument is very similar to that of Theorem 2.5, iii = i.
One only needs to notice that if Z is an internal zero set of X, then Z N *B is an internal
zero set of *B, and therefore every finite internal content on * Z(B) has a natural extension
to *Z(X).

Universal Loeb measurability is not in general preserved under continuous mappings,
and we will see later that this is so even for quotient maps. The identity map between
[0, 1] with the discrete metric and [0, 1] with the Sorgenfrey topology (the topology gen-
erated by intervals of the form [a, b)) is continuous. We denote the latter space by [0, 1]-s.
The interval [0, 1] with the discrete metric is both locally compact and a complete met-
ric space, hence universally Loeb measurable, while ns(*[0, 1]-s) fails to be measurable
with respect to the transfer of Lebesgue measure. (See [17], Example 6.4, or [18], Ex-
ample 1.1.13.)

A completely regular Hausdorff space is Lindeldf if every open cover has a countable
subcover, zero dimensional if it has a base of clopen sets, paracompact if every open
cover has a locally finite open refinement, and realcompact if it is homeomorphic to a
closed subset of R? for some cardinal ¥ (see [3]). If a space is Lindelof then it is both
paracompact and realcompact. Now [0, 1]-s provides us with an example of a Lindelof
zero dimensional space for which universal Loeb measurability of ns(*X) fails. Therefore
universal Loeb measurability is not preserved under arbitrary products, since for some
cardinal 7, [0, 1]-s is homeomorphic to a closed subset of R”, and closed subsets of uni-
versally Loeb measurable spaces are universally Loeb measurable. A Hausdorff space X
is called a k-space if it is the image of a locally compact Hausdorff space under a quotient
map. Theorem 3.3.20 of [3] states that every first countable Hausdorff space is a k-space.
Thus [0, 1]-s is a complete regular Hausdorff k-space, and it follows that universal Loeb
measurability is not preserved by quotient maps. Landers and Rogge [14] give additional
examples showing that separable metric spaces, complete uniform spaces and arbitrary
products of universally Loeb measurable spaces need not be universally Loeb measur-
able. For finite or countable products we have the following.

THEOREM 4.2. Universal Loeb measurability is preserved under finite and countable
products. '
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PROOF. We give the proof only for the finite case. The countable case is similar. Let
X and Y be universally Loeb measurable. Let A be a finite internal content on * Z(X X Y),
m the projection onto X and 7, the projection onto Y. Then A o ;! and A o ;! are
finite internal contents on * Z(X) and *Z(Y) respectively. Note that ns(*X) X ns(*Y) =
ns(*X X Y). If A and B are zero (respectively cozero) subsets of X and Y, then A X B is
a zero (respectively cozero) subset of X X Y. To see why this is true, select nonegative
continuous functions f: X — R and g: ¥ — R such that A = {f = 0}, B = {g = 0}
(respectively A = {f > 0}, B = {g > 0}) and consider the functionf + g (respectively
f - 8. Now choose Z,; € *Z(X), Oy € *UX), Zy; € *2(Y), Oy; € *UY), i = 1,2,3,

with
Z C Oy CZyp Cns(*X) C Oy C Zy C O,
Xom M (0p) = Aom ' (Za) <,
Zy) COy CZpC ns(*Y) C Oy, CZy3 C Oy3 and
Aoy H(0y3) — N omy N (Zy) < e
Then

Zo X Zy C ns(*X) X ns(*Y) C Oy X Oy,.
By Lemmas 3.1 and 3.2,

AOx2 X Oyp) — MZx2 X Zy2)
= AXOx2 X O\ Za X Zy)
= M[Ox2 X Oy2 \ Ze2 X *Y]U[Ox2 X Oy \ "X X Z2])
<M[Za XY\ Oy X " YJU['X X Zy3 \ "X X Oy1])
<AMZa3 XY\ O X V) + A(CX X Zy3 \ "X X Oy)
= M[Z3 \ Oul X ")+ A(X X [Z3\ Oy1))
SMO03 \ Zal X "N+ XX x [0y3\ Zy1])
<Aoo (0a\Za)+X 01 (03\ Zy)
=Xom H(O03) = Ao (Za) + Ao m, (Oy3) — Ao m, ' (Zy)
<e+e.

The result for finite products follows now by induction. [
Let A be a directed index set for the topological spaces Xy. Suppose that for any
indices ¢ <7 <7 € A there are continuous mappings 7),: Xy — X,, satisfying:

i) m = idy,

ii) Tl'?a oMy =M.
Then, we say that § = {X,,7,, A} is an inverse system of the spaces X,. If A = N, S'is
called an inverse sequence. Let S be an inverse system. An element (xy) of the Cartesian
product [Tyep Xy is called a thread of S if W’L(X'y) = x, forall ¢ <7 € A. The subspace
of [Tyea Xy consisting of all threads of S is called the limit of the inverse system S.
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PROPOSITION 4.3.  The limit of an inverse system S of Hausdorff spaces Xy is a closed
subset of the Cartesian product [Tyep Xy.

PROOE.  See [3] page 98.

This Proposition, together with Theorems 4.1 and 4.2, implies that if [Ty X5 is uni-
versally Loeb measurable, then so is the limit of the inverse system § = {X,, ), A}, and
that the limit of an inverse sequence is universally Loeb measurable if each space X, is.

Let {X, : & € A} be a family of topological spaces. Give pep Xo := Uqen Xo X{}
the strongest topology making all the canonical injections iy: X, — @Dgep X, cOntinuous.
Then @qep Xq is the topological sum of the spaces X,. The easy proof of the following
theorem is left to the reader.

THEOREM 4.4. The topological sum of a family of universally Loeb measurable
spaces is universally Loeb measurable.

If we consider finite or countable products, and arbitrary topological sums of spaces
Xq such that ns(*X) is measurable with respect to all finite, finitely additive internal mea-
sures on * aBa(X), then the analogues of Theorems 4.2 and 4.4 also hold. The proof for
topological sums is the same, and for products it is actually simpler, since one then works
with internal algebras, which are closed under set differences. By Theorem 3.8, it fol-
lows that the class of completely regular and Hausdorff pre-Radon spaces is closed under
countable products and topological sums. On the other hand, all the counter examples
provided use internal measures, and not just contents, so again by Theorem 3.8 they can
be interpreted in terms of pre-Radon spaces. Thus, for instance, a completely regular
Hausdorff space which is the image of a pre-Radon space under a quotient map need not
be pre-Radon.

OPEN PROBLEM. s there a completely regular Hausdorff space X such that ns(*X)
is measurable with respect to all finite, internal, finitely additive measures defined on
* aBa(X), but fails to be measurable with respect to some finite internal content defined
on *Z(X)? The nonstandard model is assumed to be a-saturated, with « larger than the
cardinality of 5X.

ACKNOWLEDGMENT. The author is indebted to Professor Peter Loeb for his help
during the preparation of this article and to the referee for several valuable suggestions
and for pointing out relevant references.

REFERENCES

1.S. Albeverio, J. E. Fenstad, R. Hoegh-Krohn, and T. Lindstrgm, Nonstandard methods in stochastic analysis
and mathematical physics, Academic Press, New York, 1986.

2. R. M. Anderson, Star-finite representations of measure spaces, Trans. Amer. Math. Soc. 271(1982), 667—
687.

3. R. Engelking, General Topology, Berlin: Heldermann, 1989.

4.D.J. H. Garling, Another ‘short’ proof of the Riesz representation theorem, Math. Proc. Cambridge Philos.
Soc. 99(1986), 261-262.

5. R. J. Gardner and W. F. Pfeffer, Borel measures, Handbook of Set Theoretic Topology, (K. Kunen and
J. E. Vaughan, eds.), North-Holland, Amsterdam, 1984, 961-1043.

https://doi.org/10.4153/CJM-1992-041-2 Published online by Cambridge University Press


file:///JaeA
https://doi.org/10.4153/CJM-1992-041-2

690 J.M. ALDAZ

6. C. W. Henson, Analytic sets, Baire sets and the standard part map, Canad. J. Math. 31(1979), 663-672.
7. A. Horn and A. Tarski, Measures in Boolean algebras, Trans. Amer. Math. Soc. 64(1948),467-497.
8.J. D. Knowles, Measures on topological spaces, Proc. London Math. Soc. (3) 17 (1967), 139-156.
9. T. Lindstrgm, An invitation to Nonstandard Analysis. In: Nonstandard Analysis and its applications, (N.
Cutland ed.), London Mathematical Society Student Text 10, Cambridge University Press, 1988.
10. P. A. Loeb, Conversion from nonstandard to standard measure spaces and applications in probability
theory, Trans. Amer. Math. Soc. 211(1975), 113-122.
, Weak limits of measures and the standard part map, Proc. Amer. Math. Soc. 77(1979), 128-135.
, A functional approach to nonstandard measure theory, Conference on Modern Analysis and Prob-
ability Theory, (Beals et. al. eds.), Amer. Math. Soc., Providence, R.I., 1984.
, Applications of nonstandard analysis to ideal boundaries in potential theory, Israel J. Math.
25(1976), 154-187.
14. D. Landers and L. Rogge, Universal Loeb-measurability of sets and of the standard part map with appli-
cations, Trans. Amer. Math. Soc. 304(1987),229-243.
15. W. A.J. Luxemburg, A general theory of monads, Applications of Model Theory to Algebra, Analysis and
Probability, (W. A. J. Luxemburg, ed.), Holt, Rinehart and Winston, New York, 1969, 18-69.
16. D. Ross, Yet another short proof of the Riesz representation theorem, Math. Proc. Cambridge Philos. Soc.
105(1989),261-262.
17. Lifting theorems in nonstandard measure theory, Proc. Amer. Math. Soc., to appear.
18. K. D. Stroyan and J. M. Bayod, Foundations of Infinitesimal Stochastic Analysis, North-Holland, Amster-
dam, New York, Oxford, Tokyo, 1986.
19. R. F. Wheeler, A survey of Baire measures and strict topologies, Expositiones Math. 2(1983), 97-190.

20. R. Zivaljevic, A Loeb measure approach to the Riesz representation theorem, Pub. Inst. Math., Beograd,
N.S. 32(1982), 175-177.

11.
12.

13.

Department of Mathematics

The University of the West Indies
Kingston 7

Jamaica

https://doi.org/10.4153/CJM-1992-041-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-041-2

