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Abstract

We analyze the automorphism group for the norm closed quiver algebras 7+ (Q). We begin by focusing
on two normal subgroups of the automorphism group which are characterized by their actions on the
maximal ideal space of 77 (Q). To further discuss arbitrary automorphisms we factor automorphism
through subalgebras for which the automorphism group can be better understood. This allows us to
classify a large number of noninner automorphisms. We suggest a candidate for the group of inner
automorphisms.
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Building on work of Davidson and Pitts [3], we analyze the automorphism group of
the norm closed quiver algebras 77 (Q). We use the maximal ideal space and the
underlying directed graph to make a first pass at the automorphism group of 7 (Q).
After this we use a finer analysis and graph subalgebras to describe large classes of
automorphisms.

One thing that comes out of this paper is a clearer understanding of when questions
concerning continuity of automorphisms arise for the quiver algebras. In particular, if
the graph has a source and a sink and an infinite number of cycleless paths between a
source and a sink then continuity of automorphisms is not guaranteed.

We begin by describing two normal subgroups of Aut(7 *(Q)): the component
fixing automorphisms, CF(Q), and the Gelfand fixing automorphisms, GF(Q). Both
CF(Q) and GF(Q) are related to how the automorphism acts on the maximal
ideal space of 77(Q). The quotient of Aut(7 *(Q)) by the component fixing
automorphisms CF(Q) is in one-to-one correspondence with the group v-Aut(Q), a
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subgroup of the automorphism group of the graph. Lastly the natural quotient yields a
split exact sequence of groups.

The subgroup of Gelfand fixing automorphisms is more complicated. Here the
natural quotient does not form a split exact sequence. However, the quotient, as in
[31, is a direct sum of copies of Aut(B,) the conformal automorphisms of the unit ball
of C".

We also see that every Gelfand fixing automorphism factors through graph
subalgebras arising from consecutive vertices. We then analyze such subgraphs and
their automorphism groups completely. A further refinement is then made to look at
those automorphisms which factor naturally through subalgebras arising from loopless
cycles. This analysis relies on the paper of Alaimia [1]. We are then left with a normal
subgroup, MIF(Q), which we conjecture is equal to Inn(7 *(Q)).

The weak operator topology closed free semigroupoid algebras are slightly more
complicated in the sense that continuity of automorphisms is less tractable. However,
proper modifications of the results in this paper, in particular the techniques, will apply
in most cases to the free semigroupoid algebras.

1. Directed graphs and their algebras

We begin with definitions and terminology. We can view a directed graph Q as a
four-tuple (V(Q), E(Q), r, s) given by a pair of sets, V(Q) and E(Q), and a pair of
maps v : E(Q) — V(Q) and s : E(Q) — V(Q). We assume, of course, that V(Q) is
nonempty and where it will not cause confusion we often write V for V(Q) and E for
E(Q). We call the set V the vertices of Q and the set E the edges of E. The maps r
and s are called the range map and source map, respectively. Given a pair of vertices
v, w denote by E, ,, the edges e with s(e) = w and r(e) = v.

In this paper we assume that both V and E are countable. A vertex v is a source
if r(e) # v for all e € E and we say a vertex v is a sink if s(e) # v for all e € E. We
say that the graph Q has no sources if the range map is onto and we say that Q has no
sinks if the source map is onto. We say that Q is infinite in one direction if either the
range map or the source map is onto.

A finite path w in a directed graph is a finite sequence of edges w = eje; - - - €, such
that r(e;) = s(e;j—1) for all i > 2. The length of the finite path w will be the number
of edges in the sequence; we denote this number by /(w). A vertex can be considered
a path of length zero; we call these degenerate paths when used in this way. We say
that a path w = ejey - - - e, is a cycle if s(e,) = r(e1). We call a cycle nontrivial if the
length of the cycle is greater than one. If the length of a cycle is one we call the cycle
a loop. We say that a vertex v supports the path w if there is ¢; in the path w such that
s(e)) =v.

Given a directed graph Q we let £%(Q) denote the Hilbert space of sequences
indexed by the finite directed paths in Q. Here we are including the degenerate paths.
Now consider the left regular representation of Q acting on £2(Q) by concatenation
of paths. The vertices v € V(Q) give rise to a family of orthogonal projection P,
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which sum to the identity. Every edge e gives rise to a partial isometry L, such that
L}L, = Pg() and Z”(E):v L.L} = Py). The norm closed nonselfadjoint algebra
generated by {L., P,:e € E, ve V} will be denoted 71(Q). Although it is not
addressed in this paper one can also look at the weak operator topology closure of
this algebra, denoted L. This latter algebra is called the free semigroupoid algebra
associated to Q. We refer the reader to [6] and [7] for more information about these
algebras.

An important aspect of these algebras is that given X € 7 (Q) there is a unique
‘Fourier series’ associated to X. In particular,

X = ZawLw
w

where a,, is a complex scalar and w varies over all possible finite paths in Q. Of
course, the Fourier series of a product is the usual convolution product of the two
Fourier series. In addition, given any n > 0 there is an ideal

T Q)= {X = ZawLw | ay, = 0 for all w with [(w) < n}

In the case of n = 1 this ideal is generated by {L, | e € E}.

Lastly, given a Banach algebra A we denote by Aut(A) the set of continuous
automorphisms of A. We use Inn(A) to denote the set of those automorphisms on
A given by X > zXz~! where z is invertible in A, the so-called inner automorphisms.

2. Directed graph automorphisms

We begin by analyzing directed graph automorphisms with an eye to using these
to study the automorphisms of 7 (Q). If O and Q; are directed graphs then by a
directed graph homomorphism 6 : Q1 — Q> we mean a pair of maps 0y : V(Q1) —
V(Q2) and 0 : E(Q1) — E(Q>) such that the following diagrams commute.

E(Q1) —=V(0)) and  E(Q)) ——= V(Q1)

o Jo g Jo

E(Q2) —~ V(Q2) E(Q2) —> V(Q2)

In other words s2(0g(e)) =0y (si(e)) and r2(Og(e)) =60y (ri(e)) for all edges
e € E(Q1). Here r; and s; are the range and source maps on the respective graphs.
We refer to Oy as a vertex map and 6 as an edge map. As expected we say that
0 is a directed graph isomorphism if both 6y and 6 are one-to-one and onto. If
0 : Q — Q is an isomorphism we call it a directed graph automorphism. We find it
useful to study the directed graph automorphisms in our analysis of the automorphisms
of quiver algebras.
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We begin with some elementary lemmas for which the reader can readily provide
proofs. We start by noting that the map id: Q — Q given by idy(v) =v and
idg (e) = e is an automorphism. Further, given two automorphisms 8; and 8, we write
01 o 6, to denote the composition of the respective vertex and edge maps.

LEMMA 2.1. If 0 is an automorphism of Q, then there exists an automorphism 6~
such that
0007 =070l =id.

Note that to define #~! we need only look at the reverse set maps 0y ! and 951
which are well defined because 8y and 6g are both one-to-one and onto. The proof
consists of verifying that these new maps give rise to the appropriate commutative
diagrams. The next lemma is now trivial.

LEMMA 2.2. The set of automorphisms of a directed graph, call it Aut(Q), is a group
under composition, with identity element id.

DEFINITION 2.3. Let VF(Q) denote the set {# € Aut(Q) | Oy = idy }. We call this set
the vertex fixing automorphisms of Q.

PROPOSITION 2.4. The set VE(Q) is a normal subgroup of Aut(Q).

PROOF. Note that VF(Q) is closed under composition, id € VF(Q), and if 8y =id,,
then 6y, 1 idy and, hence, VF(Q) is a subgroup of Aut(Q). Now note that if 6 is an
arbitrary element of Aut(Q) then

Oy oidy 00y, =60y 00, =idy

and, hence, VF(Q) is normal inside Aut(Q). O

DEFINITION 2.5. Let v-Aut(Q) denote the quotient Aut(Q)/VF(Q) and call this
group the vertex automorphisms of Q.

For concreteness we now present some examples.
EXAMPLE. Let Q be the graph

LN,

and note that the automorphism group is the trivial group.
EXAMPLE. Let Q be the graph

e ——>0

N

O<——0<—0

and note that while Aut(Q) = Zjs the subgroup VF(Q) is trivial.
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EXAMPLE. As a final example let Q be the graph
TN

e ——>0

N
and note that Aut(Q) = VF(Q) = S3.

For the rest of the paper we only need v-Aut(Q) but for the interested reader we
complete our description of Aut(Q) for a countable directed graph Q. Let E,, ,, denote
the set of edges in Q such that r(¢) = v and s(e) = w, note that we do not require that
v # w. Now assign to each E, 4, a total ordering. In other words if there are n edges
in E, ,, label them as ey, e, ..., e,. Note that an automorphism will map E, ,, to
E v for some vertices v’ and w’ and note that the cardinality of E,, ,, will be equal
to the cardinality of E\/ . We say that an automorphism 6 preserves order at (v, w)
if Og(e;) = f;, for all ¢; € E, 4. Let OP(Q) denote the set automorphisms which
preserve order at (v, w) for all pairs (v, w) € V x V.

PROPOSITION 2.6. The group v-Aut(Q) is isomorphic to OP(Q).

PROOF. Let 6 € Aut(Q) and define 6’ € OP(Q) by 6y, (v) = Oy (v) for all vertices v.
Furthermore, for ¢; € E, 4, let 0;.(e;) = f;, where f; € Eg, (v),6y (w), then it is clear
that 6’ is an automorphism and 6’ € OP(Q).

Now for [0] € v-Aut(Q) define the map A | v-Aut(Q) — OP(Q) by A([0]) =0'.
We first verify that this map is well defined. Let 61 o0 6, l—s¢ VF(Q). Then note
that 6 o 92_1 (v) = v. It follows that (91)y = (62)v and, hence, 6] = 6 and A is well
defined.

Next note that A([id]) = id’ = id and, finally,

A(0lofoD=A(0oc]) =0 00).

Now (Boo)y =0y ooy and, hence, (foco) =6"oc’ and the map A is a
homomorphism.

Now 0’ € Aut(Q) and A[0'] =6’ making A onto. We need only verify that T is
one-to-one. So let A([0]) = A([o]). Then, in particular, 0y = oy so 6y ooy, I —id.
It follows that [@] = [o'] and the result follows. O

If we look at the map A we note that in v-Aut(Q), [6] = [0’] and hence the group
Aut(Q) splits as
VF(Q) @ v-Aut(Q).

We can also analyze the group VF(Q) to obtain more information about Aut(Q).
Recall that the symmetric group S, is the group of permutations on an n-element set.

PROPOSITION 2.7. The group VE(Q) is isomorphic to

B Su.

(v,w)eVxV

where n,, y, is the number of edges e with r(e) = v, s(e) = w.
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PROOF. If Oy (v) = v, then Og(E,, ) is just a permutation of E, ,,. If we let Py,
denote the automorphisms which are the identity on V and on E, ,,» where v’ # v and
w’ # w. Then P, is a normal subgroup of VF(Q). Further, if v/ # v and v’ # w,
then Py, N Py, = {id}. Lastly, if 8 € VF(Q), then for (v, w) € V x V let 6, ,, be
that element of VF(Q) such that 6, ,,(e) =6 (e) for all e € E,, ,, and 6, 4, (e) = e for
alle & E, ,,. Then note that 0 = H(v,w)eva 0y, w. In other words,

VEQ) = [] P

(v,w)evxV

and hence VF(Q) is the direct product of the P, ,,. It is easy to see that Py ,, = S,, ,
and the result follows. O

Summarizing the above we have the following theorem.

THEOREM 2.8. Let Q be a directed graph, then

Aut(Q) = V'AUt(Q) @ < @ Snv,w)

(v,w)eVxV
where n, .y, is the number of edges e with r(e) = v, s(e) = w.

The importance of graph automorphisms is encoded in the following easy
proposition.

PROPOSITION 2.9. Let 6 : Q — Q be a graph automorphism, then there exists a
continuous automorphism 0 : TT(Q) — TT(Q).

PROOF. This is actually just a corollary of [2, Corollary 3.2] by noting that the left
regular representation of a directed graph is pure and that 6 induces a relabeling of Q
with respect to the left regular representation. O

There are, of course, many automorphisms of 7 (Q) which do not come from
Aut(Q). We look at these in the following.

3. The maximal ideal space of a quiver algebra

An important invariant for the algebras 7+ (Q) is the space of multiplicative linear
functionals, the maximal ideal space M. This was studied in [5] in analyzing
isomorphisms of directed graph operator algebras. We go through the description here
and work through the properties that are necessary for what follows.

Let v be a vertex in Q, then the projection associated with v, call it P,, is orthogonal
to the projections P, associated to different vertices w. As P, is a projection, the
image of P, under a multiplicative linear functional must be equal to zero or one.
Note that if it is equal to one, then by orthogonality, every other projection P,, must be
sent to zero. Hence, the first thing to know about the maximal ideal space is that Mg
has a distinct component for each vertex in Q.
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Now fix v € V(Q) and let ¢ be an edge in E(Q). Let m be a multiplicative
linear functional that sends P, to 1. Then if r(e) # v or s(e) # v, then w(L,) =0.
Let E, , ={e1, e2, ..., ey} and note that [(w(L¢,), w(Le,), . .., w(Le,))| <1 since
7 must be completely contractive. Similarly if A := (A1, A2, ..., A,) is an element
of C" such that |A| <1, then the map which sends P, to 1 and L., to A; defines a
multiplicative linear functional on 7 (Q).

In fact, the following proposition is essentially Corollary 3.3 of [5] with the
following notation. The nonnegative integer n(v) denotes the number of loop edges
supported by v and B,,(;) denotes the unit ball in C"™ if n(v) > 0 and {0} if n(v) = 0.

PROPOSITION 3.1 (Katsoulis—Kribs [5]). If Q is a countable directed graph, then Mg
is a locally compact Hausdorff space with a connected component corresponding
to each vertex v € V(Q) and each connected component is of the form B, ().

Implicit in this statement is that the w*-topology on a connected component of Mg
corresponds to the usual topology on C"™ . Note that if v is a sink or a source, then
the component corresponding to v is {0}. In fact, the component corresponding to v
is {0} if and only if v does not support a loop edge. The following is a strengthening
of a standard fact for Banach algebras. In particular, if an automorphism of a Banach
algebra is continuous, then the result follows immediately. We use the special structure
of the algebra 7+ (Q) to see that continuity is not necessary.

THEOREM 3.2. Let @ be a (not necessarily continuous) automorphism of T(Q),
then 6 induces a homeomorphism Mg : Mg — M.

The proof begins with a few lemmas.
LEMMA 3.3. Let X € TT(Q) such that X> = X, then X = 0.
PROOF. Let X € 7T(Q)1, then

X = Z aywLy.
[(w)>1
Let m = inf{l(w) | a,, # 0}. Now looking at

X% = Z buwLy

l(w)>1

we see that n = inf{l(w) | by # 0} > 2m. Thus, if X> = X, then m = 0o and n = co
and, hence, a,, = 0 for all finite paths w. |

LEMMA 3.4. Let v be a vertex in Q and 6 a (not necessarily continuous) auto-
morphism of T+(Q). Then there exists a unique vertex v' such that (Py) = Py + X
where X € TT(0); .

PROOF. Note that (P,)> = P, and, hence, (0(P,))>=0(P,). We know by the
preceding lemma that 0(P,) €7 (Q); and, hence, 0(Py) =) ay Py + X,

weV
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where X € 77(Q);. We also know that a,, € {0, 1} for all w €V, otherwise
(O(Py))* # 6(P,). Now, if v; € V with vy # v, then P,P,, =0= P, P, and, hence,
if @,y =1, then writing 6(Py,)) =Y, cy bw Py + Y with Y € 71(Q)1 we know that
by =0.

Now note that if r(e) # s(e), then L2 =0 and, hence, 6((L,))> =0. However,
if 0(L,) € TT(Q)1, then O(L,) # 0 which is a contradiction. If (e) = s(e) = v the
situation is more complicated, we have to allow for the possibility (which can certainly
happen) that 6(L,) =Y, cy %wPuw + Z where Z € TT(Q);. Writing 0(Pr()) =
Y wev w Py + X, then since L, Pr() = L, = Pr()L. we know that o, # 0 only if
ay # 0. Further since Lz —L,=L.(L,— Pr)) we have

> (ap —aw) Py + Z1 = O(L] — L)

weV

=0(L.)0(Le — Pr(e))

= (Z ot Py + Z)(Z(aw —ay) Py + Zz)
weV weV
= Z(ai —ayay) Py + Z3
weV
= Z(ai; —ay)Py + Z3

weV

where Zi, Z», Z3 € TT(Q);. Hence, if there is some w with a, #0, then
(ozlzb —Oy) = (ag) — ayy) for all w and, hence, ay, = ay, forallw e V.

It follows that if there exist v’ and v” such that a,; = a,, then neither P, nor P,
are in the range of 6 contradicting the fact that 6 is an automorphism. O

We say that a path w =ejes - - - e, in Q is vertex acyclic if r(e;) # r(e;) for all
i # j. We say that a vertex v is sinking if for every finite path w with s(w) =v we
have that w is vertex acyclic. Denote the set of sinking vertices by V;. Let Q¢ denote
the graph obtained from Q be removing all vertices in Vy and all edges with r (e) € V.
Let Q, denote the graph obtained by removing all vertices not in Vs and all edges with
s(e) € V. The following lemma follows trivially from the description of the maximal
ideal space Mg as corresponding to vertices.

LEMMA 3.5. Let Q be a directed graph then Mg, is homeomorphic to a locally
compact Hausdorff subspace of Mg. Here Mg  is homeomorphic to a locally
compact Hausdorff subspace of M. The two subspaces are disjoint and under this
identification Mg = Mo, U Mg,.

We now come to the central lemma which yields the homeomorphism induced by 6.
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LEMMA 3.6. Let 6 be a (not necessarily continuous) automorphism of T+(Q), then
0 induces a bijective mapping 0 : Mg — Mg such that 0| Mo, is a bijective mapping

onto Mg, and §| My, is a bijective mapping onto M.

PROOF. This follows since 7+ (Q) can be written in lower triangular form as

A 0

C D
where A € Tt(Qp), D € Tt(Qy), and X € C implies X2 =0. It follows that if
v € Vg, then 6(P,) = Py + X where w € V; and similarly for v & V. a

We are now ready to prove the theorem.

PROOF. Note that §| My, 18 @ homeomorphism since Mg, is a countable set of points
with the discrete topology. Now let

i:T7(Qo0) = TH(Q)

be the inclusion map which is continuous. Furthermore, let

Py=>" P,

v Vs

and note that § := Py0(i(X)) is an automorphism of T+(Qo) onto the subalgebra
TT(Qo¢) CTT(Q). As TT(Qp) has no sinks we know that 8 is continuous [5, 3.15]
and, hence, induces a homeomorphism on Mg,,. However, note that 6| Mo, is the same

as the map induced by 6 on M 0o- S0 we know that §| Mo, is continuous and, hence, 6
induces a homeomorphism on M. O

We use this homeomorphism to define our first class of automorphisms. We say
that an automorphism 6 is component fixing if the induced homeomorphism My fixes
connected components of the maximal ideal space. In other words, if X is a connected
component of the maximal ideal space, then My(X) = X. We denote the set of all
component fixing automorphisms of 7+ (Q) by CF(Q).

THEOREM 3.7. The set CF(Q) is a normal subgroup of Aut(T +(Q)). Furthermore,
Aut(71(Q))/CF(Q) = v-Aut(Q) and Aut(7 T(Q)) = CF(Q) @ v-Aut(Q).
PROOF. Clearly the identity automorphism is in CF(Q). If 61, 6, € CF(Q), then for a
connected component X € M we have Mg, o6, (X) = Mp, (X) = X and, hence, CF(Q)

is closed with respect to products. Also if My-1(X) =X, then My-1(X) = X and,
hence, CF(Q) is a subgroup of the automorphism group.
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Now if § € Aut(7 +(Q)) and 6’ € CF(Q), then for a connected component X € M 0
we have

Myogro0-1(X) = Mgogr (Mg-1(X))

= My (My-1(X))
= My p-1(X)

= Mia(X)

= X.

Denote by S, the closed subspace of 2(P(Q)) onto which P, is the projection.
Since each of the P, are orthogonal and ) P, = I we know that

CPEN= P s
veV(Q)

Now note that for a vertex v, S, is either one-dimensional (if V does not support a
nontrivial cycle) or S, has countably infinite dimension.

Let B, be the connected component of M associated to the vertex v. Then
note that if @ is an automorphism of 7 (Q), then the induced map on M o will send
M to some component B,/ and note that n(v) = n(v’). For such 6 note that
the dimension of S, will be equal to the dimension of S,y and, hence, there is an
(not necessarily unique) isomorphism 7 : S, — S,s. For each pair (v, v") associated
to 6 fix an isomorphism between S, and S,y and call it [, ,y and note that the map
Up = ZUGV(Q) I, is a unitary. We can assume without loss of generality that
if v="1', then I, is the identity isomorphism. Further, if 6 and 6’ are distinct
automorphisms with the same pair (v, v’), then we assume (once again without loss of
generality) that I, ,» will be the same in both circumstances. We can do this beforehand
by taking all possible pairs (v, v') where S, and S,y have the same cardinality and
defining our [, , without reference to the automorphism.

Now note that Ad(Up)(x) = Uyx Uy is an automorphism of 7+ (Q) and further a
quick calculation tells us that Ad(Up) o 8 € CF(Q).

In particular, we have a split exact sequence

q
—T T

0 — CF(Q) — Au(7*(Q)) Aut(T*(Q))/CF(Q) —0,
~N~—

[0]—Ug

where ¢ is the quotient map. Of course, we still must verify that the map [6] — Uy is
well defined, but since the I, v are independent of 6 this is trivial. Further, following
this map by ¢ will clearly induce the identity map on Aut(Z *(Q))/CF(Q).

It only remains to verify that Aut(7 *(Q))/CF(Q) is isomorphic to v-Aut(Q).
We do this by making reference to a construction in [5]. There it is shown that
given a directed graph algebra the directed graph Q is an invariant of the algebra.
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In particular, they use Mo and the two-dimensional nest representations of 71 (Q)
to construct the graph Q. One uses this construction to see that an automorphism
0 will yield a graph automorphism of Q. Denote by 74 the graph automorphism
associated to 6. We now claim that the map Uy > (ty,)’ is an isomorphism between
v-Aut(Q) and Aut(7 +(Q))/CF(Q). That this map is a homomorphism follows from
basic considerations of the map Uy and its relationship to ty,. That the map is onto
comes from constructing, given a fixed order-preserving automorphism of Q, call it t,
an automorphism of 7 (Q) by letting P, > P.v) and L, — L for all vertices v
and edges e.

We must finally verify that the homomorphism is one-to-one. However, note that
if (rUa1 Y = (TU%)” then TUe, Ug—zl fixes the vertices of Q and, hence, (TUgl Uﬁ_zl)/ is the
identity map. The result now follows. |

We note from the proof that the automorphisms which do not fix connected
components of the maximal ideal space are implemented by unitaries in B(2(P(Q)))
and, in particular, are continuous. We now look to analyze the group CF(Q).

4. Gelfand fixing automorphisms

Let 6 be an automorphism with associated homeomorphism My on M. We say
that 6 is Gelfand fixing if My is the identity homeomorphism.

DEFINITION 4.1. Let GF(Q) denote the set of all continuous Gelfand fixing
automorphisms of 7 (Q).

Note that if 8 is Gelfand fixing, then, in particular, 6 is component fixing. We see
that more is true.

PROPOSITION 4.2. The set GF(Q) is a normal subgroup of Aut(7 (Q)).

PROOF. Clearly, the identity automorphism is an element of GF(Q). Further if
0 € GF(Q), then My-1 = (Mp)~' =id~! =1id and, hence, GF(Q) is closed under
inverses. Next note that if 6; and 6, are both in GF(Q), then

Mg, 09, = Mg, o Mg, =id oid =1id

and, hence, GF(Q) is a subgroup of Aut(7 T (Q)).
Now if T € Aut(7 T (Q)) and 6 € GF(Q), then

M, gor—1 = My oMyoM,_
= M; o My o (My)™!
= M, oido (M;)™!
=id
and, hence, T 0 6 o ! is an element of GF(Q). O
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We now want to analyze the relationship between CF(Q) and GF(Q). Note that if
a vertex supports no loop edges, then the component of My corresponding to v is a
one-point space. Hence, if 6 is in CF(Q), then 6 will be the identity homeomorphism
on the component corresponding to v. We call such components trivial components.
We see that the only components which can possibly give rise to automorphisms in
CF(Q)\GF(Q) are the nontrivial components.

Now fix a component X € Mo which corresponds to a vertex v with n loop edges
supported on v. Let Fx denote the set of those automorphisms 6 € CF(Q) such that
My is the identity homeomorphism on X.

PROPOSITION 4.3. If X is a component of Mg, then Fx is a normal subgroup of

CF(Q).

PROOF. Note thatif @ € Fy, then My-1|x =id = Mp|x and, hence, Fy is closed with
respect to inverses. Furthermore, if 1 and 6 are in Fy, then 0] o 6, induces the trivial
homeomorphism on X and, hence, Fy is closed with respect to composition. It follows
that F is a subgroup.
Now if 0 € Fx and o € CF(Q), then
M

o

ofoo—11x = (Mg o Mg o My-1)|x
= My|x o Mg|x o M,-1|x
= My|x o M,-1]x
=id

and, hence, Fy is normal. O

Note that if X is a trivial component, then Fy = CF(Q). Furthermore, if X is the
only nontrivial component of Mg, then Fy = CF(Q).

PROPOSITION 4.4. Suppose that {X;}{° | are the mutually disjoint set of all nontrivial
components of M, then

() Fx; = GF(Q).
i=1

PROOF. Clearly every automorphism in GF(Q) will fix the components X; and, hence,
GF(Q) €2, Fx,- Now if 6 € (72, Fx,, then My will be the identity on every
component and, hence, 6 € GF(Q). O

Now for a nontrivial component X C My let Gy be the normal subgroup
Ny +x Fy, where Y ranges over the set of nontrivial components in M¢. Note that
Gx = CF(Q)/Fx via the natural map. If we analyze the situation of a single graph
with n vertices, as was done in the weakly closed case in [3], we can actually figure out
what G x /GF(Q) looks like where X is a nontrivial component of M. We remind the
reader that B, denotes the open unit ball of C"* and let Aut(B,,) denote the conformal
automorphisms of B,,.
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THEOREM 4.5. Let X be a component corresponding to the vertex v which supports
n loop edges. Then there is a short exact sequence

0— GF(Q) - Gx — Aut(B,) — 0.

This exact sequence does not split. However, there is a group of unitaries Ux which
implement automorphisms in Gx and such that there is a group isomorphism of Uy
onto Aut(B,,).

PROOF. For this proof we take each subalgebra which is generated by a single vertex
and all of the loops attached to that vertex and use the arguments of [3]. The unitaries
are then applied to the whole algebra treating each component separately. O

The following corollary is now an easy computation.

COROLLARY 4.6. The group CF(Q)/GF(Q) is homeomorphic to
@®{Gx | X C Mg, X nontrivial connected component}.

PROOF. Note that if X and Y are disjoint connected components of Mg, then
Gx N Gy = GF(Q), by Proposition 4.4. Furthermore, if 8 € CF(Q) let ux denote the
unitary in Uy which implements the automorphism in (CF(Q)/Fx)/GF(X) which is
isomorphic via the natural map to G x. Now define a unitary vy in B(¢£2(Q)) by letting
vy act as the identity on the subspace @{S, | v does not correspond to X} and letting
vxls, = ux, where w is the vertex corresponding to X. Then note that

0= ] Adwx).
XGMQ
As each group G x is normal the result now follows. U

In the remainder of the paper we look at the group GF(Q). We can see, by using
the unitaries we have already discussed, that if 6 is an automorphism of 7+ (Q), then
6 = 61 o 8, where 6, is continuous and 6; € GF(Q). This is used later in discussing
continuity of automorphisms. In particular, 6 is continuous if and only if 6; is
continuous.

5. Factoring automorphisms through subalgebras

We use ideas from [4] to look at automorphisms. In particular, let 7 : 77 (Q) — A
be a completely contractive representation of 7 (Q) onto a subalgebra A € 7 (Q).
We say that an automorphism 6 of 7(Q) factors through A via 7 if there is an
automorphism 64 of A such that 64(a) = (w7 0 0)(a) foralla € A.

PROPOSITION 5.1. Let w : TT(Q) — A be a completely contractive representation
of Q into a subalgebra A C T+ (Q). Then an automorphism 6 € Aut(T *(Q) factors
through A via 7 if and only if 0 induces an automorphism on ker 7.
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PROOF. Clearly if 6 factors through A, via &, then the image of ker = under 0 is a
subset of ker 7 otherwise 4 will not be well defined. Now if the image of ker  under
0 is equal to ker 7, then the map 64 : A — A is given by 04 (a) =7 0 6(b), where b
is any element of 7 (Q) such that 7(B) = a, and 6,4 is well defined. Furthermore,
64 will be onto since 6 and 7 are onto, and 84 will be one-to-one since 7 0 6(x) =
7w o0 (y)ifand only if 6(x — y) € 6(ker ) which implies x — y € ker 7. O

In this language the results of our preceding section can be restated. If 6 € CF(Q),
then 6 factors through the subalgebra
D 4w

vin(v)>1

via the homomorphism generated by sending every nonloop edge and every vertex not
supporting a loop edge to zero and leaving loop edges and loop supporting vertices
alone. The normal subgroup GF(Q) are those automorphisms which are quasi-inner,
in the language of [3]. In this case, however, because there may be edges which are
not loops the normal subgroup GF(Q) may contain quasi-inner automorphisms which
are clearly not inner. We want to discuss such automorphisms now. To do so we look
at how automorphisms factor through two types of subalgebras.

The first class of subalgebras are those generated by subgraphs given by a pair of
vertices v, vz and all edges e with s(e) = v, and r(e) = v;. Note that this subalgebra
will be isomorphic to the graph algebra T*(Tz(n)) where Tz(") is the graph with two
vertices and n directed edges between them, all with the same source. If n =1 this
algebra is isomorphic to the upper triangular 2 x 2 matrices.

The second class of subalgebras are given by choosing a nontrivial cycle in Q, call
it w=epe,_1---ezey, such that n > 2. We also assume that s(e;) # s(e;) for all
i # j. In this case the subgraph with vertex set {s(e;)} and edge set {e;} generates a
subalgebra isomorphic to A(C,) where C, is a cycle of length n > 2.

Let us now define our first representation. Let v; and v be distinct vertices in Q
and let {e;}7"_,. be the set of edges with source being equal to v, and range being equal

to v;. We now want to define a representation 7y, v, : TT(0) — T+(T2(n)). Begin by
sending P, to O for all vertices v # v; for any i, and L, to O for all edges e # ¢; for
any j. Then map P,, to the projection of the range vertex in 7 +(T2(")) and P,, to the
other vertex projection in 7 (T, 2(")). Lastly, map L., to the distinct partial isometries

in7™* (Tz(")) corresponding to the edges in Tz("). That this map extends to a completely
contractive representation of 7 (Q) follows from [2, Proposition 1.3] since the left
regular representation of 7 +(T2(")) is pure. An interesting thing to note is that the
representation is unital.

We now claim that if & € GF(Q), then 0 factors through T*(Tz(")) via the defined
representations.

PROPOSITION 5.2. If6 € GF(Q), then given two distinct vertices vi and v in V (Q),
0 factors through ’T"‘(Tz(n)) Via 7Ty, vy
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PROOF. Let a € ker 7y, 4,, then a is in the ideal generated by {P, | v # vy, v2} and
{L.|r(e) #v1, ors(e) #vy}. However, note that as 6 is in GF(Q) we know that
0(Py) € ker 1y, y, for all vertices v # v;. It follows that 6(L.) € ker 7y, ,, for all
edges e with r(e) # v; or s(e) # v;.

Now if e is an edge with r(e) = vy, then my, ., (6(L.)) =0 since 6 is in GF(Q).
Similarly if s(e) = v, then 8(L.) € ker my, », and, hence, 6 (ker 7y, v,) S ker my, ,.
As the same argument tells us that 6~ (ker vy ,v,) € ker my, », we obtain that 6 is an
automorphism of ker 7y, ,, and, hence, 6 factors through 7y, 4,. O

In fact more is true. It is not hard to see that if 6 € CF(Q), then 6 factors through
T +(T2(")). However, when we factor 0 in this way we lose all of the information
about what 6 does to the components of Mg and, hence, we focus only on those
automorphisms in GF(Q).

6. Automorphisms of 7 (T. 2("))

We now analyze automorphisms of the graph algebra 7 +(T2(")) with an eye toward
understanding how automorphisms of general quiver algebras factor through these
subalgebras. We begin by fixing some notation. Let P; and P, denote the projections
associated to the range and source projections, respectively. Let L; denote the partial
isometry associated to the ith edge. Note that P{L; = L; = L; P, for all i. Further
L;L;j=0foralli# j. It follows that every element of 7 +(T2(")) can be written as

n
aPi+ Y oL+ BPy,
i=1

where ¢, 8 and «; are complex numbers.

LEMMA 6.1. Let9 : T+(T2(")) — T+(T2(")) be an automorphism. Then there exist a;
such that O(Py) = Py + Y/ oiLi and O(Py) = P, — > 1, o L;.

PROOF. We know that0(P;) = a P + Z?:] o;L; + B P> for some «, B, and «;. Now
9(P12) = 60(P1) and hence

N n

aP + Z @iLi +BPy= ()P + (a+ B) Z a;Li + (B)*Pa.
i=1 i=1

It follows that « and 8 are idempotents, hence zero or one. If & and § are both one,
then ) ;_, a;L; =0 and, hence, 6(P;) = P; + P, which is the identity which yields
a contradiction.

Note that o cannot be zero or otherwise we would have an automorphism which
does not fix components of the maximal ideal space, which is not possible with this
graph. It follows that @ = 1 and 8 = 0. The first part of the result is established. Next
note that the same calculation for 6(P,) and noting that P; + P, =id we obtain that
0(P) = Py — Y 2, o; L; and the result follows. O
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We now focus on what an automorphism can do to the partial isometries associated
to edges.

LEMMA 6.2. Let 6 be an automorphism 0fT+(T2(n)) with 6(P1) = Py + Z?:l o; L;.
There exists p;,j such that (L) =3}y BijL;.

PROOF. Assume that O(L;) = a; P| + Z'}zl o jLj+ bi P». We know that 6(L;) =
6(P1)6(L;)6(P>) and, hence,

n n n
a; Py + Zai,ij +bi Py = (P1 + ZaiLi)Q(Li)(Pz - Z%’Li)
j=1 i=1 i=l1
n n
= (P] + Za,’L,)(a,-P] + Zbi’jl’j -I-biPz)
i=1 =1
n
X <P2 — Z O(,'L,')
i=1
n n n
= —a; Z(xiLi + Z b,"ij + ZaibiLi-
i=1 =1 i=1

Letting Bi; = —a; Z?:l o + b,‘,,‘ + Z?:l o;b; and ﬁl"j = b,‘,j for i # j the result
follows. O

So, in effect, every automorphism of 7° +(T2(")) has associated to it an n-tuple
(o1, a2, ..., o) and an invertible linear map L; — Z?:l Bi,jLj. Itis clear that

every such tuple and invertible linear map gives rise to an automorphism of 7+ (Tz(")).
We write the linear map as a matrix in the obvious way. Note that the automorphism
will be continuous if and only if the matrix gives rise to a continuous linear operator.
If n is finite this is always true. However, in the case of infinite directed edges between
two vertices the matrix may not give rise to a continuous linear operator. This fact, on
a certain level, is where continuity of automorphisms of 7 *(Q) can break down when
there is a sink and a source in the graph. The next question that arises is which of these
automorphisms are inner. To discuss this we need to describe the invertible elements

of TH(T,™).

PROPOSITION 6.3. An element x :=a P + Z?:] a;iL; + B P, is invertible if and
only if a and B are invertible; if so, x ' =a~'P; —a~1p7! Yol + B~ P;.

PROOF. If x is invertible, then there exists y =aP; + 27:1 a;L; + bP> such that
xy = P; + P,. However, note that xy =aaP; + Y ;_,(Ba; + ac;)L; + pbP;. The
result follows by setting Ba; = —acw; and solving for q;. O

A simple calculation now yields the following description of inner automorphisms
+ ()
of T7(T,™).
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PROPOSITION 6.4. An automorphism 0, ofT"'(Tz(n)), is inner if and only if the matrix
of the associated linear map is a nonzero multiple of the identity.

PROOF. For the forward direction we need only see what the inner automorphism 6
doesto L;. Soletx =aP; + Zf’: | @i L; + B P> be invertible and note that

n n
xLix™' = (aP1 +Y aili+ ﬂPz)Li (oﬂfq —a 'Y il + ﬂ_le)
[ i=1

i=1
= ﬂa_lLl-

which is independent of i.

Assume that 6(P;) = P; + 27: 1 @i L; and if the associated linear map is A I, with
A0, thenletx =1~ 1P; + 27! >'_; ai + P2, s0 x is invertible and xLix 'V =AL;.
In addition x0(Py)x~! = P; + 3", a;L; and, hence, x induces the same map as 6
and the result follows. O

We denote the normal subgroup of GL,, (C) given by multiples of the identity as A17,,.
This subgroup is normal because every element of A/, commutes with every element
of GL, (C).

PROPOSITION 6.5. Every automorphism 0 of T+(T2(n)) can be written as 6y o 05,
where 0 is inner and 6, (P;) = P;.

PROOF. Assume that 6(P;) = P; + Y o L;. Thenletx =Py + Y 7| o L; + Px.
Note that x is invertible. Now let 6; = Ad(x) and let 6, = 6, 5 6. Note that 01 is inner
and 62(P1) =6, 0 8(P) =6, (P1 + Y1, a;L;) = Py and the result follows. O

It is clear that 0; is unique. However, it is not the case that 6, is not inner. We
do know, however, that if 6, is inner, then the invertible mapping giving rise to 6,
is of the form A; P; + Ao P;. To finish this description denote by Inn(7 +(Tz(n))) the
normal subgroup of Aut(7 +(T2("))) of all the inner automorphisms. Further, denote
by Out(7+(T,")) the group Aut(T+(T}))/Inn(T+(T\™)). For 6 € Aut(T+(T,"))
we denote its equivalence class in Out(7 +(T2("))) by [0].

THEOREM 6.6. The group Out(T+(T,")) is isomorphic to GLy(C) /31,

PROOF. By the previous proposition we know that given an automorphism 6 there is
associated to [#] a unique element of GL,, (C). This is because after fixing the vertices,
as in the proposition, the element of GL,(C) associated to & must be unique. We
can now assume that [6] comes from an automorphism which fixes the P;. Note that
A1, is a normal subgroup which is in one-to-one correspondence with all of the inner
automorphisms which fix the P;. The result now follows. O

We know that every Gelfand fixing automorphism of 7+ (Q) will factor through
the various copies of T+(T2(">). We see, however, that we cannot take arbitrary
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automorphisms of T+(T2(")) and piece them together. Norm considerations will force
restrictions on the way they fit together.

7. Automorphisms of 7+ (Q) factoring through T"'(Tz(")))

It is known that if Q is a graph which is infinite in one direction and 6 : 7 (Q) —
T7(Q’) is an algebraic isomorphism, then @ is automatically continuous, see [5]. In
particular, every automorphism of 7+ (Q) is automatically continuous. We now use
information on how an automorphism factors through 7" (Tz(")) to discuss the general
question of continuity.

Let Q be a directed graph. We say that (vq, va, . .. v,) is a finite path of vertices
in Q if for 1 <i <n — 1 there exists an edge ¢; such that s(e;) = v;+1 and r(¢;) = v;.
Unless stated otherwise such a path of vertices will be denoted by V and its length will
be V,. For such a path of vertices let n(i) denote the number of directed edges with
s(e) =vij4+1 and r(e) = v;.

If 6 € GF(Q), then for every finite path of vertices, V in Q, 6 will factor through
T +(T2("")) for all 1 <i <V, — 1. Now associated to each pair of adjacent vertices
Vi, Viy1 € V there is from the previous section a matrix M; € GL,;(C).

LEMMA 7.1. Let 6 be an automorphism of T (Q). If 0 is continuous, then
M :=sup{||[M1M> - - - My,_1||V is a finite path of vertices in Q} < o0.
PROOF. Certainly ||#]| > M and the result follows. O

REMARK 7.2. Note that if v, vy, . . . v, are consecutive edges in a cycle, then

M(Unavn—l)M(Un—lavn—Z) U M(U2,U1)M(Ulyvn)

must have norm less than or equal to one, otherwise continued finite paths around
the cycle would lead to an unbounded sequence of matrices which is excluded by the
proposition.

Let T>Inn(Q) denote the set of those automorphisms in GF(Q) such that, for every
V, a finite path of vertices in Q and every 1 <i < V,, — 1 the matrices M; will be in
A Lygy.

PROPOSITION 7.3. If Q is a directed graph, then T>Inn(Q) is a normal subgroup of

GF(Q).

PROOF. If 61, 6, € ToInn(Q), then the matrices associated to 6 o 6, will just be the
product of the matrices associated to 6; and 0;, respectively. Now the product of
two matrices in I,y will still be in 1,y and, hence, ToInn(Q) will be closed under
composition. That ToInn(Q) is closed under inverses is trivial and, hence, T2Inn(Q)
is a subgroup of GF(Q).
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Next, let 0; € ToInn(Q) and 6; € GF(Q), then for every pair of adjacent vertices 6,
will have a matrix in GL,, (C) associated to it. However, the matrix associated to 6 will
be a multiple of the identity and, hence, will commute with the matrices associated to
6. It follows that 6, o0 61 o 6, le ToInn(Q) and, hence, T>Inn(Q) will be normal. O

Let GL(Q) denote the set of uniformly bounded finite sequences of automorphism
matrices associated to finite paths in Q. We denote by AGL(Q) the normal subgroup
of GL(Q) given by finite sequences in which each matrix in the sequence is a multiple
of the identity on the appropriate space.

PROPOSITION 7.4. Given a directed graph Q the groups GF(Q)/T2Inn(Q) and
GL(Q)/AGL(Q) are isomorphic.

PROOF. We first show that every sequence of matrices in GL(Q) gives rise to an
automorphism in GF(Q). The remainder is then just a restatement of Proposition 7.3
in the context of general graph automorphisms by looking at the factorizations
through 7>.

So let {Mu,w)}w,wyevxv denote a set of matrices in GL(Q). We want to show
the existence of an automorphism which gives rise to this set of matrices. Define
6(Py) = P, for all vertices v € V(Q). Define 6(L,) = L, for all loops e € E(Q).
Lastly, for every pair of vertices (v, w) place an ordering on the set E,,,,) and apply
My w) 10 Ey ) to calculate what 6(L,) will do for e € E(y ). Now 6 will extend to
an automorphism in GF(Q) with matrix set {M(y )}, hence, 8 will be a continuous
automorphism in GF(Q). O

THEOREM 7.5. For Q a directed graph, GF(Q) splits as

T>2Inn(Q) @ (GF(Q)/T2Inn(Q)).

PROOF. We know that we have the short exact sequence
0 —— TaInn(Q) —— GF(Q) —— GF(Q)/T2Inn(Q) — 0.

We only need to show that it splits. Now, for every adjacent pair of vertices,
put an ordering on the edges between them. Note that [#] € GF(Q)/T>Inn(Q)
has associated to each adjacent pair of vertices (v, w) a matrix M, ). Now for
[6] € GF(Q)/T2Inn(Q) define j([0]) to be the automorphism induced by sending P;
to P;, L. to L, if e is a loop edge, and for f; between the adjacent pair (v, w) have the
automorphism send L ¢, to the linear combination of the edges between v and w given
by applying My, to the column matrix for L f, in the natural way.

It is easy to see that j([f]) defines an automorphism of 7 (Q) and further
that j([6]) € GF(Q). A quick calculation tells one that g o j is the identity on
GF(Q)/T2Inn(Q) where ¢ is the natural quotient. The result now follows. d
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8. The group T,Inn(Q)

We now want to analyze those automorphisms in T>Inn(Q). Once again we factor
these automorphisms through a subalgebra. In this case, however, the subalgebra will
be those corresponding to directed cycles. Recall that for a positive integer k, Cy, is the
graph with k vertices and k edges forming a single directed cycle. Let w = eje; - - - ey,
with n > 2, denote a cycle in Q such that r(e;) # r(e;) for i # j. We call such a cycle
a proper cycle. Let W denote the set of all proper cycles and note that every w € W
gives rise to a finite sequence of vertices in Q. Let w(n) denote the length of the cycle
w € W. Note that such a w yields a subalgebra of 7+ (Q) which is isomorphic, via
graph isomorphism, to 7" (Cyn)); call this algebra 7+ (C,). Fixing a proper cycle
in QO we now define a representation of 7y, : 77 (Q) — Tt (Cy(n)). This follows by
sending P, and L, to O whenever v or e does not support w and sending P, and L, to
the appropriate projection, or partial isometry, in the cycle algebra. One then extends
this map to a completely contractive unital representation of 7 (Q).

Unlike the automorphisms which factor through 7+ (T(Zn)) it is not the case that
every Gelfand fixing automorphism will factor through 7 *(C,). Instead we have the
following proposition.

PROPOSITION 8.1. If an automorphism 6 € GF(Q) is in ToInn(Q), then 6 factors
through the subalgebra T (Cy) for every cycle w € W.

PROOF. Assume that P, € ker m,,, then note that, as 6 is in GF(Q), 6(P,) € ker my,.
Now if L, € ker my,, then there are two cases. If r(e) =s(e), then 6(L,) € ker my,
as 0(Pre)) =0(Pg)). Otherwise, we assume that r(e) #s(e) in which case
T(r(e).s(e)) (O(Le)) = AL,. It follows that 6(L,) € ker my, if and only if L, € ker my,.
Now as ker my, is generated by those P, and L, in ker m, the result follows. d

That the converse is not true follows by looking at a graph with no cycles which has
multiple edges sharing their source vertex and range vertex. In particular, the graph
TZ(") has noninner derivations which do not factor through any 7+ (C,,) for any loops
since there are no loops. We have the following partial converse.

PROPOSITION 8.2. Let Q be a graph such that if e is an edge, then either e lies on a
cycle or there is no other edge f withr(f) =r(e) ands(f) = s(e). If0 € GF(Q), then
if 0 factors through the subalgebra T (Cy,) for every cycle w € W, then 6 € ToInn(Q).

We now remind the reader of the paper [1] where the automorphisms of 77" (C,)
were analyzed. The following is just a restatement of the results of [1] in language
consistent with this paper, the proof can be found there.

PROPOSITION 8.3. Let 6 be an automorphism of T (C,) which is in CF(Cy). Then
the set MIF of those automorphisms which fix maximal ideals of T+ (C,) is a normal
subgroup of CF(C,) and every such automorphism 6 can be written as 0y o 0y where
01 € MIF and there exists a . € T such that for every pair of vertices v;, viy1, the
automorphism 6, factors through T, via the map L; — AL;.
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In other words the diagonal ‘matrices’ (in this case they are scalars because there
is at most one edge between a pair of vertices) associated to € will all be the same.
We are now in a position to piece all of these together for a general graph. If e is
an edge, then let W, denote the cycles in W supported on e. Define a relation on
W by saying w; ~ wy if there exists a finite sequence of edges ey, ez, . . . e, such that
We, N W,y # D and wy € We,, wa € W,,,. We say two cycles wy, wy € W are disjoint
if they are not related via this relation.

PROPOSITION 8.4. The relation ~ is an equivalence relation on W.

PROOF. Clearly if w € W, then any edge supporting w will serve to make w ~ w.
Next, if w; ~ ws, then by reversing the sequence of edges we obtain w, ~ wj. Lastly
assume that w; ~ wy and wy ~ w3. By concatenating the two sequences of edges we
obtain that w; ~ w3. Hence, ~ is an equivalence relation on W. O

Let Wi, W, ..., W, denote the equivalence classes of W via this equivalence
relationship. We now have the following proposition.

For each 1 < j <m and u € T define A, by A; ,(P,) = P, for all ve V(Q),
Aj (L) = L, for all edges not lying in a cycle in W;, and A; , (L r) = uL ¢ for all
edges f lying on a cycle in W;.

PROPOSITION 8.5. For each 1 < j <m and each w € T the map A, ; extends to a
continuous automorphism of T+(Q).

Let MIF(Q) denote the set of those automorphism in T;Inn(Q) which, for each
w € W, factor through 7+ (C,,) as maximal ideal fixing automorphisms of 7+ (C,,).

PROPOSITION 8.6. The group MIF(Q) is a normal subgroup of T2Inn(Q) and every
element of ToInn(Q) can be written as 01 o 6 where the automorphism 0y is in
MIF(Q) and for each equivalence class W; of W there exists a . ; such that

=[] Aju;-

I<j=m
PROOF. Let 61 and 6, be in MIF(Q) and assume 6 € T>Inn(Q). Now let M be a
maximal ideal in 77(Cy). Then 6; 0 6,(M) =61 (M) =M so 6} o6, € MIF(Q).
It is clear that 91_1(M) = M and, hence, MIF(Q) is a subgroup of TzInn(Q).
Now note that 8(M) will be a maximal ideal and, hence, 6 o 6 0 8! € MIF(Q).

Hence, the subgroup is normal. The remainder of the proposition follows by applying
the description of the automorphisms of 7 *(C,,) to this context. O

In particular, we have the following theorem that describes the quotient group
T2Inn(Q)/MIF(Q).

THEOREM 8.7. For Q a directed graph with equivalence classes of W given by W;
we have that

T,Inn(Q)/MIF(Q) = Z T.

I<j<m
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9. Inner automorphisms

If 6 is an inner automorphism of 7 (Q), then we know that 6 is continuous. We
now look at how 6 fits into the classification we have described above.

PROPOSITION 9.1. Let 0 be an inner automorphism of T+ (Q), then § € MIF(Q).

PROOF. We first see that & € GF(Q). This follows by noting that associated to every
element of Mo is a unique maximal ideal. Further any inner automorphism will fix
maximal ideals and hence will fix elements of M.

Now since 6 € GF(Q) it will factor through 7° Jr(TZ”) whenever 7 (Q) factors

through GF(Q). Further, as 6 is inner, it will factor through 7° +(T2(”)) as an inner
automorphism, in particular 8 € ToInn(Q).

Similarly we know that @ will factor as an inner automorphism through 7+ (C,)
whenever 7 T(Q) does. However, the inner automorphisms of 7 (C,) fix the maximal
ideals and, hence, 6 € MIF(Q). O

Lastly, recalling the conjectures of [3] and [1] concerning when an automorphism
of special cases are inner, we suggest the following conjecture, one direction of which
is established in the preceding section.

CONJECTURE. An automorphism 6 € Aut(Z 7(Q)) is inner if and only if
0 € MIF(Q).
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