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Abstract

We prove some zero density theorems for certain families of Dirichlet L-functions. More specifically, the
subjects of our interest are the collections of Dirichlet L-functions associated with characters to moduli
from certain sparse sets and of certain fixed orders.
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1. Introduction

It goes without saying that the locations of the nontrivial zeros of Dirichlet L-functions
are of fundamental importance in analytic number theory. Let y be a Dirichlet
character of conductor g. Suppose that p = 8+ iy with B, ¥ € R is a nontrivial zero
of the Dirichlet L-function L(s, y). Let o > 1/2 and T > 0. Set

N, T.x)=#p:Lip,x)=0, B>0, y| <Th

The generalised Riemann hypothesis (GRH) asserts that 8 = 1/2 for all p, that is,
N(o,T,y)=0forallc >1/2and T > 0.

Although the GRH is currently still an unresolved conjecture, there have been many
upper bounds over the past century for N(o, T, y) in the literature, both individually
and on average as y runs over a family of characters. We refer the reader to [ 14, Ch. 10]
and [16, Ch. 12] for discussions of these results. In brief, these estimates, dubbed zero
density theorems, amount to saying that the zeros lying off the critical line should at
least be very rare.

The aim of this paper is to extend these zero density results to various special
collections of Dirichlet characters, more specifically, families of primitive Dirichlet
characters to moduli from certain sparse sets and of certain fixed orders.
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Our first result is on sparse sets of moduli. Let Q be a set of natural numbers
contained in (Qp, Qo + Q]. Using the nomenclature of [1], we define, for each t € N,
the set

Q={geN:1geQ}.
Suppose that, forz € N and 0 < Qp < 0, there is a ® > 1 such that the bound
Q) |ru
max eQNw,v+ul:g=Ilmod k §(1+—)(D 1.1
QO/[SvS(QMQ)/tI{q N ( I:q M Ok (1.D)

holds for (k, ) = 1. In this case, we say that the set Q is well distributed. We now state
our results for sparse sets of moduli.

THEOREM 1.1. Let T>1, £>0 and Qc (Qy, Qo+ Ql, with |Q| < Q"2 be a
well-distributed set of natural numbers such that (1.1) holds with ® < (QT)®. Then,
for sufficiently large T and any o with % <o<l,

D7 > N, T ) < QT min(ng.r, IQUQT)Y =7/, (QIQ T =717

¢€Q xy mod g
where

B itsos)
Mor = (QIH7-30127-TY1-0)/Or=4*+D)  prherypise.

Here the implied constant depends on & alone.

As in [1], one can easily check that the set of perfect k-powers, with k > 2,
form a well-distributed sparse set. Thus we readily get the following corollary from
Theorem 1.1.

COROLLARY 1.2. Fork > 3, sufficiently large Q, T > 0, and any € > 0, we have
Z Z* N(o, T, x) < (0T min((Q3k+2—(3k+l)o'T3(1—o‘))1/(2—0')’ ( Q3k+1T2)(1—a')/a'),
4<Q y mod g*

where the implied constant depends on € and k at most.

Corollary 1.2 also holds for k = 2. But for square moduli, we have the following
result which is better.

THEOREM 1.3. For sufficiently large Q, T > 0 and any € > 0, we have

Z Z* N(o,T,y) < (QT)° min(ng,r, Q7T 1-0I7y

q<0 y mod ¢?
where
_ Q7-160)/22-0) 3(1-0)/(2=0) if % <o< %
Nor = Q(l—o‘)(280’—17)/(90’—4(0’2+1))T3(1—0’)/(2—o‘) otherwise,

and the implied constant depends on € alone.

Our result on fixed order characters is as follows.
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THEOREM 1.4. Let j € {2,3,4,6} and Ci(Q) be the collection of primitive Dirichlet
characters of order j and conductor q < Q. Then, for T > 1, we have

> N@,T,x) < (1) min(@*TH /@0, (@107, (1.2)
X€C2(0Q)

Ifj =3 or6and T > Q*3, we have
Z N, T, x) < (QT)° min(Q(125-1080)/(00-720) p(49-440)/22-8c) ( yT1-0)/27)

X€Ci(Q)
(1.3)
Finally,
Z N(o, T, x) < (OT) min(Q(4]—360’)/(30—240’)T(49—440')/(22780')’ (QT)7(]*O')/2G')
X€C4(Q)
(1.4)

for T > Q'2. Here the implied constants depend on &.

2. The setup

Our plan of attack goes along similar lines to those in [16, Ch. 12]. Let @ > 0
be some fixed constant and C be a family of primitive Dirichlet characters, all
with conductors not exceeding Q. Now define R to be a finite set of (p,y) such
that L(p, x) = 0 for some y € C, where 8 > o > % and |y| < T for all (p, x) € R and
ly —v'| = alog QT for some constant « and all distinct (p, y) and (o', x) € R.

Let {a,} be a arbitrary sequence of complex numbers. We define

anx(n)
R(x)= ) awx(m) and S(sx)= ) ——.
If {A;} and {B;} are sequences of nonnegative real numbers and L € N, then we set
AQ.N) = ) Q"N" and Ar(Q.N) = ) QNPT
I<L I<L

With these conditions and notation, we can show, using the same arguments as those
for (12.28) or (12.29) in [16], that it is possible to choose the elements of R so that, for
any € > 0,

DN, T, x) < (QTF(RI+ 1), 2.1)
xeC

where the implied constant depends on € only. Consequently, our attention is shifted
to estimating the size of R.
We define, for X > 2

Myts 0 = 3 PO,

n<X
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where u is the Mobius function. We note here that the Dirichlet series of Mix(s, y) =
L(s, x)Mx(s, ) has coefficients niy ,x(n) with

My, = ) ().
i

Thus my; =1, mx, =0 for 2 <n < X, and |my,| < 7(n) for n > X, with v denoting
the divisor function.

Now we consider the Dirichlet series with coefficients myx,, x(n)e where 1 <
X < Y < (QT)X for some sufficiently large K > 1. From (12.25) and (12.26) of [16],
for sufficiently large @ = 3A, each (p, y) € R satisfies at least one of the inequalities

-n/Y

1
D, MmN 2 2 2.2)
X<n<Yy?
and
1 A log(QT) 1 ) 1 1
— f imx(— iy +iu, X)Y'/H*““r(- _B+ iu) dl> - (23
271' —Alog(QT) 2 2 6

Let R; and R, be the sets consisting of all elements of R satisfying (2.2) and (2.3),
respectively. Hence,

IR < IRl + R 2.4

and it suffices to estimate from above the sizes of R; and R,.
Along similar lines to the treatment in [16], we obtain

2U 2
Ril< oz > |5 man e @.5)
(pX)ER  n=U

for some U with X < U < Y2. For R,, we get

[Rol < ¥Ry (Y L(%+itp”‘)4)l/3( 2

2)2/3
(PX)ER, (PX)ERS
(2.6)

Here, for each (p,x) € Ry, t, is defined to be the real number in the interval
[y — Alog(QT),y + Alog(QT)] for which |“JJEX(% + it 5, })| is maximum.
Now we are led to estimate sums of the form

> |

x€C seS,  n<N

I .
Mx(z + ltp,)()

2
, 2.7

where S, is a set of complex numbers. To that end, various kinds of large sieve
inequalities will play an indispensable role. We refer the reader to [16, 18] and
[14, Ch. 7] for more extensive discussions on the large sieve, a subject of independent
interest.

We first write down a general result for sums of the form (2.7).
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LEMMA 2.1. Let C be an arbitrary set of primitive Dirichlet characters with conduc-
tors at most Q, and S, be a finite set of complex numbers s = o + it. Suppose T,
T, 09 >06>0are such that Ty + /2 <|t| <To+T—-6/2 forall s€ S, 1/2 <0 <
o< lforallse S, and |t —1t'| > 6 for distinct s, s € S,,. If the bound

D URCOP < AQN) D lanl

XeC n<N
holds, then we have

ZZWwW4+%MW@mZM(1gﬁg)

X€C seS,

PROOF. The proof is rather standard and thus we only give a sketch here. Let

Sulsx) = D any(mn™.

2<n<u

Partial summation and Cauchy’s inequality give

N
|&@MF<W#+W%+MMF+f|&WMwwW :
2 ulogu

Using [16, Lemma 1.4], we get

To+T

D2 st )P <<( +log N Z f 1SGit, x)2 dt (2.8)

X€EC teT,, xeC

where 7, ={t:s =0 +it€S,}. Now arguing along similar lines to the proof of
[7, Theorem 2], we arrive at

To+T
Zf ISGit, )P dt < Ar(Q,N) D lanl’. 2.9)
xeC n<N
The desired bound follows easily by combining all the bounds above. O

From this discussion, we have the following general result which can be used to
derive a zero density result for any collection of primitive Dirichlet characters if the
corresponding large sieve inequality and bound for the fourth moment of L-functions
are available.

THEOREM 2.2. Let C be a finite family of primitive Dirichlet characters, none of which
have conductors greater than Q, and suppose that

DURCOP < AQ.N) D lan

xeC n<N

+ltX
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hold. Then, for any o with % <o <1, and X, Y satisfying 1 < X <Y < (QT)X for
some absolute constant K, there is a U with X < U < Y? such that

DN, Tox) < QT (€ PA7(Q, XY 1205 4 A(Q, U)U' 27720,
xeC

where the implied constant depends on € alone.

PROOF. We take 6 = 3Alog QT in Lemma 2.1, where A is as in (2.3), and obtain

2U 2
S |2 manre

(PXIER  n=U

< (OT)°Ar(Q, U)U' 727 2UNY (2.10)

and
2
< (QT)*Ar(0Q, X). (2.11)

1
‘MX(E + it,)()
(PY)ER2

Using similar methods to [ 16, Theorem 10.3], we can show that

1 4
L(E +ir, x) < (QT)°<. 2.12)
(px)ERs
Now, from (2.5) and (2.10) we obtain a bound for |R;|, and (2.6), (2.11) and (2.12) give
rise to a majorant for |R,|. The result now follows from (2.1) and (2.4). O

Our second general result below does not require any large sieve-type bound.

THEOREM 2.3. Let C,Q, T, L be as in Theorem 2.2. Then, for any o with % <o<l1
and any € > (),

D N@, T, x) < (QTF (L@ D!/ +(Q 1)/,
xeC

where the implied constant depends on € alone.
PROOF. The proof follows the same arguments as [16, (12.14)]. The only difference is

that we do not insert any specific bound for the fourth moment of L-functions. ]

3. Proof of Theorems 1.1 and 1.3

Before proving Theorems 1.1 and 1.3, we need the following lemma.

LEMMA 3.1. Let Q be as above. Then, for any T > 2 and & > 0,

+ it X dt < |QIQT)",

geQ x mod g
where the implied constant depends on & alone.

PROOF. This result follows readily from [16, Theorem 10.1]. |
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We now proceed with the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. From [1, Theorem 2] we have
DL D0 RGP < (@ (QIQ+N +ON') 3 la,. (3.1)
q€Q y mod g n<N
Moreover, the classical large sieve inequality gives (see the discussion around (5.4)
and (5.5) in [19]),
D7 DT RGP < min(lQIQ + N), Q%+ N) ) la . (3.2)
qeQ x mod g n<N

Using (3.1), Lemma 3.1 and Theorem 2.2, we obtain

> > N@. T < (@D ((QIQT) (QIOT + X + QT 2X 12 Y2120

q€Q x mod g
Y32l <g<3
+ Q TXI_Z{T + YZ_Z(T + T1/2 3 = <3 )
e ¢ X3/2727 otherwise
On taking
X = |QPT and Y =|QC-4)3/22-)
in the case 1/2 < o < 3/4, and

X = |Q| (20-2)/(95—4(c*+1)) Q(40'—2)/(90'—4(0'2 +1)) T

and

Y = |Q|(4o'—3)/(180'—8(0'2+1))Q(120’-7)/(180’-8(0’2+ 1) T3/2(2—o—)

in the other case, we obtain

>0 > NG, Ty < QT (3.3)

{|Q|3(340’)/(540-)QT3(1 70-)/(270-)’
g€Q x mod g

(|Q|40'—3 Q120'—7)(1—0')/(90'—4(0'2+1)) T3(1—a’)/(2—0’) ,

respectively, in the case 1/2 < o < 3/4 and in the other case. Now, using (3.2) and
Lemma 3.1 in Theorem 2.2, we also have

D > N, T,x) < (@TF(QIQD'" min(QIQT + 1QIX, QT + X)* 2y 21273

qeQ x mod ¢
+ min(QIOTX'2 +|QIY>27, Q*TX' 27 + y2-27y).
We first take
X=0QT and Y =X
and then

X =0T and Y =X?*9,
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and on comparing these results, we arrive at
Z Z* N(o, T, y) < (QT)* min(|Q|Q3“"7)/(2"’), Q6(l—0')/(2—0'))T3(170')/(270'). (3.4)
q€Q xy mod q

Our desired result follows from comparing (3.3) with (3.4) and Theorem 2.3. O

Now, considering the case in which Q is the set of k-power moduli, from
[3, Theorem 1], we have, for any integer k > 3 and any Q, € > 0,

D0 D RGP < @NF@ + N+ 0N Y la,l, (35)
q<Q y mod g* ns<N

which is just a special case of (3.1). Thus (3.5) will lead to a result already contained
in Theorem 1.1 and gives precisely Corollary 1.2. We note here that (3.5) has been
improved in certain ranges by a number of authors: Halupczok [10, 11], Munsch [17],
Halupczok and Munsch [12], and Baker et al. [5]. Unfortunately, using the method
here, the results in [5, 10, 11, 12] do not lead to any outcome better than Corollary 1.2.

In the case of square moduli, the best available large sieve inequality is found in [4],

D7 DT RGP < (QNY(Q* + N + min(NYQ, 0*VN) ) lasf?,
q<Q y mod ¢* n<N

and from this we can derive Theorem 1.3, which is better than what Theorem 1.1 gives
in certain regions.

PROOF OF THEOREM 1.3. By Theorem 2.2,

> DU N, Ty

<0 y mod ¢?
< (QT)S((Q3T)1/3(Q3T +X + min(Ql/ZX, Q2T1/2xl/2))2/3Y2(1—20')/3 + QSTXI_ZO-

Y32 ifo <3 ))

4y +min( 12y2-20 2
0 Q X3/2720 otherwise

To get the desired result, we simply take
X = QzT and Y = Q15/4(2_”)T3/2(2—”>
if o <3, and

X = Q(IO(T—6)/(90'—4((7'2+1))T and Y = Q(ZSO’-17)/(180’—8(0'Z+1))T3/2(2—0')

in the latter case. Hence,

. (17-160)/2(2-0) 3(1-0)/2-) ifleg<?d
D N@ T € @D sty e
e QU-N@8—17)/Or -4+ 1) 73(1-0)/2=0)  therwise.

(3.6)
The result follows on comparing (3.6) with Theorem 1.1. ]
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In [19], an optimal conjectural large sieve inequality for power moduli is given and
yields the bound

DT RGP < @@ +N) Y Janl. 3.7)

<0 y mod g n<N
If (3.7) holds, then

Z Z* N, T, x) < (Qk+1T)3(1—0')/(2—0')+s

q<Q y mod g¢*
holds for all positive Q and T.

4. Proof of Theorem 1.4
To establish Theorem 1.4, we require, in view of (2.5) and (2.6), bounds for

DR(P and ) 4
xeC

xeC

1
L(E + it,/\/)

’

where C is the family of characters under consideration.
For C,(Q), using [13, Corollary 3], we get

2, ROOP < (QN)*(QN + N*) max|a, (4.1)
XeC2(0) "

By setting o = 1/2 in Theorem 2 of [13], for 7 > 1 and || < T,

< (OT)'**. 4.2)

1 4
'L(E + it,X)
x€C2(Q)

Using (4.1) and Lemma 2.1 with some minor changes (the bound (4.1) is formally
different from what is in the condition of Lemma 2.1), we get

2U
D mxmn e
(px)eR,  n=U

Now (2.8) and (2.9), together with [13, Corollary 1], produce the bound

2
< (QT)*(QTX' 7% 4+ Y*72), 4.3)

2
< (QT)*(QT + X). 4.4)

|
MX(E + ztp,)()

(Px)ER>
Substituting (4.2), (4.3) and (4.4) into (2.5) and (2.6), we get

D, N@.T.x0) < (@TF(QT)' QT + XY 1208 4 oTX' 27 4 y?720),
Xx€C2(Q)
Setting

X=0T and Y =(Q’THYCCE,

we arrive at the first term in the minimum in (1.2).
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In the case of C;j(Q) with j =3, 4 and 6, we use the results in [2, 9]. The only
minor obstruction is that one requires the sum over n in R( y) to be over square-free n.
This is easily handled by rewriting n = kI*> with k square-free and applying Cauchy’s
inequality and then utilising the large sieve inequalities for cubic, quartic and sextic
characters. For j = 3 and 6, from Theorems 1.4 and 1.5 of [2],

DT IRGOP < (QN)* min{Q* N2 + N2, Q11 4+ 02PN} 3 ja, . (4.5)
X€Ci(Q) n<N
With j = 4, from Lemma 2.10 of [9], which is an improvement of [8, Theorem 1.2], we
arrive at the bound
D, RGP < QN min{@*N'2 + N2, 0710 + PN} 3 P (46)
X€C4(Q) n<N

The results in [2, 9] have more terms in the minimum than those given in (4.5) and
(4.6). Here, we only cite what we will use later.
If j = 3 or 6, then for all T > Q*/3,

1 4
’L(E +ir, x)’ < (QT)**. 4.7)
X€Ci(Q)

The bound (4.7) also holds if j = 4 and T > Q'/2. The proof of (4.7) uses the same
arguments as in [ 13, Theorem 2]. The only difference is that, instead of (4.1), one uses
(4.5) or (4.6) with the first terms in the minima at the appropriate places.
Now proceeding in the same way as for C»(Q), using (4.7) and the second terms in
the minima given in the bounds (4.5) and (4.6), we deduce
Z N(o, T, x) < (QT)(Q¥2T5/%) 3NV + Q¥3x)23y2(1-20)/3
X€C;(Q) 4.8)
+ Qll/ngaX(XS/z—Z(T’ Y3/2—2(T) + Q2/3 Y5/2—2(T)
forj =3, 6, and
Z N(O’, TyX) < (QT)S((Q3/2T5/2)1/3(Q7/6T + Q2/3X)2/3y2(1—20')/3
X€C4(Q) 4.9)
+ Q70T max(X3/2727, y3/2-20) 4 213y5/2-20)

Taking

X =0T and Y = QS/45-36c)12/(11-4e)
in (4.8) and

X =Q¥T'2 and y = QY5120 12/(l1-40)

in (4.9), we get the first terms in the minima in (1.3) and (1.4). The second terms in the
minima in (1.2), (1.3) and (1.4) are derived from Theorem 2.3 and either (4.2) or (4.7).
This concludes the proof of Theorem 1.4.
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Jutila [15, Theorem 2] previously gave the bound

> N, T, x) < (QT)-67/ 64w (4.10)
X€C2(0)

without the advantage of the mean value estimate (4.1). After proving (4.1),
Heath-Brown [13, Theorem 3] was able to improve the Q-aspect of (4.10) to

Z N(o, T, y) < (QT)* Q31 =)/ 7(3-20)/2-0), 4.11)
X€C2(0)

However, (4.11) was obtained by first bounding the number of zeros in the subregions
{pro<B<o+logQN) ", 1<y<t+(IlogQT)™"} with|r|<T

and then summing trivially over these subregions to obtain a bound for the total
number of zeros in the rectangle {p : o <8 < 1,|y| < T}. By considering the whole
rectangle from the start and employing Lemma 2.1 to average over the p in the
rectangle, we are able to improve the T-aspect of (4.11) in our result (1.2). Moreover,
(1.2) is an improvement of (4.10) when Q~#+!10=60" s, 7-10+210-100" '\yhich is true for
all 0, T > 1 when o > (21 — V41)/20 ~ 0.7298.

We end the paper with the following remark. Recent heuristics in [6] gave rise to
some surprising revelations on the true optimal bound in the large sieve inequality for
cubic Hecke characters, based on which, as well as its quartic analogue, the estimates
in (4.5) and (4.6) are derived. Thus it gives one pause in conjecturing what the best
possible form of the large sieve inequality for cubic and quartic Dirichlet characters
should be. Consequently, unlike Theorem 1.1, it is unclear what the best possible
unconditional bounds one can hope for in (1.3) and (1.4) may be using the methods
of this paper.
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