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Abstract

Here we mean growth in the sense of Milnor and Gromov. After a brief survey of known results,
we compute the growth series of the groups

{x,y\y~1xpy=xp) and (x, y\xp = / > , p > 2,

with respect to generators {x, y} . This is done using minimal normal forms obtained by
informal use of judiciously chosen rewrite rules. In both of these examples the growth series is
a rational function, and we suspect that this is not the case for the Baumslag-Solitar group
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0. Introduction

Here we mean growth in the sense of Milnor [14]. Thus, with a group G
generated by a finite set X, we associate the number cn of elements of
G that can be written as a product of n elements of X± and no fewer.
Examples of (G, X) for which the cn , or equivalently, the growth series

n>0

have been calculated exactly are the fundamental group of the Klein bottle
[14], free products [2], the (first) discrete Heisenberg group [1], closed surface
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groups and compact hyperbolic groups [3], certain torus knot groups [15], [2],
and certain wreath products [11], [9]. Following a suggestion made to one
of us by R. C. Lyndon in March 1988, we extend this list by computing the
growth of the groups

(x,y\y'1xpy = xp), (x,y\x? = /),

for all p > 2, with respect to X = {x, y} , in Sections 4, 5, respectively.
The method (see Section 1 and also [9]) is crude: merely count the words

of each length in a minimal normal form for G (with respect to X), obtained
by informal use of judiciously chosen rewrite rules ([10], [6]). The lemmas
needed for this are described in Section 2. They generalize the method for
free products used in [2] (which also contains calculations of the growth of
free products with finite and central amalgamation, groups with one end,
certain torus knot groups, and a class of one-relator groups), which has its
origin in [4], and similar techniques are to be found in [9]. The whole process
is illustrated in Section 3 in the case of the group (x, y\y x y — x ) .

It turns out that the groups considered are well-behaved in the sense that
their growth series are rational functions. Examples of G, X with y(t) irra-
tional are scarce: other than groups with insoluble word problem [3], groups
of intermediate growth [5], [8], and the second discrete Heisenberg group
[7], we know of none. We have carried out substantial but inconclusive cal-
culations on each of the groups (x, y\y~ xy = x ) , following a suggestion
of D. J. Collins, and (x, y | y x y = x ) , the Baumslag-Solitar group, and
suspect that the first has rational growth and that the second has not.

The fact that the growth functions of the three examples listed above have
proved to be quite elusive may seem somewhat surprising at first. The diffi-
culty with HNN extensions and amalgamated free products is that the usual
normal forms (as defined, for example, in [12, Chapter IV]) are not minimal
forms in general.

1. The method

The method is purely combinatorial: let G be the group in hand, X -
{x, y} , F the free group on I , i / : F - » G the natural map, and l{w) the
usual length of w e F as a word in X . Then we describe a set 31 = {/:
F —> F} of rewrite rules with the following properties:

(i) for all w € F and / e &, f{w)v = wv ;
(ii) for all w € F and / € &, l(f(w)) < l{w);

(iii) the set T = {w e F \ f(w) = w , V/ e &} of irreducibles forms a
transversal for Ker v in F.
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Regarding f e 31 as a rule urv -> usv, (i) holds provided r = s is a
relation in G, and (ii) holds if l(s) < l(r). (Rules such as uxx~lv —> uv
may be included in 31 or, alternatively, we may work with reduced words
only.) Then (iii) will hold if we can establish uniqueness, that is, for distinct
elements t, t' e T, tv / t'v . It follows from (i) and (ii) that T is a minimal
normal form for G, that is, if w e T and w' e F with wv = w'u, then
l(w) < l(w'), and the growth coefficient cn of G is just the number of words
of length n in T.

2. Counting lemmas

Let H be a subset of a group G and suppose that with respect to a
generating set Y of G, H has growth series which we denote by yH .

Let z be a letter not in G and A the set of words of the form

zE>vl...z
c"vn ( « > 1 ) (e, = ± l , l < / < / ! ) ,

where each vf (1 < / < n) is a word in F belonging to i / , and if v • — e for
some j , 1 < > < n , then Ej and e +1 have the same sign. Then standard
combinatorial arguments show that for k > 1 the number of elements of
length k in A with respect to {z, Y} is the coefficient of tk in

n>0

where n + i > 0. In fact we have the following result.

LEMMA 1. The growth series yA(t) of A with respect to {z, Y} is given
by

PROOF. We have using the fact that for /, w / 0,
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_

and the result follows.

Now let X = {x,y} and for A, B C i^(X)\{e} let AnB denote the set
of alternating products

w h e r e yo€B\J{e}, x n + l e A U {e} a n d x , e ^ , y t € B (1 < / < « ) .
We write ^7r r5 , J^ni? (respectively) to denote those words in AnB

which are either trivial or end, begin (respectively) with a member of B.
The subsets AntB and ApB are defined similarly. Further, Arn*B de-
notes those words in {AnB)\{e} which both begin and end with members of
B, and A{iirB denotes those words in AnB which begin with a member of
A and end with a member of B. So, for example, AnfB — Arn*B U AtnrB.

We give the next result without proof (see [2] or [9]).

LEMMA 2. (i) If A, B (respectively) has growth series yA{t), yB(t) (re-
spectively) with respect to X then the growth series of AnB with respect to

v m _ (1 + ^(0X1 +MO)
n ) i

(ii) The growth series of AnrB is

3. An example

We take the presentation
^ i i - 1 2 2 .

G = (x,y\y x y = x )

https://doi.org/10.1017/S1446788700035035 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700035035


[5] Amalgamated free products 289

and calculate the growth series y{t) of G with respect to X = {x, y} .
Starting with an arbitrary reduced word in F{X), we apply the following

rewrite rules in turn. (At any stage, if we can freely reduce then we do so.)

RR1 Collect any power of the central element x2 to the left.
RR2 Replace a word (ux2vx~lw)±l, (ux~1vx2w)±l (respectively) by

(uvxw)±l, (uxvw)±l (respectively).
RR3 Replace a word ux~lvxw by uxvx~lw .

Thus our proposed set of normal forms T consists of all (freely reduced)
words belonging to the following list.

(1) xa where a € Z.
(2)± (xfiyeix"t...ye'x'l')±l, where J? > 0, e,. = ± 1 , nt = 0 or 1 (1 <

/ < n) and n > 1.
(3) x"1/1 •••x"-ye"xyflx~lys'xVl . . . / " / • , where ft ^ 0, n, m > 0,

e. = i l , ^. = 0 o r l (1 < / < « ) , Sj = ± 1 , Vj = 0 o r - 1
{\<j<m).

In fact, / = { / : /J e Z\{0}} is a subset of (2) n (2)"1 and so we must
subtract a copy of this to ensure uniqueness. Observe that each freely reduced
element in the list is a reduced word in the HNN sense and so each normal
form of type (1) is distinct from those of type (2)± ! and (3). Furthermore,
if g — h inG then the exponent sum of y in gh~l is zero; and (3) is
self-inverse. All this reduces the cases that need be considered to

(i) g,he(2);
(ii) g G (2) and h e (3); or
(iii) g,he(3).
(i) Suppose that

g = x ' / ' / ' . . . y e " x > t " — x 2y l x " 1 • • • y m x V m = h ,

where n, m > 1, /?,, ft2 > 0 , nt and vt - 0 or 1, ej and dj = ±1

(1 < i < n , 1 < J < m). then gh~l must HNN-reduce to the trivial word.
This forces

Hn — vm = Q (mod 2) which implies that fin = vm = 0 or 1,

and en -8m = 0. Since continued reduction must occur we in fact get m = n ,
H{ — v{ and e( = St for each / (1 < / < n). Thus gh~ reduces to xPl 2 .
Since G is torsion-free, /?, = /?2 .

(ii) and (iii) are similar to (i).
If we count the number of words of length n of each type then, using
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Lemma 1, we find that the growth series are as follow:

Summing yx + 2y2 + y3 and subtracting 2//(l - t) which accounts for the
subset / gives

X-t-lV"

4. Further HNN examples

We now take the presentation

G = (x,y\y-lxpy = xp) (p > 3)

and calculate the growth series y{t) of G with respect to X = {x, y} .
For this case the rewrite rules are free reduction together with the follow-

ing.

RR1 Collect any power of the central element x? to the left.
RR2 If m > 0 > n and m + \n\ > p then replace a word ux"vxmw,

uxmvx"w (respectively) by uxn+pvxm~pw , uxm~pvxn+pw (respec-
tively).

RR3 If m > 0 > n and m + \n\ = p then replace a word ux"vxmw by
uxmvxnw .

Certainly if w e G and to' is a word obtained from w after applying any
combination of the above rewrite rules then w — w in G and l{w') < l(w).
Thus we obtain our proposed collection of normal forms, which consist of
the (freely reduced) words in the following lists. We take p even and odd in
turn.

p = 2k {k > 2)

(1) xa where a 6 Z.

(xV'Jc"1 •••/"Jc"
and nt € { 0 , 1 ,...,p - 1} (1 < i < « ) .

)
(2)±l (xV'Jc"1 •••/"Jc"")±1 w h e r e n>l,p>p,ei = ±l (1 < i < n)

(3)f
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where itj, rrij > 0 , ei}• = ±1 (1 < / < « , ) , Stj = ±1 (1 < i < ra;),

/*,-(,_,)€{<), l , . . . , p - l } ( 1 < / < » H ) .

H t] e {0, ± 1, . . . , ± (p - j - 1), p - j , ... , j}

vike{0,±l,...,±k) (l<i<mk).

(4 ) x y ...x "ky x y x :y ' . . . x my mx y x . . . y ' x ,

where n, m, I > 0, e, e( = ±1 (1 < i < n), St = ±1 (1 < / < m), y. = ±1
(1 < i < / ) ,

fiike{0,±l,...,±(k-l),±k} (1 <i<n),

i/f e { 0 , ± l

^y^x""( 5 ) J J C " 1 / 1 ...x^y^x""*1 w h e r e n > l , e . = ± 1 ( 1 < / < n ) , i/(. G

{0, ±1 ±(fc- 1)} (1 < i < « + 1).

The proof of uniqueness in the above list involves straightforward but
rather long HNN arguments as in the previous example, so we shall omit it.
Given this, it remains to apply Lemma 1 and obtain the growth series,

tk

{\-t-Pk{t)Y{\-t-Q{t))

where

n , x M2{\-f-J~x) + 2f'3+\\-t2

PM) = — ,_,
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and

(2(0 = ( \ _ t •

Summing

y,(0 + 2y2(t) + 2 £ y3i(t) + y4(t) + y5(t)
i=k

we obtain the following result.

PROPOSITION 1. If G={x,y\ y~lx2ky = x2k) (k > 2) then

- t2 - 2t + 1
2)2

*yi 2 Q l - t2)

< - 2tk)(2tk+l -3t+ I ) 2 + 2<2<:+1(l - Q3 + 2<*(1 - Q2(2<*+1 - 3< + 1)

{2tk+l - 3 t + l)2(4tk+1 - I t 2 - 2 t + l )

We turn now to the list of minimal forms for p odd.

p = 2k+l ( f c > l )

(1) xa where a e Z .

(2)± 1 ( x V 1 / 1 . . . / 1 / - ) 1 1 where n>l,p>p,ei = ±l (1 < / < n)
and //,. e { 0 , 1, . . . , 2k} (1 < / < « ) .

(3)f

(k+l<j<p-l) ( JC"" /" ... jc'VyVjcV"*''" . . . / v / ^ f - (x^)*1,

where

n^, my > 0, el7 = ±1 (1 < i < n,.), «5y = ±1 (1 < i < m;),

(4) x"1/1...*""/"*1'""1'1 where n > 1, e. = ±1 (1 < i < n), vi €
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Again the uniqueness arguments involve standard HNN theory. The cor-
responding growth series are

and

where

P.(0 = — — - — (k < i <p - 1).

Summing
p-\

gives the next result.

PROPOSITION 2. If G = {x, y \y~lx2k+ly - x2fc+1) (A; > 1)

+ x - -tf
Cl -T LI — 51 — LI •+• y)\Ll T LI — Dl — LI

4tk+2 -It2-2t+l'

NOTATION. We write (a0, al,... , am) to denote Y,1Lo ai^ •
EXAMPLES, (i) G = (x, y \y~lx4y = x4) has growth series

= (1 , - 4 , - 3 , 20, 8, - 3 6 , - 1 2 , 22, - 1 6 , - 4 0 , -12)

(1 - 0(1 - t - 4<2)(1 - It - 2?3)(1 - It - It2)2
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(ii) G = (x, y | y~lx6y = x6) has growth series y(t) =
(1, - 6 , 3 ,26 ,8 , - 7 2 , -102 , -16,192,294,236,28,32,148,292,328,280,208,88,32)

( 1 - 0 ( 1 - t - 4 t 2 - 4 ? 3 ) ( 1 - 2t - 2 t 2 - 2tA)(l - 2 t - 2 ? 3 - 2 t 5 ) { l - I t - 2 t 2 - 2 t i ) 2

(iii) G = (x, y\y~lx3y = x3) has growth series

7(0 = —

(iv) G = (x, y | y~'x5j ; = x5) has growth series

(1 + Q 2 ( 1 , - 2 , - 5 , 2 , 12, 14, - 2 , 0 , 8 , 2 0 , 8, 8)
7 ~ (1 - 0(1 - < - 4r2 - 4?3)(1 - r - 4f2 - 2«3 - 2t*)(\ - t - 2t2 - 2t3 - 2t* - 2t5)'

REMARK. Further investigation strongly suggests that the degrees of the
numerator and denominator coincide and what the general form of the de-
nominator will be. If d denotes the degree of the denominator then

P ,

d=\+ J2 i = WP +4p + 9) (p = 2k + 1, k > 1)
i=k+l

and

8) (p = 2l, l> 2).

To complete the picture, if p — 0 then y{t) = (1 + t)/(l - t), and if p = 1
hen y 2

= 2.

p
then y(t) = ((1 + t)/(l - t))2. So the formulae above apply except when

5. Some amalgamated free products

Finally we compute the growth series y{t) with respect to X — {x, y) for
the group presentation

The rewrite rules for this case are the following.

RR1 Collect any powers of the central elements / , / to the left and
write as a power of xp .

RR2 Replace a word uxpvz~lw , ux~pvz'w (respectively) (z = x or y,
/ e N) by uvzp~!w, uvz'~pw (respectively).

RR3 If m + n >p replace a word uz~mvz"w , uz"vz^mw (respectively),
(Zj and z2 = x or y) by uzp~mvz"~pw, uzn

]~
pvzPTmw (respec-

tively).
RR4 Replace a word uz[vz'2'

pw by uz["pvz'2w (z, and z2 = x or y).
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In what follows, A = {x)\{e} , B = {y)\{e} and

_aAnBb (a,b€N)

denotes the subset of AnB of words that involve no power of x or y lower
than -a or higher than b. In this case we get

_ t - ta+x t - tb+l
 = t{2 -f - tb)

(i + y J O + y*) 1 +1 - ta+i - tb+l

ta+l + tb+l

and

Given a freely reduced word in F(X), once we have applied the rewrite
rules RR1 and RR2 either this gives the normal form

k(1) {xp)lAnBp_l (k G N) together with their inverses (k < 0), or

an alternating word (_tp/2i^7f5p_1)±l. Applying RR3 and RR4 to this word
gives one of the following normal forms.

{2)f ([p/2] <j<p-\) j_pAnrBj_l{xJ)j_p+lArnBj and similarly with

yj, and inverses of both.

When p = 2k is even we have to take into account the cases when k is the
highest power to occur and -k does or does not occur. The normal forms
are

(4)±1 _k+1AnrBk_l(x )_k+lArnBk and similarly with yk , and inverses
of both.

(5)

-kAnrBk-l(X~k)-k+lArnrBk-l(xk)-k+lArnYk

and

together with the forms obtained on interchanging x and y .
To prove uniqueness a simple case-by-case analysis shows that two distinct

normal forms cannot have the same image under both the natural maps

and so they represent different elements of G, as Ker <pl n Ker </>2 = {e} .
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We have, using Lemma 2 and the remarks made earlier in this section,
that the corresponding growth series are as follows.

1 - 2t + 2tp+i - t2p '
tJ(l-t)2

- 3t + tJ + t"-J+l)(l - 3t

+ t-2tk+l , „

l + r — 2 r * , . . .

2tk)(l-3t

f{\-t)3

For p odd we must form the sum 2yx(t) + 4 Y?j=k+i fii*)+ 3*3(0 > anc*

p even the sum is 2y, (0 + 4 EjiJ+i ^ (0 + ^ (0 + 4 ^W + 2̂ 5 •

PROPOSITION 3. Le? G = (x, y \ x11 = yp) where p > 1.
(i) If p = 2k + 1 (A; > 0) then the growth series of G is

2f l + t- 2tk+l

f - 2t + 1 + i _ n + 2tk+l

tJ+l

(ii) If p = 21 (/ > 1) then the growth series of G is

.f+i {tU _ 3^+i + tJ + f+i)(t2j+l - 3tJ+l + tj + f)

2f

P — 1

EXAMPLES.

1 +
f l 1-

4/(1 -
+ 2/)( l-

t -

3 M

t> +

tf
3t-

2 /

4t'j(

f t1 -\

l-tf
)(t2J+l - 3

- / + 1 ) (

>tj+l +

1 - 3 * + /

• ' )

lt"(l

+ t"
-t)3

1 ) 2 ( 1 "
3Hh2/)

= (x,y\x2k=y2k)(k>l).
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11 P = 4 :

,..., _ f i ( 1 + 0 ( 1 , - 5 , 4 , 7 , 2 , - 6 , - 2 2 , 6 , 8 , - 2 , - 1 4 , - 1 4 , - 1 5 , - 9 , - 4 , 1)
( m ) p - : y ( 0 - ( ) _ t ) ( i _2t_ ^ _ (i)2{i _2(_t2_ti_ , 4 ) ( , _ , _ ,2 _ ,3 _ ,4 _ / 5 ) "

(iv) p = 8 : y(t) = (1 + 0^(01(1 - 0(1 - 2/ - 2t2 - 2t3 - t4)2{\ - I t - It1 - t" - t4 - t5)]'1

x[{l-2t-t
2-ti-t

4-t5-t6)(l-t-t2-t3-t4-t5-t6-t1)]-1,

where V(t) is a polynomial with integer coefficients and of degree 26.
EXAMPLES.

G = (x,y\x =y

(i)p = 2k+l = l: y(t) = ~ -

( ) P y ( )

(I -0(1-20(1 - r - / 2 )
( 1 + 0 ( 1 , - 3 , 3 , 3 , - 6 , 2 , 5 , 2 , 2 )

(m) P = 5 : y(0 = ^ V — ^ V"^——^"5 i r -

(1 - 0(1 - 2/ - 2/2)(l - 2< - t2 - t3)(l - t - t 2 - t 3 -t4)

(iv) p = 7 : y(<) = (1 + 0^(01(1 - 0(1 -2t- It1 - l t \ \ - I t - It2 - ? - t4)]~l

x [(1 - It - t2 - t3 - t4 - tS)(l - t - t 2 - t 3 - t 4 - t 5 - t6)]'1,

where W(t) has integer coefficients and has degree 19.
REMARK. AS in the previous section, a pattern is emerging. If d denotes

the degree of the numerator (= degree of denominator) of y{t) then d =
(l/8)(3/>2 + 5) for p odd, and d = (l/8)(3p2 + 2p + 8) for p even and at
least 4.

ADDED IN PROOF. The first named author and D. J. Collins have now
calculated the growth series of the group (x, y \ y~lxy = x2) with respect to
{x, y) , and M. Brazil has independently shown this group to have national
growth series.

ACKNOWLEDGEMENTS. We thank Douglas Woodall for his comments in
connection with this work and Dave Wood for his help with some of the
calculations.

References

[1] M. Benson, 'On the rational growth of virtually nilpotent groups,' Combinatorial Group
Theory and Topology, Princeton Studies no. I l l , pp. 185-196 (Princeton University
Press, Princeton 1987).

[2] N. Billington, The growth of stratified groups (PhD thesis, La Trobe University, 1986).

https://doi.org/10.1017/S1446788700035035 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700035035


298 M. Edjvet and D. L. Johnson [14]

[3] J. W. Cannon, 'The growth of the closed surface groups and compact hyperbolic groups,'
preprint.

[4] V. E. Govorov, 'On the dimension of graded algebras,' Mat Zametki 14 (1973), 209-216
{translation: Math. Notes 14 (1973), 678-682).

[5] R. I. Grigorchuk, 'On Milnor's problem of group growth,' Dokl. Akad. Nauk SSSR 271:
1(1983) (translation: Soviet Math. Dokl. 28 (1983), 23-26).

[6] J. R. J. Groves and G. C. Smith, 'Rewriting systems and soluble groups,' Bath Comp
Sci Tech Report no. 19 (1989).

[7] F. Grunewald, seminar at Berkeley, January 1989.
[8] N. D. Gupta and S. Sidki, 'On the Burnside problem for periodic groups,' Math. Z. 182

(1983), 385-388.
[9] D. L. Johnson, 'Rational growth of wreath products,' in Groups St. Andrews 1989 (ed.

C. M. Campbell and E. F. Robertson), pp. 309-315, Cambridge Univ. Press, 1991.
[10] P. Le Chedanec, Canonical forms in finitely presented algebras (Pitman, London 1986).
[11] M. Lorenz, Gel'fand-Kirillov dimension and Poincari series (Lecture Notes, De Kalb

1987).
[12] R. C. Lyndon and P. E. Schupp, Combinatorial Group Theory (Springer, Berlin 1977).
[13] W. Magnus, Noneuclidean tessellations and their groups (Academic Press, New York-

London, 1974).
[14] J. Milnor, 'A note on curvature and the fundamental group,' J. Differential Geom. 2

(1968), 1-7.
[15] N. J. Smythe, 'Growth functions and Euler series,' Invent. Math. 77 (1984), 517-531.

University of Nottingham
University Park
Nottingham NG7 2RD
U.K.

https://doi.org/10.1017/S1446788700035035 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700035035

