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ON THE MUTAGENIC RADICAL PROPERTY

by G. TZINTZIS
(Received 20th March 1984)

In their paper N. Divinsky and A. Sulinski [6] have introduced the notion of
mutagenic radical property—that is, a radical property which is far removed from
hereditariness—and constructed two such examples. The first is the lower radical
property determined by a ring S,,  (N. Divinsky [5]) and is an almost subidempotent
radical property in the sense of F. Szasz [9], and the second is a weakly supernilpotent
radical property, that is the lower radical property determined by S,, and all nilpotent
rings.

The purpose of this paper is, on the one hand, to present many other examples of
mutagenic radical properties, and on the other, to introduce a more natural notion for
radical classes which are far removed from hereditariness, and to examine its relation
with mutagenity.

Throughout this paper all rings considered will be associative. The terminology and
basic results of radical theory can be found in [4], [1], [2].

Definition 1. (N. Divinsky and A. Sulinski, [6]) A radical property % is said to be
mutagenic if there exists a nonzero ring R such that,

(O)R=,1,>...>1,>...>1,>1,>0, where a ranges over some indexing set of
ordinals and I, are strongly %-semisimple ideals, and

(2) %(R) 0.

Proposition 1. Every almost subidempotent radical property N, with Nn#B#0, is
mutagenic.

Proof. Let Re NN be a nonzero ring. Since R is a #-radical ring it is well known
that its every nonzero homomorphic image contains a nonzero nilpotent ideal.
Therefore, we can construct an ascending chain of ideals. 0<I;<
I,<..<l,<l,;,<..., where I,,,/I, is a nilpotent ring, for every ordinal number a.
Evidently, since N is an almost subidempotent radical property, nilpotent rings are
strongly N-semisimple. Also, by [6], Lemma 1, if I, is a strongly N-semisimple ring;
then I,,, is also strongly N-semisimple. Finally, for a limit ordinal number a, we define
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1,= U,,<,,I , and if I, is a strongly N-semisimple ring we carry on extending the chain.
Where I, is not a strongly N-semisimple ring we can take an homomorphic image
which is not an N-semisimple ring.

Corollary 1. The almost subidempotent radical properties lg of all idempotent %-
radical rings (G. Tzintzis [10]), where ¥ =B, L, N, By, N 4 L, ((8]), ¥ ([11]), J, J,,
P, Jp, G, N4 (N (e T ,D,F (N. Divinsky [4]), are mutagenic.

Corollary 2. The almost subidempotent radical property Z (G. Tzintzis {12]) is
mutagenic.

More generally, let M be an homomorphically closed class of rings which has the
property that every nonzero ideal of a ring of M can be mapped homomorphically onto
some nonzero ring of M. If, as usual, we denote as U(M) and L(M) the upper radical
property determined by M and the lower radical property determined by M respec-
tively, then we have the following.

Proposition 2. U(M) is mutagenic if U(M)n L(M)+#0 holds.

Proof. Since M is homomorphically closed, it is contained in the class of strongly
U(M)-semisimple rings. Also, if U(M) is not mutagenic, then by [6] Theorem 7, the
class of all strongly U(M)-semisimple rings must be radical, and consequently,
U(M)n L(M)=0 must hold a contradiction.

Corollary 3. The radical classes & and Ty, where 2 is the Jenkins [7] upper radical
determined by all prime rings and T, is the N. Divinsky [5)] upper radical property
determined by all unequivocal rings, are mutagenic.

Proof. 1Indeed, the ring S, of the example E [S], is #-radical, and simultaneously, is
contained in L(M), where M is the class of all prime simple rings. Also, S, is a Ty-
radical ring ([5]) and is contained in L(M*), where M* is the class of all unequivocal
rings.

Definition 2. A non-trivial radical property % is said to be completely non-hereditary
if every nonzero %-radical ring contains a nonzero ideal which is not %-radical.

Definition 3. A non-trivial radical property % is said to be strongly completely non-
hereditary if every nonzero %-radical ring contains a nonzero ideal which is strongly %-
semisimple. '

Evidently, a strongly completely non-hereditary radical property is also completely
non-hereditary. An example of a completely non-hereditary radical property is the

almost subidempotent radical property Z (G. Tzintzis [12], Proposition 2.2). In general

Proposition 3. Every almost subidempotent radical property %, with % Nn%84,=0, where
By is the class of all hereditarily idempotent rings ([3]), is completely non-hereditary.
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Proof. Indeed, if R is a nonzero #-radical ring, then it is not contained in %, and
consequently has a non-idempotent ideal which, evidently, is not #-radical.

Also, we can show that an example of a strongly completely non-hereditary radical
property is the lower radical property determined by the ring S, ([6], Example 3).
Indeed, S,,, is a #-radical ring and also hereditarily idempotent. Consequently, L({Swo})
is contained in both the classes 2 and %, and precisely consists of all rings, every
nonzero homomorphic image of which contains, as an ideal, a nonzero homomorphic
image of S, . Therefore, every nonzero I({S, })-radical ring contains as an ideal a
simple prime ring which is strongly L({S,, })-semisimple. 7

It is now natural to ask: What is the relation between mutagenity and (strongly)
complete non-hereditariness?

Proposition 4. If % is a completely non-hereditary radical property, then every nonzero
%-radical ring contains a nonzero %-radical ideal which is the union of an ascending chain
of non-%-radical ideals.

Proof. Indeed, since every nonzero homomorphic image of a nonzero #-radical ring
R contains a nonzero ideal I which is not #-radical, we can construct an ascending
chain of ideals 0<I,<I,<...<I,<..., which are not #-radical rings. The first limit
ordinal number we correspond to the union, | J,1,. If { J,I,#R and is not a %-radical
ring, then we carry on extending the chain.

Corollary 4. If % is a strongly completely non-hereditary radical property, then every
nonzero %-radical ring contains a nonzero ideal, some nonzero homomorphic image of
which is the union of strongly %-semisimple ideals but is not %-semisimple.

Proof. Indeed, as in Proposition 4, we can construct an ascending chain of ideals
O0<I,<I,<...<l,<..., which, by [6] Lemma 1, must be strongly %-semisimple. If for
the limit ordinal number a the union { J,<,I, is a strongly #-semisimple ring, then we
carry on extending the chain. Otherwise, this union is the ideal for which we were
looking.

Corollary 5. Every strongly completely non-hereditary radical property % is mutagenic.

Finally, we must observe that the problem remains whether there exists an example of
a completely non-hereditary radical property % which is not mutagenic.
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