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RADIAL ENTIRE SOLUTIONS OF EVEN ORDER
SEMILINEAR ELLIPTIC EQUATIONS

TAKASI KUSANO, MANABU NAITO AND CHARLES A. SWANSON

1. Introduction. Semilinear elliptic partial differential equations of the type
(1) A™u=f(x|,u), x€RY, N=3

will be considered throughout real Euclidean N-space, where m 2 2 is a pos-
itive integer, A denotes the N-dimensional Laplacian, and f is a real-valued
continuous function in [0, 00) X (0, 00). Detailed hypotheses on the structure of
f are listed in Section 3.

Our objective is to prove the existence of radially symmetric positive entire
solutions u(x) of (1) which are asymptotic to positive constant multiples of
|x|>"=% as |x| — oo forevery i = 1,...,m,N Z 2i+1. An entire solution of (1)
is defined to be a function u € C**(R") satisfying (1) pointwise in R¥. Theorem
1 establishes, in particular, sufficient conditions for the existence of infinitely
many positive radial entire solutions of (1) which are bounded above and below
by constant multiples of 1 + |x|*”~2 in RY,N = 3. This theorem also implies
the existence of bounded positive entire solutions of (1) in RY,N = 2m + 1.

The sharpness of our existence criteria is indicated by Theorem 2: If f(¢, u)
in (1) has constant sign in [0, 00) X (0, 00), these criteria are in fact necessary
and sufficient conditions for positive entire solutions of (1) to exist which are
asymptotic to constant multiples of |x|?"~2 i =1,...,m, as |x| — oo.

Theorem 3 shows that equation (1) can have infinitely many radial positive
entire solutions which grow more rapidly than any of the above solutions as
|x| — oo.

The problem of existence of entire solutions which decay to zero as |x| — oo
has proved to be very difficult even for the second order case, i.e., m = 1 in
(1). Indeed, only special second order results are known to date. A surprising
result, in Theorem 4 below, is that there is a class of equations of the form (1)
which possess positive entire solutions decaying uniformly to zero as |x| — 00.
Theorem 5 contains another result of this type for a mixed sublinear-superlinear
equation.

Considerable attention has been given to (1) in the case m = 1; recent bib-
liographies appear in [2, 3, 5]. Entire solutions of (1) for m 2 2 were first
investigated by Walter [8, 9] and Walter and Rhee [10]. A systematic study
of the existence of entire solutions in the plane of A™u = p(|x|)f(u) is con-
tained in [4]. The case m = 2 is considered in [6]. As far as we are aware,
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there are no known results guaranteeing the existence of entire solutions of (1)
for N 2 3,m 2 2, with specific information about the asymptotic behavior at
infinity of these solutions.

Our method requires the existence of solutions of singular integral equa-
tions via the Schauder-Tychonov fixed point theorem. The integral equations
are formed from iterates of integral operators ® and ¥. The estimates in Sec-
tion 2 for these iterated operators are critical in the proofs of the theorems. The
main results are proved in Sections 3 and 4.

2. Estimates for iterated integral operators. Let L}(0,00),A 2 0, denote
the set of all real-valued measurable functions g in (0, 00) such that

/ g (@)]dt < .
0

Let ® : C[0,00) — C?[0,00) and ¥ : C[0, 00) N L}(0,00) — C2[0,00) be the
integral operators defined by

1 ! S\N-2
©) (‘Dh)(’):m/()[l‘(?) ]sh(s)ds, (20, N 23,

1 L g\N-2
3) (\Ifh)(o:m[ /0 (3) shids + /

t

o)

sh(s)ds], 120, N23.

It is sometimes useful to notice that ® and ¥ can be rewritten as
! S
(@ hy(r) =t*N / sh3 / rh(rydrds, t>0,
0 0
t 00
(W hy(r) =*7V / sV3 / rh(r)drds, t> 0.
0 s

The operator @ has been used by Kawano [3], Kusano and Oharu [5], and ¥
has been used by Fukagai [2] in existence theory of entire solutions of second
order semilinear elliptic equations.

LEmma 1. ® and W have the following properties:
(A)  (A®h)(|x|) = h(x]), x €RY, for all h € C[0,00);
(B) AV h)(|x])) = —h(x]), x €RN, for all h € C[0,00)NL}(0, c0);
©) lm¥h()=0 ifheClo, 00) N L1(0, 00).

These properties are easily verified from (2) and (3) and the polar form of A:

d d d
A=pgNEN1E 183 ND N2 T
dt dt ! dt dttN =l
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LeEmMA 2. If h € C[0, 00) and h(t) Z 0 for t 2 0, then

. -2 ¢
< ! <
) 0= @' = DN =2y /0 sh(s)ds

forallt 20and i =1,2,..., and the limit

(5) lim (2P0

oo (22

= A(h)

exists with A(h) € (0,00) if and only if h € L}(0,00).
Proof. Use of (2) gives

0= (Dh)@) <

!
=
N 2/0 sh(s)ds, t=20,

and hence (4) is true if i = 1. The truth of (4) for an integer i(i 2 1) implies
by (2) that

) 1 4 )
< i+l < - i
0= (@ h)r) = N> /0 s(®'h)(s)ds

1 ! . s
f - 1 h
(i — DI2IYN = 2)i+] /0 $ /0 rh(r)drds

1 t ‘o
= (l — 1)'2,_](1\] _ 2),‘+l ‘/0 ([ 52 lds) rh(r)dr

2 '
= 3G DTN — 2 /0 rh(r)dr, t20,

IIA

proving (4) by induction. Clearly (5) follows from (4) and L’Hospital’s rule.

Lemma 3. If X 20 and N > X +3, then ¥ maps C[0,00) NL},,(0,00) into
C?[0,00) NLL(0, 00), and

(oo} 1 00
< A < A2
0= /(; s*W h(s)ds = 0T DN - 3)/0 s h(s)ds

for all nonnegative h € C[0,00)NL},,(0,00).

Proof. Let h be any nonnegative function in C[0,00) N L},,(0,00). Since
L} ,,(0,00) C L}(0, 00),

W h(t) is well defined, and for any T > 0 we have

T 1 T 00 S
/ sV h(s)ds = —— s / rh(r)dr + s>~V / N h(r)dr | ds
0 N -2 0 s 0
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T
1 gl 00 g 1 T >\+2h 4
(6) = N_—_2 N+ 1 [ rh(r)dr 0+—)\—+_1/0 N (s)ds

PN s T 1 T
—_— - - *“h(s)ds ) .
+ XT3N Jy rY " h(r)dr i )\+3—N/0 s* " h(s)ds

Noting that A +3 — N <0,

00 00
T / rh(r)dr < / 2 h(r)dr —0 as T — oo,
T T
and

A S
sAIN / N h(rydr < f P 2h(rydr — 0 as s — 0+,
0 0

we see from (6) that

o0
/ M h(s)ds
0
1 1 o 1 o0
< - A+2 I A+2
= _2{)\+1/() s h(s)ds /\+3—N/0 s h(s)ds}
= ! / ” s2h(s)ds
A+ DN =X =3) J, '

LEmMMA 4. Let j be a positive integer. If N 2 2j + 1, then W/ is well defined
on CI[0,00) OL%FI(O, 00).

Proof. The proof is by induction on j. Clearly, Lemma 4 is true if j = 1.
Assume that Lemma 4 holds for some j 2 1. Let N 2 2j + 3 and take an

h € C[0,00) N Ly,,,(0, 00).
Lemma 3 with A = 2j — 1 then implies that
VheLy 10,00),

so that the operator ¥/ can be applied to W h. It follows that W/*! is defined
for all h € C[0, oo)ﬁL;jH(O7 00).

LEMMA 5. Let N 2 2j + 3, where j is a positive integer. If h € C[0,00) N
L;M(o, 00) and h(t) 2 0 for t 2 0, then

) 0= (@W'h©) =L ci,j,N)*? / s¥* h(s)ds
0
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forallt20and i =1,2,..., where

3 c(i,j,N)

. 1

T = DR2FIN —2) T jIU(N —2)(N —4)---(N —2j — 2)
Furthermore, the limit

) lim 2O

oo f22

= B(h)

exists with B(h) € (0, 00).

Proof. Note that W/h is well defined by Lemma 4. We first prove (7) fori = 1
by induction on j. That (7) holds for i = j = 1 has been proved by Kusano and
Swanson [6, Lemma 3.3]. Assume that (7) is true for i = 1 and some j 2 1.
Using this assumption, we see that if N = 2j+5 and 4 is a nonnegative function
in C[0, 00) ﬂLéj ,3(0,00), then

10) PV h) = DY/ h)(0)
00
< c(l,j,N)/ sV n(s)ds, 2 0.
0
From Lemma 3 with A = 2j + 1 it follows that

] ” Y (s)ds S ! / " U h(s)ds.
0 26+ 1DIN —=2j—4) Jo

Combining this with (10), we obtain

j+l < C(l,ij) /«oo 2j+3
Y/ h() = GIDN —-2=5 J, ST h(s)ds

00
=c(l,j+ l,N)/ s¥Ph(s)ds, 120,
0

proving (7) for i = 1 and j replaced by j + 1.

Next we show that (7) holds for any i 2 2 and j 2 1 by induction on i. Let
Jj 2 1 be fixed. Assume the truth of (7) for some i 2 1 and j. Let N = 2j+ 3
and h € C[0, 00) ﬁLéjH(O, 00), A(f) Z 0 for t = 0. We then have in view of (2)

O WIin(r) = (@Y h)(r)

1 ! o
< N 2/ sO "V h(s)ds
—2Jo
1 t . 00 .
< N 2/ s (c(i,j,N)sZ’_z/ rzf“h(r)dr) ds
—<Jo 0
_ c(i,j,N) 2i/m 2j+1
_—(N—2)2it A rY" h(r)dr
00
=c(i+1,j,1v)t2"f ¥ hrydr, 120,
0
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implying that (7) with i replaced by i + 1 is true. The verification of (9) is
immediate. Thus the proof of Lemma 5 is complete.

LEMMA 6. Let N 2 2j+ 1, where j is a positive integer. If h is a nonnegative
function in C[0,00) NL},_,(0,00), then

A1) LG,N;mymin{1,¥ N} < Wh(t) £ LG,N; kymin{1,:¥ N}
for t Z 0, where

(2)  hG,N;h)

1
(N =2Y(N—4)---(N —2))
(13)  L(,N;h)

o0
/ min{s, s" ' }a(s)ds,
0

= 1 00 N—1
S TN 2N =4 (N —2)) /0 max{s, s Hh(s)ds.

Proof. The proof is by induction on j. Let j = 1. Then, since
d t
— W h(t) = —z'-N/ sV h(s)yds £0, >0,
dt 0

and

%[W—zxp h(t)] = V3 [ sh(s)ds 20, >0,

t

we have in particular
Vh(l)=Vh(t) = Vh0) for0=r=1
and

VA1) < N2 hp) < lim N2V h(r) fort 1.

It is easy to see that

1 ! 1 %
Yh(l)= —— N=t s
(1) N_2/0 s h(s)ds+N_2/1 sh(s)ds
] o0
“N-2),
(o]

N——2 A Sh(S)dS,

min{s, s" "'} h(s)ds,

W h(0) =
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and

lim 72 h(r)
—00

. 1 " N-1 A
,1_1.210 (I_V_—_E,/O s h(s)ds+N _2/’ sh(s)ds)

1
N-2J,
That (11) holds for j = 1 follows from the above observations.

We now assume that (11) is true for some j 2 1. Suppose that N 2 2 + 3
and let & be a nonnegative function in C[0,00) ML}, _,(0,00). Then W/*'h(z) is
estimated from above and below as follows. Since W/*!A(f) is nonincreasing,
we have

sN_]h(s)ds.

A

W h(1) £ Wh@e) £ WTRO) for0S S 1,

where

W+ p0) - > sWIh(s)ds
N-=2J
< 1 ls[1 L(j,N;h))ds
N2 O

+ / s[L(j,N; h)s¥™N1ds
1

N -2

1 (1 1
= (2+———VnG,N:n
N—2(2+N—2j—2> 2(,Nih)
~_LG,NR)

S =](j s ),
2(N _'2J"2) 12(]+ 19N )

and

) 1 1 ) 0
J+l _ N—I\ppJ J
W h@) = N3 /0 sY T W h(s)ds + N3 /1 sV h(s)ds

00

2 —1—2 s[(j,N; h)s¥™N1ds
- 1

_ hGiNihy
N —2(N -2/ -2
On the other hand, if ¢t 2 1, then we find
MN-2%-2 proo )
P
N> [ sW/h(s)ds
(N=2%-2 foo )
> . . 2j—N
2N 3 [ sl (j,N; h)s lds
_ hGiNihy
(N=2)(N—-2j-2)

=1L(j+1,N;h).

NTAW () 2

=1(j+1,N;h)
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and

N2 )
2 N—2j-2

t o'e]
:N_2/OSN“1\I’jh(s)ds+tN 2[ sWIh(s)ds

3 Yo
< LN
=53 (/0 s" T (), N h))ds
11
+ / sV UL, N R)sP N ]ds)
1

N-2-2
+
N -2

s L _ 1N N+ SoLi Noh
_N“Z((N—Z) 2(]7 3 )+?j2(17 ) ))
L(j,N;h)
N=2)N -2 -2

m .
/ s[(j,N; h)s¥ =N 1ds
1

11 1
< L (s —— LGNk
N~2(2j N—2j—2) 20, N3 1)
L(j,N;
= _DUND g v N,
%N —2j—2)

This proves the truth of (11) with j replaced by j + 1, and the proof is complete.

3. Existence of positive entire solutions. Existence theorems for equation
(1) will be obtained under the standing hypothesis that f is continuous in Q =
[0, 00) X (0, 00), denoted by f € C(Q), and under one of the following structure
hypotheses:

(Loo) |f(t, )| £ F(t,u) in Q, where F € C(Q) and u~'F(t, u) is nonincreasing
in u € (0,00) for each ¢ 2 0 and satisfies

lim u'F(t,u) =0, 20;

U—00

(Lo) |f(t,w)| < F(t,u) in Q, where F € C(Q) and u~'F(¢, u) is nondecreasing
in u € (0, 00) for each ¢t 2 0 and satisfies

lim u 'F(t,u) =0, t20.
u—0+

Note that a function F(t,u) in (Lp) is nondecreasing in u € (0, 00) for each
t 2 0, and that a function F(z,u) which is nonincreasing in u € (0, 00) for each
t 2 0 has the property of F(t, u) stated in (Loo).

Our first main theorem is stated below.
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THEOREM 1. Suppose that f € C(Q) satisfies either (Ly,) or (Ly). Let i be an
integer with 1 = [ = m. Suppose that N 2 2i+1 and that there exists a constant
¢ > 0 such that

0Q
(14) / PR e + P2 )t < oo,
0

Then equation (1) has infinitely many radial positive entire solutions which are
bounded above and below by positive constant multiples of 1 + |x|*"=% in RV,

Proof. We first consider the case that (L) is satisfied. Let k 2 2¢. Then
2m—2i k 2m—2i
c(l+t¢t )<k+§t , t20,

and so (L.,) implies that

Ft,k+50""2) _ F(t,c(1+m%)
k + %tz’”_Zi - c(1+ t2m—2i) ’

t20,
whence it follows that
—1,2i—1 k 2m—2i —1.2i—1 2m—2i
k'R t,k+5t Sc'rTFE@ (1 +t ), t20.
Since
: —1,2i—1 k 2m—2i
lim k= t“7'F {t,k+ =t =0
k—00 2

for each t 2 0 by (L), condition (14) and the Lebesgue dominated convergence
theorem show that

00 ; k .
lim / ey 3 (t,k + —z2m—2') dr = 0.
k—00 0 2

Therefore there is a kg > 0 such that

(15) /ootzi"F tk+kt2”'”2" dr < k
o 2 ~ 8c(m—i+1,i—1,N)

for k 2 ko, where ¢c(m — i + 1,i — 1,N) is defined by (8). For any such &, we
define

k . ‘
(16) Y = {y € C[0,00) : k + Etz'"_z' Sy(O) S k+2km 2 1 2 0}
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and
A7) My@) = k(1 + 22 4 (=11 =l y@)), 2 0.

Clearly, Y is a closed convex subset of the Fréchet space C[0, 00) of all con-
tinuous functions in [0, 00) with the usual metric topology. If y € Y, then by

(Leo)
F(t,y®)
18 s —=
18y [f@t,y®)| ) y(0)
Flokebondy
= W(k + 2kt2 2 )

k .
<4F (:,k+ 512’"—2') , 120,

so that f(¢,y(t)) € L) ,(0,00) by (14) and M is defined on ¥ by Lemma 4.
From Lemma 2 (in case i = 1) or Lemma 5 (in case 2 < i = m) it follows in
view of (15) and (18) that if y € ¥, then

"= U (1, y (1))
< ¢m—i+l\Pr‘—l [417 (t,k + §t2m-2i):|

R k .
Sd4cm—i+1,i—1,N)y*m % / sHTUE <s, k+ 5.@"'—2') ds
0

k .
< 512'”‘2’, 120,

and hence
My(@) < k(1 +277%) + gtz'"—z"
Sk+2kPm2 120,

ok .
My([) g k(l + t2m~21) — 5[2m—21

_ E 2m—2i >

=k+ 2t , t=20.
Thus M maps Y into itself. Furthermore, it can be shown without difficulty
that M is a continuous operator and that M(Y) is relatively compact in the
topology of C[0, 00). The well- known Schauder-Tychonov fixed point theorem
then implies that there exists a function y(¢) in Y such that y(¢) = My(#),¢ = 0.
The function u(x) = y(jx|),x € RY, gives a radial entire solution of (1), since
repeated application of Lemma 1 shows that

A™(—D) 'O Ty ([x]) = h(x[), x € RY,
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for h € C[0,00) ML}, ,(0,00) and N Z 2i + 1,i = 1,2,...,m. Since k = kg is
arbitrary, there is an infinitude of such entire solutions of (1).
Next, suppose that (L) is satisfied. In this case one can easily show that

00
Hm‘/ KV VR @k + 2627 dr = 0.
k—0+ 0

Choose k; > 0 so that

(o)
. . k
2i—1 2m—2i
" TF(t k + 2kt dt =
]ﬁ @ S S =T+ L= LN

for 0 < k = ky, and define for such a k,Y and M by (16) and (17), respectively.
Then, as in the case of (L), M is shown to map Y continuously into a compact
subset of Y, so that M has a fixed point y € Y, which gives rise to a radial entire
solution u(x) = y(|x|) of (1) with the desired asymptotic behavior as |x| — oo.
Since k is arbitrary in (0, k1], (1) has infinitely many such entire solutions. This
completes the proof.

Remark 1. In Theorem 1 hypotheses (L) and (Ly) can be replaced by the
following more general hypotheses:

(1:400) f(t,u) = o(u) as u — oo for each fixed ¢t = 0;
(Lo) f(t,u) = o(u) as u — 0+ for each fixed ¢ 2 0.

Then the roles of F in (L) and (L) are played by the functions F' defined by
F(t,u) = usup{v'[f(t,v)| :u S v < oo}, (t,u)€Q |

in the case of (L.,) and
Ft,u) = usup{v"[f(t,v)[ 0<v=u}, (HueQ

in the case of (I:o). Although, in each case, F (t,u) is not necessarily continuous
in (¢, u), it is not difficult to verify that the conclusion (as well as the proof) of
Theorem 1 remains valid provided F is required to satisfy condition (14).

Similar remarks also apply to the subsequent theorems and corollaries. Note
that the actual computation of F is not easy.

THEOREM 2. Suppose that f € C(Q) is of constant sign in Q and satisfies
either (L) or (Lo), where F(t,u) is taken to be |f(t, u)|. Let i be an integer
with1 S i S mandN 2 2i+1. Then (14) is a necessary and sufficient condition
for equation (1) to have a radial positive entire solution u(x) in RN such that
the limit

u(x)

W T A
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exists with A(u) € (0, 00).

Proof. The sufficiency part of this theorem follows from Theorem 1 combined
with the observation that when f(¢, u) is of constant sign, the term

"W T (1, y ()
has that sign and has a finite (nonzero) limit

m—i+Iqppi—1

1—00 t2m—2i

in view of the second part of Lemma 2 or Lemma 5.

To prove the necessity part it suffices to apply a result of Fink and Kusano [1],
noting that each 1”2, 1 £ i < m, is a solution of the unperturbed differential
equation L™y = 0 in (0, c0), where

d d
— AN ENad

L .
at at

We denote by S the set of all radial positive entire solutions of equation (1).
For j € {0,1,...,m — 1} let S; denote the set of all u € § which are bounded
above and below by positive constant multiples of 1+ |x|% in RV. If f is one-
signed in [0, 00) X (0, 00), then Theorem 2 shows that S; is the set of all u € §
such that the positive limit

lim u(x)/|x¥
x| 00

exists and is finite.
Suppose that either (Lo,) or (Lo) is satisfied. If (L) holds, then for ¢ > 0
and for ¢ sufficiently large

C(l + t2m—2i)

C(l + t2m—2i-2)
S 2°7F(t, c(1 + 12" 272y),

F(t, C(l + t2m—2i)) é F(t, C(l + th—Zi—Z))

and hence
00 . o
(20) / PR @ e(1 + 227 2))dr < 0o
0
implies
00 . .
(1) / PR, e(1 + 2 H))de < oo.
0

From Theorem 1 it then follows that our condition ensuring S; # @ implies
Sis1 # (; in particular, condition (14) (with i = m) implies that S, # B for
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j=20,1,...,m— 1. On the other hand, if (Ly) holds, then we see that (21)
implies (20), since

Im2i c(l+1m2) 2m—2i-2
F(I,C(l'f'tm ))sz(I,C(I'F(m g )

1 .
FCF @ e +2m7272%)

%

for ¢ > 0 provided ¢ is sufficiently large. In this case, by Theorem 1 again, we
conclude that our condition ensuring S; # @ implies S;_; 5 §; in particular,
(14) (with i = 1) implies S; # @ for j = 0,1,...,m — 1. If in addition f is
one-signed, then the above observation combined with Theorem 2 shows that if
(Loo) (with F = |f]) holds, then S,,_; = () implies §; = @ for j = 0,1,...,m—2,
and if (L) (with F = [f|) holds, So = @ implies S; =@ for j = 1,2,...,m — 1.
The foregoing results are summarized in the following corollaries.

CorOLLARY 1. Suppose that f € C(Q) satisfies (Lo). Let N Z 2m + 1.
(i) If there exists a constant ¢ > 0 such that

00
/ PR, )de < oo,
0

then S; # 0 for j=0,1,...,m—1.
(ii) Suppose in addition that f is one-signed. If for every constant ¢ > 0

00
/ 1 f(t, c(1 +2"72))|dt = oo,
0
then S; = ¢ for j=0,1,...,m— 1.
COROLLARY 2. Suppose that f € C(Q) satisfies (Lg). Let N 2 2m + 1.
(i) If there exists a constant ¢ > 0 such that

o0
/ F(t,c(1 + 2" 2))dr < oo,
0

then S; # ¢ forj=0,1,...,m—1.
(ii) Suppose in addition that f is one-signed. If for every constant ¢ > 0.

o0
/ 2 Uf (e, 0)|dt = oo,
0
then S; =0 for j=0,1,...,m—1.

It is possible that equation (1) possesses entire solutions which do not belong
to Uj"'z—ol §; as the following example shows.

https://doi.org/10.4153/CJM-1988-056-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-056-3

1294 T. KUSANO, M. NAITO AND C. A. SWANSON

Example 1. Consider the generalized Emden-Fowler equation
(22)  A™u=p(xphu’, x€R",

where v is a constant and p : [0,00) — R is continuous. Let ¢(¢) be positive
and smooth on [0, 00), but otherwise arbitrary. Then, u(x) = $(|x|?) is an entire
solution of (22) if p(¢) is given by

d d\"
p(6) = [p(H)]” (t‘*”at’“—) ().

dt
This solution belongs to none of S;,j = 0, 1, ..., m—1, if the asymptotic behavior
of ¢(t*) as t — oo is different from any constant multiple of t¥,j = 0,1,...,m—
1.

It will then be natural to ask if one can actually detect or construct entire
solutions, not belonging to U;":_Ol S;, of equation (1) for general f, or equation
(22) for a given p, in particular. For instance, a question will arise as to how to
find conditions on f (resp. p) which guarantee the existence of a positive entire
solution of equation (1) (resp. (22)) having one of the properties:

¢0) ,llim u(x)/|x|¥ =0 and
lllim u(x)/|x|*? = oo for some j=1,2,...,m—I;
X {(—00

an ]lim u(x)/|x|*"2 = 00, or |x| — oo,

x|—00

(111) lim u(x) =0.

I,\’ |—-»OO

A partial answer to this question will be given in Theorem 3 below and in
Section 4.

THEOREM 3. Suppose that f(t,u) is nonnegative and continuous in [0, 00) X
(0, 00) and is nonincreasing in u for each fixed t 2 0. If

(23) / if (¢, c(1 + 2" 2)dt = 0o
0

for every constant ¢ > 0, then equation (1),N 2 3, possesses infinitely many
radial positive entire solutions u(x) such that

. ulx)
B T

Proof. Let ¢ > 0 be any fixed number, and consider the set ¥ C C[0, 00)
and the mapping

F:Y — C?[0, 00)
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defined by

Y = {y € C[0,00) : c(1 +2"2) £ y(r)

c(1+2" )+ @™ (t,c(1+12"72),t 2 0}

A

and
Fy(t) = c(1+ 2™ )+ D" (1, y(t)), t20.
If y € Y, then, by the nonincreasing nature of f with respect to u,
0 < D"F(t,y(1) £ P"f(t,c(1+1°m72), 120,

which ensures that F maps Y into itself. The continuity of F and the relative
compactness of F(Y) in the topology of C [0, 00) can be proved without difficulty.
Therefore, there exists a fixed point y € Y of F, which gives an entire solution
u(x) = y(|x|) of (1).

It remains to study the asymptotic behavior of u(x) as |x| — oo. As is easily

verified,
oy P ()
@ g = T
lim ®f (2, y(1))
1—00

T T m—DINN+2) - (N+2m—4)’

which is finite or infinite according as f(t,y(f)) € L}(0,00) or f(t,y(t)) ¢&
L{(O, 00). Suppose that the above limit is finite. Then,

f(t,y(D) € Li (0, 00),

i.e.,
(o ¢}
(26) / o (t,y(t)dt < oo
0
and there exists a constant k£ > 0 such that

y(0) £ k(1 +2m72) fort 2 0.

Combining the last inequality with (26) and noting that f is nonincreasing in u,
we obtain

/ i (1, k(1 + 2" 2))dt < o0,
0
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which contradicts (23). It follows therefore that the limit (25) must be infinite,
that is, the obtained entire solution u(x) = y(|x|) necessarily has the asymptotic
behavior (24). Since ¢ > 0 is arbitrary, there is an infinitude of such growing
entire solutions u(x). This completes the proof.

Remark 2. A nonnegative continuous function f(f,u) in [0,00) X (0, 00)
which is nonincreasing in u clearly satisfies hypothesis (Lo,), and hence (ii) of
Corollary 1 applies to equation (1) with this nonlinearity. In view of Theorem 3
and (ii) of Corollary 1 we conjecture that under condition (23) all radial entire
solutions of such an equation (1) have the same asymptotic behavior (24) as
|x| — o0.

Example 2. Consider equation (22) as in Example 1. In this case f(t,u) =
p(Hu’ and the function F(t, u) can be taken to be

F(t,u) = |p@)|u’;

(L) or (Lp) is satisfied according as ¥ < 1 or ¥ > 1. Condition (14) reduces
to

00
/ t2i—l+27(m-—i)|p(t)|dt < 00,

which, in case Y # 1, guarantees the existence of infinitely many members of
Sm—i (see Theorem 1). Corollaries 1 and 2 show that S; # 0,j=0,1,...,m—1,
for (22) if

00
/ 2" pldt < oo, Y<1, NZ2m+1,
or if
o]
/ D p@)ldt < oo, Y>1, N Z2m+1,
and that §; = 0,/ =0, 1,...,m — 1, for (22) with one-signed p(¢) if
00
/ D p@))dt =00, Y<1, NZ2m+1,
or if
00
/ 2 p@)ldt =00, Y>1, N Z2m+1.
Theorem 3 implies that equation (22) with ¥ = 0 and p(¢) 2 0 satisfying

{o¢]
/ MM Dpydt = 0o, N Z 3,
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has radial positive entire solutions which grow more rapidly than |x|?"~2

|x| — o0.

as

4. Existence of decaying positive entire solutions. Additional examples

of entire solutions of (1) not belonging to U}";OI S; are radial positive entire

solutions which decay to zero as |x| — oo. The problem of existence of decaying
entire solutions is difficult, and not completely resolved to date, even for the
second order case of (1), i.e., for m = 1, and accordingly the same generality
as in Section 3 cannot be expected in this direction for higher order elliptic
equations. Below it is shown that there are two classes of equations of the form
(1) which possess positive decaying entire solutions.

THEOREM 4. Suppose that N 2 2m+1,—1 <7 < 1, and p : [0, 00) — (0, 00)
is continuous. Then the equation

QN A™u=(=1"p(xhu’, x€eRY,
has a radial decaying positive entire solution u(x) such that the limit

(28) lim |x|N72"u(x) = A(u) € (0, 00)

Jx|—00

exists if and only if

(29) / ” NIV (0dr < oo

Proof. Suppose first that 0 = v < 1. Let
p(t) = min{1,>" N},
and define
Y = {y € C[0,00) : kip(t) = y(t) = kap(r), t =0},
where k; and k; are positive constants satisfying the inequalities
ki < [1(m,N; pp"07 < [(m, N3 pp") 10 < ko,

and I;(m,N;pp"),i = 1,2, denote the functionals in (12) and (13) with j = m.
Condition (29) ensures that I;(m,N;pp’),i = 1,2, are finite. Let

F:Y — C*[0,00)
be the mapping defined by

Fy(t) = ¥"@y")®), ¢20.
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If y €Y, then
tN—lp(t)y'Y(t) é kth—l—'Y(N—Zm)p(t)’

so that py” € L}_,(0,00) and Lemma 6 (j = m) is applicable to h = py”. It
then follows that for y € Y

I,(m,N; py")p(t) = Fy(t) = L(m,N;py")p(r), t 20,
and hence

k[ 1(m,N;pp)p(t) £ Fy(t) < k) (m,N;pp")p(1), tZ0.
Consequently, in view of the choice of ki, k7,

Fy(t) < kky " p(t) = kap(t)
and

Fy(0) 2 k1ky " p(t) = kip(t),

from which Fy € Y. Thus, F maps Y into itself, and it can be verified that F
is continuous and F(Y') is relatively compact. By the Schauder-Tychonov fixed
point theorem, there is a function y € Y such that y(r) = Fy(¢),t > 0. The
function u(x) = y(|x|) is an entire solution of (27). It is easy to show that u(x)
satisfies (28).

The proof in the singular case —1 <y < 0 is virtually the same, except that
the constants k; and k; in the above definition of Y are replaced by

ki = [I/(m,N; pp"I; (m,N; pp")] /177
and
ky = [I7(m,N; pp")x(m, N pp")]/ =),

respectively. Again the desired decaying entire solution is obtained as a fixed
point of F in Y. Thus the proof of the “if”” part of the theorem is complete.

The “only if” part can be proved with the aid of a theory of Fink and Ku-
sano [1] on the asymptotic behavior of perturbed general disconjugate ordinary
differential equations.

We have been unable to solve the problem of existence of decaying en-
tire solutions for the superlinear case of (27), i.e., ¥ > 1. However, a mixed
sublinear-superlinear equation of the form

(30)  A™u= (—D)"[p(x)u’ +q(x)u’], x € RV,
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where 0 <7 < 1 and § > 1, may have a decaying positive entire solution, as
the following theorem shows.

THEOREM 5. Suppose that N 2 2m+ 1,0 < ¥ < 1 and § > 1, and that
p,q : [0,00) — (0, 00) are continuous and satisfy

a1 / N2 < oo,

(32) / ” NN =2m (0dr < o0.

Let p(t) = min{1, "N} and denote by I,(h) and L(h), respectively, the func-
tionals 1(m,N; h) and I,(m,N; h) defined by (12) and (13). Suppose that

s N §— 1)\
33 [Beo) T (L] T [(——1 _7)

1~ =D/
*(5_1)

Then, equation (30) has a radial positive entire solution u(x) satisfying (28).

IIA

1.

Proof. We adapt the method used by Kusano and Trench [7] for the second
order case of (30). Consider the mapping

Fy() = ¥"(py" +qy°), 120,
on the set
Y = {y € C[Ov OO) : klp(t) é }’(t) § k2p(t)7 t g 0})

where k; and k, are positive constants. Because of (31) and (32), F is well-
defined on Y for any positive k; and k. It suffices to show that under (33)
k1 and k; can be chosen in such a way that F maps Y into itself, since the
continuity of F and the relative compactness of F(Y') can be proved easily by
standard arguments. If y € Y, Lemma 6 shows that
Fy(0) S kW (pp") + K5 ¥ "(gp")
< QhL(pp") + Bhg)lp®), 120,

and

Fy(t) Z k]¥ "(pp") + KW "(gp’)
2 (K L(pp") + K (g")]p@), 12 0.
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It is then sufficient to show that k; > 0 and k, > O can be chosen so that
G4 B 'LEe)+K ' hgh) S 1

and

3S) K 'hpp)+ K g 2 1.

It is a matter of elementary computation to see that the left-hand side of (34)
considered as a function of k, > O attains its least value

—1)/(6— (1-7/6-7)
[Iz(pp”)]w 1)/6-7) [Iz(qp5)] /6y
§—1)\U-n/Em ] — ) = D/E=m
(=) -G=)

k2 = [(1 = Nh(pp") /(6 — Dhge"'/¢ .
Consequently, the existence of a k; > 0 for which (34) holds is assured if (33)
is satisfied. Now, since Y — 1 < 0 and I1(pp’) > 0, we can choose k; > 0 so
small that k; < k; and (35) holds.
The Schauder-Tychonov theorem then guarantees that F has a fixed point y
in Y, giving rise to the desired decaying entire solution u(x) = y(|x|) of (30).

at
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