
ON METRIZABILITY OF TOPOLOGICAL SPACES 

CARLOS J. R. BORGES 

1. Introduction. Our present work is divided into three sections. In §2 
we study the metrizability of spaces with a Gs-diagonal (see Definition 2.1). 
In §3 we study the metrization of topological spaces by means of collections 
of (not necessarily continuous) real-valued functions on a topological space. 
Our efforts, in §§2 and 3, are directed toward answering the following question: 
"Is every normal, metacompact (see Definition 2.4) Moore space a metrizable 
space?" which still remains unsolved. (However, Theorems 2.12 through 2.15 
and Theorem 3.1 may be helpful in answering the preceding question.) In §4 
we prove an apparently new necessary and sufficient condition for the metriz
ability of the Stone-Cech compactification of a metrizable space and hence 
for the compactness of a metric space. 

Unless otherwise specified, we use the terminology of Kelley (8), except that 
all our topological spaces are 7\. 

We are grateful to Professor A. H. Stone for his many valuable comments. 

2. Metrizability of spaces with a G5-diagonal. First we state some 
basic definitions and prove some relevant propositions. 

Definition 2.1. A space X is said to have a Gs-diagonal if {(x, x)\ x G X] is 
a Grsubset of X X X. 

We shall frequently need the following result, concerning spaces with 
Gs-diagonals, which is proved in Lemma 5.4 of Ceder (3): 

LEMMA 2.2. A space X has a Gs-diagonal if and only if there exists a sequence 
of open covers {Ui, U2, . . .} of X such that, for each x, y G X, x 9^ y implies 
there exists m such that y G st(x, Um). 

It turns out that a slight change (in view of Lemma 2.2) of Definition 2.1 
will be quite useful: 

Definition 2.3. A space X has a Gg-diagonal provided that there exists a 
sequence of open covers {Ui, U2, . . .} of X such that 

(a) if x, y G X and x ^ y, then there exists m such that y G st(x, Uw); 
(b) for each x G X and n there exists m such that [st(x, Um)]~ C st(x, Un). 

For the sake of completeness and clarity we state three more definitions 
before we prove some new results. 
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Definition 2.4. Let X be a space. Then X is said to be metacompact if each 
open cover U of X has an open refinement 33 such that each x G X is an 
element of only finitely many elements of 33; 33 is said to be a point-finite 
refinement of U. X is said to be para-Lindelôf (meta-Lindelôf) if each open 
cover U of X has an open refinement 33 such that each x G X has a neighbour
hood which intersects only countably many elements of 33 (each x G X is 
an element of only countable many elements of 33; 33 is said to be a point-
countable refinement of ll).1 

The term "metacompact" is not new; it appears on page 171 of Kelley's book 
(8) and elsewhere. Metacompact spaces are also called pointwise paracompact 
spaces by some authors. 

Definition 2.5. Let X be a space. Then 
(a) X is said to be a wA-space if there exists a sequence (33i, 332, . • .} 

of open covers of X such that for each x0 G X, if xn G st(x0, 33n) for 
n = 1, 2, . . . , then the sequence {xi, x2, . . .} has a cluster point. Equi-
valently, if {Ah A2, . . .} is a decreasing sequence of non-empty closed subsets 
of X and there exists Xo G X for which An C st(x0, 33n) for each n, then 

oo 

n An * 0. 
rc=l 

(b) X is said to be a A-space if X is a wA-space and the covers 33w satisfying 
(a) can be chosen so that we also have, for each x G X and each n = 1, 2, . . . , 
[st(x, SB„+i)]-Cst(* f SB»). 

Definition 2.6 (Morita 9). A space X is an ikf-space provided there exists a 
normal sequence2 {Ui, U2, • • •} of open covers of X satisfying the following: 
If {Aly A2, . . .} is a sequence of subsets of X, with the finite intersection 
property, and if there exists x0 G X such that, for each n = 1, 2, . . . , there 
exists some Ak C st(x0, Uw), then 

CD 

n ^u~ ^ 0. 

Clearly all metrizable or countably compact spaces are M-spaces. 

LEMMA 2.7. £ ^ r y Ms pace X is a A-space. 

Proof (this proof is a modification of part 2 of the proof of Theorem 6.1 in 
(9)). Because of Theorem 6.1 in (9), there exists a closed continuous map 
/ : X —» T from X onto a metrizable space T such that f~l{t) is countably 
compact for each t G JT. I t is easily shown that there exists a normal sequence 

^ n open cover U of a topological space X is o--point finite if U = U n=ilXi, where each U,t 
is point finite. We similarly define o--point-countable covers. 

2A sequence {Ui,U2, . . .} of open covers of a topological space X is said to be a normal 
sequence if, for each n, Un+i is a A-refinement of Un (i.e., st(#, Un+i) = U {£7 G U«+i| x G U\ 
is a subset of some element of Un for each x G X). 
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{SBi, 3^2, • • •} of open covers of Tsuch that {st(x, 2Bz-)}?=i is a neighbourhood 
base of t for each / G 7\ and {w~\ w G 2B„+i} is a locally finite (and thus 
closure-preserving) refinement of 2BW. For each i, let U* = {/_1MI w G 9Bi}. 
Then {Ui, U2, • . .} is a normal sequence of open covers of X, and 

[St(x, Un+l)]" C St(x, Un) 

for each x £ X and w (since / is continuous and clearly 

[ s t a a B n + O J - C s t a S B J 

for each w). To complete the proof we only need show that whenever 
{Aiy A 2, . . .} is a decreasing sequence of non-empty closed subsets of X and 
there exists x0 G X for which An C st(x0, Un) for each n, then 

00 

HAn^0. 
« = 1 

Let /o = / ( x 0 ) . Then f(At) C st(/0, $80 since At C st(x0, U*)> a n d clearly 
{f(Ai),f(A2), . . •} is a decreasing sequence of closed subsets of X. Hence 
to G f(Ai) for each i, since {st(/0, 9B«)T=i is a neighbourhood base of t0. 
Hence 

since/_1(/0) is countably compact. 

PROPOSITION 2.8. The following implications are valid for topological spaces: 
(a) If X is a Moore spaced then X is a wA-space and X has a Gs-diagonal. 
(b) If X is a Moore space, then X is semimetrizable.4 

(c) If X is semimetrizable and Hausdorff, then X has a Gs-diagonal. 

Proof. Part (a) follows easily from the definition of a Moore space. Part (b) 
is well known and easily proved. Part (c) is easily proved by use of Lemma 2.2 
(simply let Un be the family of interiors of spheres in X of radius 1/n). 

PROPOSITION 2.9. Let X be a meiacompact, regular wA-space with a Gi-diagonal. 
Then X has a o-point finite development (see footnote 3). Hence X is a Moore 
space with a uniform* base. 

3A topological space X is a Moore space if it is regular and has a base 33 = U "=iS3n such 
that {st(x, 93n)} *=i is a neighbourhood base for each x G X (see footnote 2). The sequence 
{S3i, $$2, . . .} is called a development. 

4A topological space X is semimetrizable if there exists a non-negative real-valued function 
d on X X X such that d(x, y) = d(y, x) for every x, y G X, d(x, y) = 0 if and only if x = y, and 
d is compatible with the topology on X (i.e., p G ^4~ if and only if there exists a sequence 
{xi, X2, . . .} (Z A such that \imnd(xn, x) = 0). The function d is called a semimetric. 

5A base S3 for a topological space X is said to be a uniform base if every infinite subfamily 
of S3 having a common element x G -X" is a neighbourhood base for #. 
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Proof. Since X has a Gô-diagonal and is a ^A-space, there exists a sequence 
{3Si, 332, . . .} of open covers of X such that if x ^ y, then y Q st(x, 33J for 
some n (see Lemma 2.2) and, for each x0 € X, if x„ G st(x0, 93w) for 
n = 1, 2, . . . , then the sequence (xi, x2, . . .} has a cluster point. 

For each n, let 33w be a point-finite open refinement of 33„ such that 
{J3 | B G 33n+i} is a refinement of 33„ (this can be done since X is regular). 
Letting 

S = U 33n, 

we show that 93 is a o--point-finite development for X (see footnotes 1 and 2) : 
Clearly 53 is (7-point-finite. Let U C. X be open and x G [/. Assume that for 
no n is st(x, 33w) C i7. Then there exists xn G st(x, 93w) — U for each w, and 
thus the sequence {xi, x2, . . .} has a cluster point y G X (clearly y ^ x). 
Since [st(x, 33w+i)]~" C st(x, $dn) for each w, we get that 

y G st(x, 93n) C st(x, SB») 

for every n, a contradiction. Then X is a Moore space, and, by Theorem 4 in 
(7), X has a uniform base. 

PROPOSITION 2.10. Let X be a regular, meta-Lindelôf\ wA-space with a 
Gh-diagonal. Then X is a Moore space with a point-countable base.6 

Proof. Since X has a Ga-diagonal, let {Ui, U2, . . .} be a sequence of open 
covers of X satisfying Definition 2.3. If we let 

U'« = | H C/<| C/< G U, for each i | 

for each w, we easily see that the sequence {U'i, U'2, . . .} of open covers of X 
satisfies Definition 2.3 and, furthermore, U'w+i is a refinement of VL'n for each 
n. Since X is a wA-space, let {2Bi, SB2, . . .} be a sequence of open covers of X 
satisfying Definition 2.5(a). Then, for each », let 23„ = { U H W\ U G U'„ 
and W G 9BW}. It is easily seen that 

(a) if x 9^ y, then there exists n such that y g st(x, 3Sn); 
(b) for each x0 G X, if xn G st(x0, 9SW) for n = 1, 2, . . . , then the sequence 

\ Xi, x 2 , . . . } has a cluster point; 
(c) for each x G X and n there exists m such that 

[st(x, SBM+,)]- C [st(x, U'w)]- C st(x, U'n) for j = 1, 2, . . . 

(because VL'm+j is a refinement of U'm). 

6A base 33 for a topological space X is said to be a point-countable base if no element of 
X belongs to uncountably many elements of S3. 
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For each n, let 3Sn be a point-countable open refinement of 3Sn and let 

» = G »». 
Clearly 93 is point-countable. Using the argument in the proof of Proposition 
2.9, one easily sees that 93 is a development (see footnote 3) for X, which 
completes the proof. 

We have not been able to settle the following natural question: Does 
Proposition 2.10 remain valid whenever we replace "^A-space" by "A-space" 
and "Gs-diagonal" by "Gs-diagonal" in it? (We conjecture that the answer 
is "no".) 

Because of Proposition 2.8 the following result improves Theorem 1 in 
Traylor (14). 

THEOREM 2.11. The following implications are valid: 
(a) If X is a regular, locally separable, metacompact, wA-space with a 

Gi-diagonal, then X is metrizable. 
(b) If X is a regular, locally separable, meta-Lindelôf, wA-space with a 

Gô-diagonal, then X is metrizable. 

Proof, (a) By Proposition 2.9, X has a point-countable base. Since a separ
able space with a point-countable base clearly has a countable base, X is the 
union of a point-countable family of open separable metrizable subspaces and 
is thus metrizable, by Theorem 5 in (13). Part (b) is similarly proved by the 
use of Proposition 2.10. 

THEOREM 2.12. If X is a regular, locally countably compact, metacompact space 
with a Gh-diagonal {or a meta-Lindelôf space with a G^-diagonal), then X is 
metrizable and locally compact. 

Proof. By Proposition 2.9 (Proposition 2.10) X has locally a point-countable 
base (since a countably compact space is an ikf-space and thus a A-space, by 
Lemma 2.7). By Proposition 2.1 in (4), X is locally metrizable and countably 
compact (hence locally compact). Hence, by Theorem 2.11, X is metrizable 
and locally compact. 

Because of Theorem 6.1 in (9), the following result substantially improves 
Theorem 8.2 in (2) or Theorem 2 in (10). 

THEOREM 2.13. A regular metacompact {meta-Lindelôf) M-space X is metriz
able if and only if it has a Gs-diagonal (G5-diagonal). 

Proof. First we prove the "if" part. By Theorem 6.1 in (9), there exists a 
metrizable space Y and a map / from X onto Y such that / is continuous, 
closed, a n d / - 1 (y) is countably compact for every y £ Y. Thus, by our Theorem 
2.12, e a c h / - 1 {y) is metrizable and countably compact. Hence e a c h / - 1 (y) is 
compact, a n d / is a perfect map. Thus, by Theorem 2.2 in (6), X is paracompact 
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(even though all spaces in (6) are assumed to be completely regular, the proof 
of Theorem 2.2 of (6) requires only that the spaces be regular.) By Theorem 8.2 
in (2), X is metrizable. The "only if" part is obvious. 

COROLLARY 2.14. A regular, metacompact semimetrizable space is metrizable if 
and only if it is an M-space. 

Proof. Immediate, because of Proposition 2.8(c). 

COROLLARY 2.15. A regular, meta-Lindelof Moore space is metrizable if and 
only if it is an M-space. 

Proof. Immediate, because of Proposition 2.8(a). 

COROLLARY 2.16. A regular space X with a uniform base is metrizable if and 
only if it is an M-space. 

Proof. Immediate from our Corollary 2.15 and Theorem 4 in (7). 

Corollary 2.16 suggests the following question: "Is every normal space with 
a uniform base an Tkf-space?" Certainly, a positive answer to this question 
would prove that every normal space with a uniform base is metrizable and 
would thus settle a rather old and famous question: "Is every normal space 
with a uniform base a metrizable space?" 

The definitions of "Moore space" and "M-space" seem to be quite similar. 
Thus we formulate another question: "Is every normal Moore space an 
M-space?" A positive answer to this question would prove that a meta-
Lindelôf, normal Moore space is metrizable (see Corollary 2.15), which would 
partially settle another very old question: "Is every normal Moore space a 
metrizable space?" 

Another interesting consequence of Theorem 2.13 is the following: 

COROLLARY 2.17. Every regular, screenable,7 semimetrizable M-space is 
metrizable. 

Proof. Immediate, because of Theorem 2 in (7) and Corollary 2.14. 

We conclude this section with the following relevant results. 

THEOREM 2.18. A paracompact, locally connected, locally peripherally compact 
space X is metrizable if and only if it has a G^-diagonal. 

Proof. Immediate from Lemma 8.2 in (4) and Theorem 1 in (11). 

Theorem 2.18 is a rather surprising result since the real line with the half-
open interval topology is paracompact, locally peripherally compact, but non-
metrizable (thus the hypothesis of local connectedness is crucial in Theorem 
2.18). 

7A topological space X is said to be screenable if every open cover U of X has an open re
finement S3 = U ™=i SSn such that each 23n is pairwise disjoint. 
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The following is an easy consequence of Theorem 2.18. 

THEOREM 2.19. Let f: X —> Y be a monotone quotient map from the locally 
connected, locally peripherally compact, regular space X onto the metrizable space 
Y such that, for each y £ Y, f_1(y) is compact. If X has a G^-diagonal, then X 
is metrizable. 

Proof. By Lemma 3.4 in (4 ) , / is a perfect map. By Theorem 2.2 in (6), X is 
paracompact (again we point out that Theorem 2.2 of (6) remains valid if all 
spaces are assumed to be only regular). By our Theorem 2.18, X is metrizable. 

3. Collections of functions. Throughout we let / denote the closed unit 
interval, and I+ = ]0, 1]. 

THEOREM 3.1. Let X be a first countable space. Then X is metrizable if and only 
if there exists a base 

CO 

33= U S , 
n = l 

for X such that for each B G 93 there exists a {not necessarily continuous) function 
fB\ X —* I satisfying 

(a) / s - i ( 0 ) = X - B; 
(b) for each sequence{f'Bl,}'B2, . . .}, with {B\, B2l . . .} C $$jfor some j , 

lim„xw = y implies \imn\fBn(xn) - fBn(y)\ = 0. 

Proof. First we prove the ''if" part. For every x, y G X and positive integer 
n let 

pn(x,y) = s u p B € 8 „ | / B W - / B O O I 

and 
p(x,y) = Hn2~npn(x, y)-

Clearly, p is a metric on X. We now show the following. 
(a') If limw #H = y, then \imn p(xn, y) = 0. Let e > 0. Then there exists 

N such that 
£ 2-kpk(xn,y) < h 
k>N 

for every xn. It suffices to show that, for each n < N, \imj pn(xj, y) = 0, for 
then one easily gets a positive integer M such that p(xw, y) < e for each 
m > M. Assume there exists m < N such that it is false that limy pm (xj} y) = 0. 
Then there exists a subsequence {wi, w2l . . .} of {xi} x2, . . .} and ô > 0 such 
that pm(wiy y) > ô for each i. Then, for each i, there exists Bt G 93w such that 
\fBi(Wi) — fm(y)\ > <5/2, contradicting assumption (b). 

(br) If limw p(xny y) = 0, then limn xn = y. Assume this is not true. Then 
there exists an open neighbourhood B of y, with B G 93 i for some i, and a 
subsequence {21, z2, . . .} of {xx, x2, . . .} such that B C\ {zu z2, . . .} = 0. 
Hence 

ÎB(y) 7e 0 and fB(zjc) = 0 for each k. 

https://doi.org/10.4153/CJM-1968-078-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-078-1


802 CARLOS J. R. BORGES 

Consequently, the sequence {p(zk, 30}°£=i does not converge to 0 (for each k, 
pfe, y) > 2~i\fB(zk) -fB(y)\ = Z'VBWI > 0), a contradiction. 

From (a') and (b') we get that the identity map id: X —> (X, p) is a homeo-
morphism, completing the proof. 

To prove the "only if" part, let d be a metric on X compatible with the 
topology of X, and let 

CO 

33 = U33„ 

be a (7-locally finite base for X (see Theorem 18, page 127 in 12). For each 
open B, define fB: X —» / by 

/s(ff) = d(x, X — J3) for each x £ X. 

It is easily seen that the functions {fB\ B £ 93} satisfy all requirements because 
the functions / B are clearly continuous. 

It is significant to observe that Theorem 3.1 remains valid even if the 
functions fB are not continuous. Consequently, whenever X is a semimetrizable 
space and 93 is a base for X, for each B G 33 there exists a function fB: X —> / 
satisfying condition (a) of Theorem 3.1. (Let d be a semimetric on X compatible 
with the topology of X. For each 5 G 33, let fB:X—>I be defined by 
/ B ( # ) = d{x, X — B) for each x ^ I . Note that, for each y £ B, 

d(y,X - B) > 0 

since 3/ is not a limit point of X — B. Hence, for each B £ 33, /V - 1 (0) = X — B, 
as required.) 

Also, if each 33w (in Theorem 3.1) is locally finite and the functions fB are 
continuous, then condition (b) of Theorem 3.1 is satisfied automatically. 
Consequently, whenever X is a regular space with a o--discrete (or c-locally 
finite) base 

00 

s = u ®„, 

then X is easily seen to be perfectly normal and hence there exist continuous 
functions (using Tietze's extension theorem) fB: X —> I satisfying conditions 
(a) and (b) of Theorem 3.1. Hence X is metrizable, and thus the easier halves 
of Theorem 3 of Bing (1) and Theorem 1 of Smirnov (12) are easy consequences 
of our Theorem 3.1. 

COROLLARY 3.2. A first countable space X is metrizable if and only if there 
exists a family g of continuous functions from X to I such that 

(a) \f~l{I+)\f e g} is a base for X; 
(b) % = n ~ - i %m where {/_1(^+)|/ G %n} is point-finite for each n; 
(c) for each x 6 X and sequence {/i,/2, • • •} C %jfor some j , with fn(x) = 0 

for all n, there exists a continuous function h: X —> / such that h(x) = 0 and 
h > fn for each n. 
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Proof. To prove the "if" part we simply note that % is easily seen to satisfy 
condition (b) of the hypothesis of Theorem 3.1. To prove the "only if" part 
we proceed, as in the proof of the "only if" part of Theorem 3.1, to obtain the 
functions fB for each B in some o--locally finite base for X. Then we simply 
observe that, given x (E X and functions fBn such that fBn(

x) — 0 f° r 

n = 1, 2, . . . , then, letting 

B = U Bn, 

we have fB (x) = 0 and fB > fBn for each n. This completes the proof. 

4. A characterization of compact metric spaces. As an application of 
the results of §2, we prove a necessary and sufficient condition for the metriz-
ability of the Wallman compactification (or the Stone-Cëch compactification) 
of a metrizable space, and thus we obtain an apparently new characterization 
of compact metric spaces. For terminology and necessary results, see Exercise 
R (page 167) in (8). 

For the sake of clarity we point out that, for any space X, the Stone-Cëch 
compactification /3X is topologically equivalent to the Wallman compactifica
tion o)(X) whenever w(X) is Hausdorff. Furthermore, <a(X) is Hausdorff 
whenever X is normal. 

LEMMA 4.1. If X is any space, then the Wallman compactification œ(X) has a 
Gh-diagonal if and only if there exists a sequence {Ui, U2, . . .} of open covers of X 
such that 

(a) for each n, U*n = { U*\ U 6 Un} is a cover of œ(X) ; 
(b) given distinct SI, 2T 6 w(X), there is an integer n such that if A G Sï and 

U e Vin are such that A C U, then X - U G St'. 

Proof. Assume such a sequence {Ui, U2, • • •} exists. Let SI, ST be distinct 
elements of <a(X) and pick n such that (b) is satisfied. Then W (? st(SI, U*n). 
By Lemma 2.2, œ(X) has a Go-diagonal. The converse is easily seen, because 
of Lemma 2.2 and part (c) of Exercise R on page 167 of (8). 

For the sake of convenience, we shall say that a sequence {Ui, U2, . . .} of 
open covers of a space X is a Wallman sequence if it satisfies conditions (a) 
and (b) of Lemma 4.1. Then we can easily prove the following theorem. 

THEOREM 4.2. A normal space X is a compact metric space if and only if X 
has a Wallman sequence of open covers. 

Proof. Since the "only if" part is clear, we proceed with the proof of the "if" 
part. Assuming X is normal and has a Wallman sequence of open covers, we 
get that co (X) is a compact Hausdorff space (and thus a paracompact ilf-space) 
with a Gg-diagonal (by Lemma 4.1). Hence, by Theorem 2.13, w(X) is metriz
able. However, because of Corollary 9.6 of (5), <a(X) = X. Consequently, X is 
a compact metrizable space, which completes the proof. 
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COROLLARY 4.3. A metrizable space X is compact if and only if X has a 
Wallman sequence of open covers. 
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