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1. Introduction
The equation

/(Zo)=/'(z)(Zl-2O) (1)

need not have a solution z in the complex plane, even when / is entire. For
example, let/(z) = ez, zt = zo+2kni. Thus the classical mean value theorem
does not extend to the complex plane. McLeod has shown (2) that if / is
analytic on the segment joining zt and z0, then there are points wt and w2 on
the segment such that f(z1)-f(z0) = (z1-z0)Q.1f'(w1)+X2f\w2)) where
A; ̂  Oand Xv + X2 = 1-

The purpose of this article is to give a local mean value theorem in the
complex plane. We show that there is at least one point z satisfying (1), which
we will call a mean value point, near zt and z0 but not necessarily on the segment
joining them, provided zt and z0 are sufficiently close. The proof uses Rouche's
Theorem (1).

2. The local mean value theorem

Theorem. Iff(z) is analytic in a domain containing z0, then there is a neigh-
bourhood N of z0 such that if zt is in N then (1) has at least one solution z in
M = {z: | z - z o | < Izi-Zol}.

Proof. Write/(z) = Y J—-^(z — zo)
k. Then assuming zt ^ z0, we may

k = 0 k\

write by direct computation

Zz k 2( k .

We now look for zeros of this expression and note that the zeros are independent
of the constant and linear term of the power series. So, there is nothing to prove
if/ is linear, since any z is a zero of (2) in this case. Actually one can easily
show that z' is a mean value point for g and the pair zu z0 if and only if z' is
a mean value point for g(z)+a+bz and the pair zx,z0. The proof is given in two
cases since more can be said about the position of the mean value point if

0.
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Case I: f"(z0) ^ 0.
Set^Cz) = f"(zo){(z-zo)-^z1-zo)} = f"(zo){z-\(z1+zo)}, the first term

of the series in (2). Set

- f
t 3

k

Let C = {z: | z-%zx +z0) \ = i\z1-z0 |}. Then, with r = i\zl-z0 |, the
following statements are valid for all z on C:

co

If the series V
kk = O k\

|/"(ZO)|^3 t/C-J

(z — zo)
k converges for | z—z0 | <R, then the last series

in (3) converges for r< —, and represents a continuous function of r in that

range with the value zero at r = 0. Hence there is an ro>0 such that if r<r0

the series in (3) converges to a number less than one. So if | zt —z0 \<2r0

we may say | g2(z) I < I 0i(z) | for all z on C. Thus by Rouche's Theorem
gx(z) and gi(z)+g2(z) have the same number of zeros inside C, g^z) has one

zero at — -. Hence there is one mean value point inside C.

Case 2: 0 =/"(z0) = ... =/(n"1)(z0), and/(n)(z0) ^ 0.

Set

term in (2). Set

- z o ) n ~ 1 - - ( z 1 - z 0 ) " - 1 \
» /

the first non-vanishing

Then for z on C weLet C = {z: | z—z0 | = | zt—z0 |} and r = | zt — z
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As in Case 1, we can argue this last series is convergent for r<R and the series
converges to zero at r = 0. So there is an r0 such that if | z1—z0 | < r o then
I 02(z) I < 19i(z) I o n C- Hence g^z) and #i(z)+02(z) have the same number
of zeros inside C. g x (z) = 0 has n — 1 roots at z0 + (z i—z0). n ~* /(fI ~ i ) inside C.
Hence there are n— 1 mean value points (not necessarily distinct) inside C. This
completes the proof.

3. Example
Let / (z) = ez so that Case 1 holds. In this case on C we have

and

Hence \g1(z) | > \g2(z) \ on C provided r > f ( e 2 r - l - 2 r ) or 4e 2 r ~4- l l / -<0.
This function has a minimum at £log 11/8 which is greater than 0.15. We
know then that if \zl—z0 |<0.3 then there is a mean value point for ez and
the pair z0, zl inside the circle with the segment ZQZ^ as a diameter.
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