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1. Introduction. The classification of certain types of projective planes 
has recently been of considerable interest to both geometers and group 
theorists. Due in part to the current general interest in finite mathematics and 
the developments connecting group theory and finite geometry, the Lenz-
Barlotti classification of finite projective planes (2; 10), in particular, has 
generated a tremendous amount of research. A great deal of this research has 
been related to the construction of non-Desarguesian planes. 

Fryxell (6), Hughes (7), Luneburg (11), and Ostrom (13; 15; 18) have found 
examples of projective planes, all of which are of a general type that we call 
semi-translation planes. Many of these planes are of the same Lenz-Barlotti 
class 1-1. (The Lùneburg planes are translation planes. However, the planes 
dual to the Luneburg planes are semi-translation planes as well as dual trans
lation planes.) 

By Ostrom's method of "deriving" (18; 20), semi-translation planes may be 
obtained from dual translation planes of order q2 whose kernel is of order q. 
Ostrom has pointed out (16 ; 20) that the possible number of translation planes 
obtained by net replacement in Desarguesian planes is apparently very large ; 
see (16; 17; 20). Thus, a refinement of Lenz-Barlotti class 1-1 seems to be 
warranted. A classification of semi-translation planes is a step in this direction. 

An affine plane of order q2 is a semi-translation plane if it admits a group H 
of translations such that each point orbit of H is the set of q2 points of an affine 
subplane of order q. We shall say that the plane is a non-strict semi-translation 
plane if the translation group of the plane properly contains such a group H. 
Otherwise, we shall say that the plane is a strict semi-translation plane. If the 
affine plane is extended to a projective plane by adjoining a line L, the pro
jective plane will be called a semi-translation plane with respect to the line L 
(non-strict or strict accordingly as its affine restriction is non-strict or strict). 
The translations now become dations with axis L. A projective plane will be 
called a dual (non-strict or strict) semi-translation plane with respect to a point 
p if and only if the plane is the dual version of a (non-strict or strict) semi-
translation plane with respect to a line L. The elations with axis L and centres 
on L become elations with centre p and axes through p. 

In (9) I showed that for non-strict semi-translation planes T with respect to 
a line L (with minor exception) L is invariant under the full collineation group 
of 7T. Here it will be shown that this result is also valid for one class of strict 
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semi-translation planes (see (2.1)), bu t certainly is not generally t rue for all 
s tr ict semi-translation planes. 

Non-str ic t semi-translation planes have been classified previously (9), thus 
in this article we will concern ourselves only with strict semi-translation planes. 
Hence, the following assumption is made. 

(1.1) Assumption. If T is a semi-translation plane (dual semi-translation 
plane) with respect to a line L (point p), then x is a strict semi-translation 
plane (dual semi-translation plane) with respect to the line L (point p). 

T h e following notat ion is used: 
(i) 7T is sst = 7T is a (strict) semi-translation plane ; 
(ii) 7T is Dsst = 7T is a (strict) dual semi-translation plane. This classification 

is contained in my P h . D . thesis a t Washington Sta te University. 

I would like to express my appreciation to Professor T . G. Ostrom for his 
encouragement and guidance in the research discussed in this paper. I am also 
indebted to Professor David A. Foulser for his many helpful suggestions as to 
the form and clarity of this paper. 

The initial classification. 

(1.2) L E M M A . If w is a projective plane of order q2 satisfying (1.1), then T is 
sst (Dsst) with respect to 1, q + 1 or q2 + q + 1 lines (points). Furthermore, the 
lines (points) are all lines (points) of a subplane of order q. If TT is sst (Dsst) with 
respect to q + 1 lines (points), the lines (points) are concurrent (collinear). If 
-ÏÏ is sst (Dsst) with respect to q2 + q + 1 lines (points), the lines (points) are all 
of the lines (points) of the subplane of order q. 

Proof. Consider the following extension of (18, Lemma 5): 
If -n is a strict semi-translation plane with respect to three non-concur rent lines, 

then there exists a subplane 7r0 of order q such that T is a strict semi-translation 
plane with respect to every line of 7r0. 

Proof of the extension. By (18, Lemmas 3, 4, and 5), w is sst with respect to 
one of the lines Li and is Dsst with respect to the intersection of the two remain
ing lines L 2 and L3 . By (18, Lemma 6), T admits a collineation moving Li . I t is 
also clear t h a t Li C\ L2 may be moved on L2 onto any point of T0 C\ L2 — 
L2 C\ L%. By (18, Lemmas 4 and 6) and (22, p . 66, Theorem 7), it is easy to see 
t h a t 7T is sst with respect to every line of TO. 

Both (18, Lemma 4) and this extension (and the dual arguments) yield the 
proof of (1.2). On the basis of (1.2), we formulate the following definition. 

(1.3) Definition. Le t T be a projective sst or Dsst . We define the following 
types: 

Type 3. w is of T y p e 3 if TT or D?r (the dual of ir) is sst with respect to q2 + q + 1 
lines. 
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Type 2. -K is of T y p e 2 if nei ther w nor DIT is of T y p e 3 and either ir or DIT 

is sst with respect to q + 1 lines. 

Type 1. 7T is of T y p e 1 if neither T nor D x is of T y p e 2 or 3 and either T or 

D T is sst with respect to one line. 

(1.4) Definition. Le t TT be a projective plane of order g2 and 7r0 a subplane of 
order g. Le t p be a point of 7r0 and L a line of w such t h a t L Pi 7r0 is a line of 
7T0. 7T is said to be (p, L, 7r0)-transitive if the stabilizer of 7r0 in the group of all 
(p, L)-collineations of ir induces a collineation group of T0 such t h a t 7r0 is 
(p, L)-transitive. 

Recall t h a t if TT is sst with respect to a line L, then the point orbits of the 
elation group with axis L are affine subplanes. T h e projective extensions of 
these subplanes all have the same points on L. Therefore, if TO is the projective 
extension of a point orbit of the elation group with a x i s L , then rr is (p, L, 7r0)-
t ransi t ive for all points p £ L P 7r0. Conversely, if w is (p, L, 7r0)-transitive for 
all points p Ç L Pi x0 for some projective subplane 7ro of order q, then clearly r 
is a semi-translation plane with respect to L. We will use this character izat ion 
of semi-translation planes for our classification (the dual semi-translat ion 
planes are likewise character ized). 

If 7T is sst (Dsst ) , choose a projective subplane 7r0 of order q. We shall classify 
7T by the configuration of point-line pairs (p, L) such t h a t T is (p, L, 7r0)-
t ransi t ive for the fixed subplane -n$. 

Clearly, the subplane 7r0 is always a t ranslat ion plane if ir is sst. However, 
7To may have central collineations induced on it by collineations of ir t h a t are 
not central . 

Thus , the classification of semi-translat ion planes depends on the choice of 
subplane 7r0. However, it is possible to choose 7r0 so t h a t we obtain a " b e s t " 
classification for ir. 

For example, any subplane 7r0 which is invar iant under the full collineation 
group of 7T yields a best classification for T and any two invar iant subplanes 
give identical classifications. 

If 7T is of T y p e 2 or 3, then the elation centres (or axes) form a unique 
invar iant subplane. If T admi t s (p, L, 7r0)-transitivity with p no t on L and TV sst 
with respect to L, then the L-homology centres form a unique invar iant 
subplane. If ir does not have an invar iant subplane, then w is of T y p e 1. 

Le t 7T be of T y p e 1 (Type 2 or T y p e 3). We will consider the manner in which 
(p, L, 7ro)-transitivity, for various point-line pairs (p, L) of 7r0, can exist in T 
such t h a t 7T remains of T y p e 1 (Type 2 or T y p e 3, respectively). 

For each possible combinat ion of such point-line pairs, the set of these pairs 
will be denoted by S(l-fer) if w is of T y p e 1, S(2-kr) if T is of T y p e 2 and S(3-fe) 
if 7T is of T y p e 3 for some let ter r and integer k. If T is (p, L, T0)-transitive if and 
only if (p, L) G S(j-kr) (r = 1 if j = 3), we shall say t h a t w is of T y p e j-kr. 
S(w) will denote the undetermined set of point-line pairs (p, L) such t h a t T is 
(p, L, 7T0)-transitive. Thus , S(ir) = S(j-kr) if and only if -K is of T y p e ./-fer. 
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(1.5) Definition. A plane of Type j-kir^j = 1, 2, 3 (rx = 1 if j = 3), will be 
said to be above a plane of Type i-k2r2, i = 1, 2, 3 (r2 = 1 if i — 3), if and only if 
S(i-k2r2) is contained in S(j-&iri). In this case, we will also say that the Type 
j-kiTi is above the Type i-k2r2. 

There are many examples of semi-translation planes of Type 1 (8) and the 
Hughes planes (7; 18) are examples of planes of Type 3. However, there are 
no known examples of planes of Type 2. This raises the following question: 
Are there projective planes of order q2 that are semi-translation planes with 
respect to exactly q + 1 lines? 

Hughes planes are (p, L, 7r0)-transitive for all point-line pairs (p, L) of the 
Desarguesian subplane 7r0 coordinatized by GF(g). We raise the following 
question: Are there projective planes that are (p, L, T0)-transitive for all 
incident point-line pairs of w0 that are not, in fact, Hughes planes? 

With one exception, the known strict semi-translation planes all have an 
invariant subplane of order q. Foulser (4) has shown that, with the exception 
of the Hall planes, the generalized André planes always have two points left 
fixed or interchanged by the full collineation group. André (1) has shown this 
same result for nearfield planes. In either of the above cases, the corresponding 
dual translation planes will have two lines that are either invariant or inter
changed and which intersect in the special point of the dual translation plane. 
In order that the dual translation plane be represented in an affine form that is 
derivable, the line at infinity must go through the special point. If one of the 
two lines is chosen as the line at infinity, the other line must be invariant under 
the affine group. Upon derivation, this invariant line is converted into an 
invariant subplane. This means that semi-translation planes derived (18) 
from the duals of such planes must have an invariant subplane (square root 
subplane). In (8), it was shown that planes derived from the dual Hall planes 
also have an invariant subplane. We, therefore, raise the following question: 
Do semi-translation planes of order q2 exist which contain no invariant subplane 
of order q? 

2. Planes of Type 1. 

(2.1) PROPOSITION, (i) / / IT is sst (Dsst) of order q2 with respect to a line L 
(point p) and w has no invariant subplane of order q, then L (p) is fixed by the full 
collineation group of IT. 

(ii) If 7T has no invariant subplane of order q and is sst with respect to a line L 
and Dsst with respect to a point k, then k I L. 

Proof, (i) If L (p) is moved, then (18, Theorem 2 (dual)) implies that T 
contains an invariant subplane of order q. 

Note that if w is sst with respect to a line L and L is moved by the collineation 
group of 7T, then w contains an invariant subplane 7r0 and furthermore 7r0 is the 
unique subplane whose points are the elation centres of the lines in the orbit of 
L. 
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(ii) If kl L, then, by (18, L e m m a 6), L is moved. However, this is a con

tradict ion by (i). Hence, (2.1) is proved. 

Therefore, if T is sst and does not have an invar iant subplane, then T is of 

T y p e 1. 

For this section, let T be of T y p e 1. Le t the unique line associated with T or 

DT be denoted by Lœ. Therefore, it is clear t h a t L œ is fixed by the full colline-

at ion group of T (or DT). Fur thermore , if (3 is any (p, Z)-collineation of T 

(or DT), then either p I Lœ or L = Lœ. 

We will now label our subclasses of T y p e 1. W e will collect the definitions 

for the subclasses into a theorem (2.16) and thus will not distinguish our 

initial definitions by number . For the following we shall assume t h a t T is of 

T y p e 1 and T is sst. T h e classification for Dsst of T y p e 1 will be obtained by 

taking the dual of the point-line configuration which defines sst of Sub type 

1-kr. 

Recall t h a t T is (p, Lœ , 7r0)-transitive for all points p I Lœ H T0. If T is not 
(p, L, 7ro)-transitive for further point-line pairs (p, L) , we shall say t h a t T is 
of T y p e 1-la. 

If T is, however, also (pœJ L, 7r0)-transitive for all lines L of TQ incident with 
pœ and is not (p, L, T0)-transitive for further point-line pairs (p, L), T will be 
said to be of T y p e l-2a. (Here pœ denotes some fixed point on Lœ.) 

T h e proofs of the following lemmas (2.2) and (2.3) are routine and are left 
to the reader. 

(2.2) L E M M A . If T is sst and is (p, Lœ1 7r0)-transitive for some line Lœ and all 
points p I Lœ C\ 7T0 and is also (p, Z , ir0)-transitive for some point-line pair 
(p, L), L ?£ Lœ and p I Lœ , then T is (p, L, ir0)-transitive for all linesL of 7r0 such 
that LlLœr\L. 

(2.3) L E M M A . / / T is above Type 1-la and is (pf, L œ , 7r0)-transitive for some 
point p' I Lœ , then w is (p, Lœ , TTQ)-transitive for all points p I 7r0. 

(2.4) L E M M A . / / w is above Type l -2a (see (2.16)) and is also (pf, L', TT0)-
transitive for some point p' I Lœ and line U such that p' IL', where p' T6- pœ, 
then TT is of Type 2 or 3. 

Proof. By (2.2), T is {pr, L, 7r0)-transitive for all lines L of 7r0 such t h a t L I p'. 

We may move p' onto any point of Lœ — pœ by the (pœ, L, 7r0)-dations. 
Therefore, it is clear t h a t w is (p, L, 7r0)-transitive for all points p I L œ C\ 7r0 and 
lines L of 7r0 such t h a t L is incident with pœ. T h a t is, IT is of T y p e 2 or 3 since 
DT is sst with respect to a + 1 or q2 + a + 1 lines. 

Therefore, if T is above T y p e l-2a and of T y p e 1 and (p, L) G S(ir) — 
S( l -2a ) , then p IL. 

W e now consider two sequences of planes: 

(1) sst t h a t are above T y p e 1-la b u t not above T y p e l-2a and 
(2) sst above T y p e l-2a and still of T y p e 1. 
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Planes above Type 1-la but not above Type l-2a. If w is above T y p e 1-la b u t 
not above T y p e l-2a and (pf, Lr) G S(T) — S ( l - l a ) with V = Lœ , then clearly 
(p, Lœ) G S(7r) for all points p I T0. If, on the other hand, p' I Lœ and L' ^ Lœ, 
then (£' , L) G S(7r) for all lines L of 7r0 t ha t are incident with a fixed point 
k = U H Lœ of Lœ H ir0. 

If S(7r) = {(£, Lœ) for all points £ I 7r0}, we shall say t h a t T is of T y p e 1-lb. 
If S(TT) = S ( l - l a ) U {(/>', L) for all lines L of TT0 - Lœ such t ha t L I k, 

for some fixed point k oî Lœ H T0, p' j£ k}, we shall say t ha t T is of T y p e l-4a. 
If S(TT) = S(l-4a) U S ( l - l b ) , we shall say tha t T is of Type l -4b. 

(2.5) LEMMA. If x is above Type l-4b and (p, L) G S(?r) — S(l-4b) such that 
either p = p' or L I k (pf and k as above), then w is above Type l-2a. 

Proof. If p = £' , then LI k, and thus ^ may be moved onto any point of 
Lœ — p' by the (p, L, 7r0)-collineations. Thus , by (22, p . 66, Theorem 7), ir is 
(pf, L, 7T0)-transitive for all lines L of 7r0 incident with a point p where 
p I (Lœ — ^ ) H 7T0. Therefore, by the dual of (1, Satz 1), w is also (£, L, 7r0)-
t ransi t ive for p l Lœ r\ 7r0. Clearly then, 7r is above Type l-2a. 

The a rgument for the case L I k is similar to the above and is left to the 
reader. Note t h a t this a rgument depends on the fact t ha t p' may be moved by 
collineations of T which fix k. 

Now suppose t h a t ir is strictly above Type l-4b bu t not above T y p e l-2a. 
Then , if (p, L) £ S(TT) - S( l -4b) , p 9* p' and LXk. We have the following 
possibilities: 

(1) p = k,llp', 
(2) p = k,Llp', 
(3) p 9* k,LIp', or 
(4) p ^ k,LXp'. 

In cases (2) and (3) we have p' or k moved by collineations which fix k or p', 
respectively, which is a contradiction by the a rgument of (2.5). 

If we have case (1), then (k, L) Ç S(w) for all lines of 7r0 such t h a t L I p' 
(see (2.2)). W e shall say, in this case, t h a t T is of T y p e l -5b. 

Case (4). By (2.5) and the remarks immediately thereafter, we can have 
only the following si tuation: p' 9e p and LXk. 

Let Gi (G2) denote the group of central collineations with centre pf (p) 
and axis L (L) for some line L of 7r0 such t h a t L I k. By following the a rgument 
in (19, Theorem 16), we can establish t h a t either the group generated by G\ and 
G2 induces a permuta t ion group G on L œ C\ wo which is doubly-transi t ive or the 
set of points on L œ C\ T0 can be divided into pairs (pu qt) such t h a t T is 
(pi, Li} 7ro)-transitive for some lineL* of 7r0 such t ha tL^ I qu pt 9e Qi. Moreover, 
every collineation of 7ro fixing pt also fixes qt. Fur thermore , in the la t ter case, it 
follows t h a t 7T is also (qt, Ru 7r0)-transitive for some line Rt of 7r0 such t h a t 
Rt I pt. Thus , in this case, T is above Type l -5b. 

If R is a finite group, let RQ denote the stabilizer of Q in the group R. If G is 
doubly transi t ive on Lœ P\ wo, then GP, for P G Lœ Hi TQ, is t ransit ive on the 
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remaining points of Lœ C\ ir0 — P. Thus, by arguing as in (2.5), T is above 
Type l-2a, contrary to our assumptions. 

Thus, assume that we have the second alternative and hence the order q of 
7To is odd. Foulser has pointed out (written communication) that 7r0 is Desar-
guesian or the nearfield plane of order 9 (see also 19, Theorem 16 (iii)). If 7r0 

is Desarguesian, we note that G cannot contain an element of order p, where 
pr = q. Let PGL2(g) denote the projective general linear group (linear frac
tional group). Clearly, G Q PGL2(#). Note also that PGL2(g)Q is a doubly-
transitive Frobenius group for Q Ç Lœ P\ 7r0. If 0 G G such that \f3\ = p, then 
clearly (recall that q is odd) /3 fixes exactly one point of Lœ Pi 7r0. However, this 
implies that G is doubly-transitive. Hence, assume that TT0 is Desarguesian, G 
is not doubly-transitive, p ^ \G\ and q is odd. G is clearly transitive on 
Lœ C\ 7To and the stabilizer of a point of Lœ C\ 7r0 in G is transitive on q — 1 
points. Hence, (q2 — 1)11^1. 

Now |PGL2(g)| = q(q2 - 1) (see, e.g., 3, §239), |G| = {q2 - 1)5 for some 
integer 5 such that s\q. Since p \ |G|, we have \G\ = q2 — 1. By (5, (12.2)) (see 
also (3, §§ 256-260)), q2 - 1 = 12, 24, or 60. Hence, q2 = 25 and thus g = 5 
is the only possibility. In this case, G is isomorphic to S4 (symmetric group on 
four letters) which is transitive but not doubly transitive on six elements. 

We therefore have the two possible exceptions for q = 5 and 9. We will not, 
however, include this case (4) for q = 5 or 9 in the general classification and 
thus, for the following, we will assume that g ^ 5 or 9. 

(2.6) LEMMA. If IT is strictly above Type l-4a, but not above Types 1-lb or 
l-2a, then (&, L) G S(TT) for all lines L of 7r0 such that Lip' (p' and k as in (2.5)). 

Proof. The proof of (2.6) is virtually identical to the previous case where T 
is above Type l-4b and is left to the reader. 

If 7T satisfies (2.6), we shall say that ir is of Type l-5a. 
Note that the possible exceptional types when q ~ 5 or 9 and which satisfy 

(2.6) are above Type l-5a. Note also that planes of Type l-5b are strictly 
above planes of Type l-5a, and Type l-5b is strictly above Type l-4b. 

From (2.5), we clearly have the following result. 

(2.7) LEMMA. If T is strictly above Type l-5b, then w is above Type l-2a. 

Therefore, we have considered (up to duality) all of the possible types of 
planes that are above Type 1-la but not above Type l-2a. 

Planes of Type 1 above Type l-2a. If T is above Type l-2a, let pœ denote the 
unique point of Lœ such that T is (pœ, L, T0)-transitive for all lines L of 7r0 such 
that L I pœ. 

(2.8) LEMMA. If T is above Type l-2a and (p, L) G S(TT) — S(l-2a) such that 
pILœJ then (p, Lœ) € S(TT) for all p I TT0. 

Proof. (2.8) is immediate from (2.3). 
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If 7T satisfies (2.8), we shall say t h a t w is of T y p e l -2b . 

(2.9) L E M M A . / / TT is above Type l -2b and (p, L) g S(TT) — S(l-2b) such that 
p = pœ and LI pœ, then (pœ, L) £ S(w) for all lines L of T0. 

Proof. T h e (pœ, L, 7r0)-dations move Lœ C\ L onto any point of I œ — pm. 
By applying (2.2) and (22, p . 66, Theorem 7), we have the proof of (2.9). 
(Note t h a t if ir is above T y p e l-2a and p I Lœ and p = pœ, then ir is above 
Dl-2b. ) 

If 7T satisfies (2.9), we shall say t ha t w is of Type l-2c. 
I t should now be clear t h a t if T is strictly above Type l-2c and 

(Po,LQ) e S(TT) - S ( 1 - 2 C ) , 

then po I L œ and p0 ^ pœ. Now suppose tha t L0I pœ. Then , by the dual of 
(2.4), ir is of T y p e 2 or 3. Now p0 may be moved onto any point of 
(Lœ — pœ) r\ TO by the (pœ1 L, 7r0)-collineations. We thus have the following 
lemma. 

(2.10) L E M M A . If IT is strictly above Type l-2c and (p0, L0) Ç S(T) — S( l -2c) , 
then (p, L) Ç S(w) for all points p I Lœ P\ ir0 and for all lines L of TT0 such that 
Llpm. 

7T will, in this case, be said to be of T y p e l-3c. 

(2.11) L E M M A . / / T is strictly above Type l-3c, then w is not of Type 1. 

Proof. If 7T is strictly above Type l-3c, then there is a pair (p, L) Ç S(w) — 
S(l-3c) and p m a y be moved onto any point of Lœ C\ wo by the existing col-
lineations. And, since LI pœ (see (2.10)), we have the si tuat ion t h a t T is a t 
least of T y p e 2. Hence, (2.11) is proved. 

T h e following two results are clear from (2.2) and (2.3). 

(2T2) LEMMA. If TT is above Type l-2a and (pt L) G S(TT) - S( l -2a) , pI Lœ, 
and L I pœ1 then (p, L) Ç S(ir) for all points p lLœ P\ T0 and for all lines L of 
7To such that L I pœ. 

We will, in the case of (2.12), say t ha t TT is of Type l-3a. 

(2.13) L E M M A . / / ir is above Type l-3a and (p, L) G S(T) — S(l-3a) with 
piLœ1 then (p, Lœ) £ S(w) for all points p 17r0. 

If 7T satisfies (2.13), we shall say t h a t TT is of Type l -3b. T h a t is, 

S(l-3b) = S(l-3a) U S ( l - l b ) 

(see (2.16)). 

(2.14) L E M M A . If ir is strictly above Type l-3a and not above Type l -2b, then 
the dual of w (Lœ interchanged with pœ) is of Type l -3b. 
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Proof. By (2.13), if (p, L) G S(TT) - S(l-3a), then plLœ and LIpœ since 
otherwise w would be of Type l-3b or above Type l-2c. -K is of Type 2 or 3 unless 
p = pœ. Therefore, p = pœ and by the dual of (2.3), (pœ, L) G S(ir) for all 
lines L in T0. If we interchange pœ and Lœ in 7r and its dual, we obtain 
S(DualTr) = S(l-3b). 

(2.15) LEMMA. If T is strictly above Type l-3b and is of Type 1, then T is of 
Type l-3c. 

Proof. We see, by (2.4) and the remarks immediately following, that if T 
is of Type 1, pœ is fixed by any additional (p, L, 7r0)-transitivities such that 
pi L. Therefore, if there exists a pair (pQ, L0) G S(T) — S(l-3b), then clearly 
po = pœ and Lo ^ Lœ. By the argument of (2.10), (p, L) G S(ir) for all points 
p I Lœ P\ 7To and for all lines L of 7r0 such that L I pœ. That is, 7r is of Type l-3c. 

The previous lemmas and remarks establish the following result for planes 
of order q2 and q ^ 5 or 9. 

(2.16) THEOREM. If TT is a semi-translation plane of Type 1 with respect to 
Lœ (or its dual), then w is of one and only one of the following types: 

Type 1-la: 
Type l-2a: 

Type l-3a 

Type 1 

Type 1 

4a: 

(p, LJ e S(TT) for all p I Lœ r\ TT0; 
S(l-2a) = S(l-la) U {(^œ, L) for all lines L of T0 

such that L I pœ and pœ a fixed point of Lœ\; 
S(l-3a) = S(l-2a) U {(p, L) for all points p I Lœ H TT0 

/or a// /iw^5 qf 7r0 incident with pm}; 
S(l-4a) = S(l-la) U {(^', L) for all lines L of TT0 

such that L I k, p'XL, k and p' I Lœ}; 
S(l-5a) = S(l-4a) VJ {(fe, L) /or a// Ziwes L c/ w0 

such that L I pf, kl L, k and pr I Lœ}; 
S(l-lb) = S(l-la) VJ {(^, L) for all p I TT0 - Lœ}; 
S(l-2b) = S(l-2a) \J S( l - lb) ; 
S(l-3b) = S(l-3a) U S(l - lb) ; 
S(l-4b) = S(l-4a) U S(l- lb) ; 
S(l-5b) = S(l-5a) U S(l- lb) ; 
S(l-2c) = S(l-2b) U {(^œ, L) /or all lines L I TT0}/ 
S(l-3c) = S(l-3b) US( l -2c ) . 

Dl- la , Dl-4a, Dl-5a, and Dl -A (i = 1, 2, 3, 4, or 5) are the duals of the 
above corresponding types with the exception that l-2a, l-3a, l-2c, and l-3c are 
s elf-dual forms. 

oa: 

Type 1-lb 
Type l-2b 
T^^ l-3b 
r^g l-4b 
Type l-5b 
r^e l-2c 
Type l-3c 

3. Planes of Type 2. Let Lœ be a line of 7r such that -K is sst with respect to 
L^. Clearly (see (1.2)), if TT is sst of Type 2 and not sst of Type 3, then Lœ is 
not invariant under the full collineation group of T but there is a unique point 
p^ I Lœ C\ 7T0 which is so invariant (pœ is the intersection of Lœ and an image of 
Lœ under a collineation which displaces Lœ). 
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If T is sst of Type 2 such t ha t (p, L) £ S(T) for all incident point-line pairs 
such t h a t L is a line of T0 incident with pœ1 for the unique point pœ I Lœ, we will 
say t h a t T is of T y p e 2- la . 

We shall assume for this section t h a t T is sst of Type 2. T h e classification 
for Dsst of T y p e 2 will be obtained in the usual manner (see remarks prior to 
(2.2)). 

(3.1) L E M M A . If T is above Type 2- la and (po, L0) G S(T) — S(2- la) and if 
either 

(a) po I L0, or 

(b) L0 I p œ , or 
(c) po 5* pœ and Loi pœ9 

then T is of Type 3. 

Proof, (a) If po I L0, then since (po, L0) £ S (2- la ) , it mus t be t h a t p0 ^ pœ. 
Therefore, pœ may be moved. However, this implies t ha t T is of T y p e 3. 

(b) Since the Hughes planes are self-dual (see 18, Theorem 15), we have, 
by the dual of (12, Theorem 1), the following theorem. 

T H E O R E M . If T is (p, L, TO)-transitive for all lines L of T0 such that L I pœ, for 

all points p I wo, then T is a Hughes plane. 

Ostrom (18) has pointed out t h a t the Hughes planes are of T y p e 3 . 
Now we can move p0 onto any point of TO — pœ by the existing elation group. 

Therefore, applying (2.2), it follows t h a t (p, L) £ S(T) for all points p I T0 — pœ 

and all lines L of TO such t ha t L l pœ where piL. Clearly then, T is a Hughes 
plane and thus of T y p e 3. 

(c) If po 5e pœ and L0I pœ, pœ is not fixed by the full group, and thus T 
is of T y p e 3. 

T h u s , (3.1) is proved. 

(3.2) COROLLARY. If T is strictly above Type 2- la and not of Type 3, then 

(p\ Lf) G S(w) — S(2-la) implies p' = pœ. In this case, (pœ, L) Ç S(w) for all 

lines L of wo, where LI pœ. 

If T satisfies the hypothesis of (3.2), we shall say t h a t T is of T y p e 2-2a. I t 
also follows t h a t if T is strictly above T y p e 2-2a, then T is of T y p e 3. 

Hence, we have shown the following result. 

(3.3) T H E O R E M . If T is a strict semi-translation plane of Type 2 (or its dual), 
then T is of one and only one of the following types: 

Type 2- la : S(2- la) = {(p, L) for all incident point-line pairs 

of TO such that L 1 pœ}, where pm is the intersection 
of the q + 1 lines Lif 1 ^ i ^ q + 1, such that T is 
sst with respect to Lt for all i; 

Type 2-2a: S(2-2a) = S(2-la) \J {(pœ, L) for all lines L of T0 

such that LI pœ}. 
D 2 - l a and D2-2a are the duals of the corresponding classes. 
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4. Planes of Type 3. Let T be sst with respect to Lœ. If T is of Type 3, it 
follows that neither Lœ nor any point of L^ is left invariant under the full 
collineation group of T. 

If T is of Type 3 such that (p, L) Ç S(T) for all incident point-line pairs of 7ro, 
we shall say that T is of Type 3-1. 

(4.1) LEMMA. If T is strictly above Type 3-1, then T is a Hughes plane. 

Proof. Let (p, L) Ç S(TT) - S(3-l). Clearly then pIL. The existing 
(p, L, 7r0)-elations move p onto any point of 7r0 — L. Also, we may clearly 
move L to any line of 7r0. Thus, (p, L) Ç S(T) for all point-line pairs of 7r0. 
By (12, Theorem 1), T is a Hughes plane. 

If (p, L) G S(7r) for all point-line pairs of TO, we shall say that T is of Type 3-2. 
Thus, the Hughes planes are examples and the only possible examples of 
planes of Type 3-2. 

Thus, we have proved the following theorem. 

(4.2) THEOREM. If T is a strict semi-translation plane of Type 3 (or its dual), 
then T is of one and only one of the following types: 

Type 3-1: S(3-l) = {(p, L) for all incident point-line pairs of TO}; 
Type 3-2: S(3-2) = {(p, L) for all point-line pairs of T0\ . 

In the following diagram, Type j-&ifi, j = 1, 2, 3, is above Type i-ktfi, 
i — 1, 2, 3 (ri, r2 = 1 if j or i = 3, respectively), if and only if the symbol 
referring to the first type is higher on the page than the symbol referring to the 
second type and one can travel from the second symbol to the first on line 
segments. 

5. The choice of subplane ir0 in the classification. 

(5.1) PROPOSITION. Let T be sst of order q2 and /3 a non-trivial (p, L)-
collineation of x. If iro is any subplane of order q which is invariant under /3, 
then both p and L are in TO. 

Proof. Suppose that pi TO. Every line through p meets TO in one or q + 1 
points. If L is on p and meets T0 in one point, then L P\ T0 is fixed by p. Now 
since pi 7ro, there is exactly one line of 7r0 through p. There are q2 + 1 lines 
through p so that we have q2 fixed points in T0 under 13. Thus, there are at least 
q2 — q points on L and not in T0 that are fixed by /3. Hence, 13 fixes at least 
2q2 — q > q2 + q points of T0 (note that q2 > 4 for otherwise T would be 
Desarguesian, contrary to assumption). However, this implies that p is the 
identity collineation (see 21, pp. 101-102, theorem 19). However, this is a 
contradiction. The dual argument may be used to show that L is also in T0. 
Hence, (5.1) is proved. 
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The possible types 1-, 2-, and 3- shown schematically. 

(5.2) COROLLARY. Let T be sst and m, 7r2 subplanes of order q. Let ir be classified 
by (p, L, 7Ti)-transitivity and then, independently, by (p, L, 7r2)-transitivity. Let 
ir be in class d with respect to wi and class C2 with respect to 7r2. / / both TI and 7r2 

are invariant, then C\ — C2. 
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Proof. Le t (p, L) Ç S(x with respect to in). By (5.1), (p, L) G S(x with 
respect to x2) since x2 is invariant . Since also xi is invar iant , we m a y inter
change 7Ti and 7T2 in the above a rgument . Thus , (5.2) is proved. 

Therefore, if we are classifying planes containing invar iant subplanes 
of order q, we may choose any invar iant subplane of order q in order to make 
our classification, and the class into which a par t icular plane is placed is 
independent of the choice of invar iant subplane. Also, recall (see remarks 
following (2.1)(i)) t h a t if x is of T y p e 2 or 3, there is a unique invar iant 
subplane whose points are the elation centres of the lines in the orbi t of Lœ. 

We will now consider the si tuat ion where x is sst and x does not have an 
invar iant subplane of order q. 

We will, in the following, consider x classified with respect to (/>, L, x z ) -
t rans i t iv i ty for certain subplanes xz- of order q. I t should be noted t h a t in order 
for x to be classified with respect to (p, L, irt)-transitivity for a par t icular sub-
plane Tiy it is assumed t h a t x is (p, L, x^)-transitive for all points p I L œ H TJ 
and L = Lœ. T h a t is, x will a lways be assumed to be above T y p e 1-la with 
respect to each subplane Tt. One could, of course, make a classification of 
planes which are not semi-translat ion planes wi thout the above restr ict ion. 

If 7To and xi are subplanes of order q such t h a t x is (p, L, x2-)-transitive for all 
points p I ^ ^ Ti, i = 0, 1, then it is easily seen t h a t x0 and xi are disjoint 
as affine subplanes and have the same points on L œ . 

(5.3) Definition. Le t x0 and xi be subplanes of x and of order q and H a 
group of collineations of x and /3 £ U s u c h t h a t 7r0/3 = m. We shall say, in this 
case, t h a t n and 7r0 are in the same subplane orbi t under H. If H is the full 
group of collineations of ir, we will say t h a t 7r0 and xi are in the same subplane 
orbit . 

(5.4) P R O P O S I T I O N . Let 7Q and T2 be subplanes of -K of order q. Let ir be classified 
by (p, L, iri)-transitivity for i = 1, 2. If xi and ir2 are in the same subplane orbit, 
then i: is in the same class regardless of the choice of classification with respect to 
7Ti or with respect to 7r2. 

Proof. Suppose t h a t there exists a collineation f3 of ir such t h a t iri/3 = T2 and 
ir is (p, L, 7ri)-transitive. Le t a be a (p, L, 7n)-collineation. Then , fi~lafi is a 
(pfi, Z/3, 7Ti/3) = (/5^, Z/3, 7T2)-collineation. Therefore, T is (/5^, Z/3, 7r2)-transitive. 
Since we can interchange 7ri and 7r2 in the above a rgument , we have proved 
(5.4). 

Now suppose t h a t 7r0 and wi are in different subplane orbi ts and suppose t h a t 
we classify ir by both (p, L, TT0)-transitivity and (p, L, TTI)-transitivity. If T0 is 
fixed by the (p, L, in)-collineations, then by the a rgumen t of (5.1), p and L 
would be in ir0. T h u s , x would be in a "h igher" class classified with respect to 
7T0 t h an classified with respect to xi . T h a t is, if x is of T y p e T 0 with respect to 
x0 and of T y p e T x with respect to xi , then T y p e T 0 is above T y p e T i . 
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Therefore, if, under any two classifications by T0 and xi, either T0 is fixed by 
the (p, L, 7ri)-collineations or wi is fixed by the (p, L, 7r0)-collineations (these 
part icular (p, L)-collineations are assumed to be other than the translat ions) , 
then we can always choose the subplane t h a t will give us the "bes t " classifi
cation. T h a t is, we can pick the subplane t h a t will place the plane in the 
"h ighes t" class. 

(5.5) L E M M A . If S ( l - l b ) Ç S(T), then T has a unique invariant subplane iro 
consisting of L^-homology centres. 

Proof. If 7T0 is not fixed, then for all points p I TO — Lœ there exists a col-
lineation /3 of T which moves p to a point p(3 not in TO. Therefore, by (1), there 
is a translat ion moving p to p/3, contrary to T being a strict semi-translation 
plane. 

Thus , if 7T does not have an invar iant subplane, the only possible types are 
1-la, l-2a, l-3a, l-4a, l-5a. 

(5.6) L E M M A . If T does not have an invariant subplane and is above Type l -2a 
then the special point pœ is invariant under all collineations of T and the set(s) of 
pœ elation axes is also invariant under all collineations of T. 

Proof. pœ is clearly fixed (18, Lemma 7). If T is above T y p e l-2a with respect 
to 7T0 and the set of £œ-elation axes is not fixed, then there is a line LI p^ and 
L 7^ Lœ (clearly Lœ is always fixed) such t h a t L is moved onto a line not in TO. 
Each two lines of the orbit of L on pœ generate a dist inct t ranslat ion with 
centre pœ. Since the length of the orbit of L on pœ is str ict ly larger t han q, 
we clearly can generate a translat ion group of order strictly larger than q with 
centre pœ. However, this is a contradiction to T being strict. 

(5.7) L E M M A . Let T be classified by both (p, L, TO)-transitivity and (p, L, TI)-
transitivity, where TO and TX are in different subplane orbits. Suppose that there 
exists a (pi, L\, TI)-transitivity that does not fix T0 and a (po, L0, T0)-transitivity 
that does not fix T\; then T is not of Type l-2a. 

Proof. Suppose t h a t T is of Type l-2a with respect to TO with special point pœ. 

Then p0 = pœ, pi = po, and pi I L i (see (5.5)). 
Thus , Li is moved onto a line of the pencil of lines on Li Pi Lœ which is no t 

in 7Ti by the (po, L0, T0)-collineations. (If Li is moved onto a line of 7ri, then the 
points Li C\ TI are moved onto points of 7ri, contrary to the assumption t h a t TX 

is moved by the (po, Lo, 7r0)-collineations.) 
Thus , Li is in an orbit of lines on Li C\ Lœ of length strictly larger than q. 

And, all of these lines are axes of central collineations with centre pi. By (1), 
Li and every line L\$ of this orbit generate a translat ion with centre pi which 
moves Li onto Li/3. Thus , we clearly have a translation group of order str ict ly 
larger than q with centre pi, contrary to the assumption t h a t T is a s tr ict semi-
translat ion plane. 
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(5.8) T H E O R E M . If TV is a strict semi-translation plane of order q2 with no 

invariant subplane of order q, then there always exists a subplane TQ such that a 

classification by {p,L, 7r0)-transitivity places TT in a type above that which we obtain 

by using any other subplane of order q. 

Proof. By (5.4) and (5.7), ei ther we can make such a choice or w is classi
fied by (p, L, 7ro)-transitivity and (p, L, TTI)-transitivity and there exists a 
{pi, Li, 7ri)-transitivity moving T0 and a {po, L0, 7r0)-transitivity moving TI. 

By (5.5), (5.6), and (5.7) we have the following possibilities: T is of Types 
l-3a and l-4a, of Types l-3a and l-5a, of Types l-4a and l-4a, or of Types l-4a 
and l-5a with respect to T0 and x i , respectively. 

Clearly, either we can choose a subplane to give us a " b e s t " classification 
for 7T, or 7T is of Types l-3a and l-5a with respect to 7r0 and TI, respectively. 

In the la t ter case, po = pi = pœ (see (5.6)). Suppose t h a t L0I pQ. If 
L\ C\ Lo I Lœ , then the {po, L0 ,7r0)-collineations mus t move L\ onto a line not of 
7Ti. By an a rgument similar to t h a t of (5.7), we can use Andre ' s results to gen
erate a t ranslat ion group with centre pi of order strictly larger than g, which is 
a contradict ion. 

Now also, if Lo I po, the a rgument of (5.7) yields a contradict ion. 
Hence, L\ C\LoILœ. By (18, L e m m a 1), we can choose a subplane T2 to 

include L\ C\ L 0 such t h a t ir is {p, Lœ1 7r2)-transitive for all p I L œ C\ ir2. 
Fur thermore , by (5.1), po, L i , and L 0 are all in 7T2. 

Each of the {po, Lo, 7r0)-collineations move Lx onto a dist inct line not in ir\ 
and fixes pi. Each two groups with centre pi and axis one of these lines (all of 
wrhich intersect a t Li C\ Lo) generate an elation with centre pi and axis 
(Li C\ L0)pi. Hence, pi is the centre of an elation group of order str ict ly larger 
than q. However, this again is cont rary to our assumptions, since this elation 
group fixes 7T2 (see (5.1)). (Alternately, w is clearly above D l - 2 b with respect 
to 7T2, cont ra ry to (5.5).) 

Remarks. In (8), I gave examples of str ict semi-translat ion planes of Types 
1-la, l-3a, l-4a, 1-lb, and 3-2 (see 8, (2.16) and (4.2)). (In addi t ion , I found 
an example of a plane of T y p e l-2a. This result will be reported in a later 
paper.) 

There exist examples of planes which contain an invar iant subplane of all 
of the above types. T h e planes derived from the dual Ost rom-Rosat i planes are 
of T y p e l-3a. I t is not known whether these planes have an invar iant subplane 
of order q. 

For q = 5 or 9, we have seen t h a t there might exist exceptional cases of 
planes of types strictly above l-5a or l -5b bu t no t above l-2a or l -2b, res
pectively. For q = 9, 7r0 could then be the nearfield plane of order 9. If q = 5 
and 7To is Desarguesian, there might exist a plane of order 25 such t h a t the 
group induced on Lœ Pi 7r0 by the group generated by the existing homology 
{p, L, 7T0)-transitivity groups is isomorphic to the symmetr ic group on four 
le t ters . 
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With the exception of the Hughes planes, for every example of a plane of a 
certain type, there is an example of a plane of the same type where the plane 
is derived from a dual translation plane. In (8) I showed that the possible types 
for planes so derived are: 1-la, l-2a, l-3a, l-4a, and 1-lb. 
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