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In 18 79 Kempe [5] p r e s e n t e d what has become the m o s t famous of 
a l l i n c o r r e c t proofs of the F o u r Colour Conjec ture , but even though his 
proof was e r r o n e o u s his method has become quite useful . In 1890 
Heawood [4] was able to modify K e m p e ' s method to e s t a b l i s h the F ive 
Colour T h e o r e m for p l a n a r g r a p h s . In this a r t i c l e we show that o ther 
modi f ica t ions of K e m p e ' s method can be m a d e which enable one to 
e s t a b l i s h m o r e r e s u l t s about p l ana r g r a p h s . By this p r o c e s s we obtain 
upper bounds for s e v e r a l p a r a m e t e r s which involve par t i t ion ing the 
point se t of a g r a p h . In p a r t i c u l a r , we show that the point se t of any 
p l a n a r g r a p h can be par t i t ioned into four or l e s s subse t s such that the 
s u b g r a p h induced by each subse t i s e i the r d isconnected or t r i v i a l 
( cons i s t s of a s ingle poin t ) . We a l so show that the point se t of any 
p l a n a r g r a p h can be par t i t ioned into t h r e e or l e s s subse t s such that the 
s u b g r a p h induced by each subse t conta ins no c y c l e s . 

A g raph G c o n s i s t s of a se t V = V(G) of points toge ther with a 
s e t E = E(G) of u n o r d e r e d p a i r s [u, v] of d i s t i nc t points of V(G), 
cal led l ines of G. A line [u, v] is said to join poin ts u and v . A 
g r a p h G' i s a s u b g r a p h of G, denoted G ' C G , if V1 C V and 
E ' C E . The s u b g r a p h < S > induced by a se t S of poin ts c o n s i s t s of 
the s e t S toge ther with the se t of a l l l ines of G which join two points 
of S. Given a point u e V(G), by G-u we m e a n the g r aph obtained 
f r o m G by delet ing point u and a l l l ines [u, v] inc ident with i t . A 
comple te g r a p h K p i s a g raph containing p points in which eve ry 

p a i r of d i s t inc t points a r e joined by a l ine . 

Le t TT = (V , V , . . . , V ) be a pa r t i t i on of the set of points of L 1 2 m J ^ ^ 
a g r aph G. The fac tor g r a p h G/TT i s the g r a p h whose points a r e the 
m s u b s e t s V., and [V., V.] ç E(G/TT) if and only if t he r e exis t points 

u ç V., v e V. and [u, v] e E(G). A p a r t i t i o n TT i s comple te if G/TT 

i s a comple te g r a p h . 

Le t P denote any p r o p e r t y of a g r a p h G. A subse t S C V(G) i s 
a P - se t of G if ^S? has p r o p e r t y P . A P - colour ing of G i s an 
a s s i g n m e n t of co lou r s to the points of G such that for any given 
colour the se t of points having this colour i s a P - se t . An (m, P ) -
co lour ing of G i s a p a r t i t i o n TT = {V , V , . . . , V } of V(G) such that 
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eve ry subse t V is a P - s e t . The P - c h r o m a t i c mimber XTI^*) of G i s the i —— p 
s m a l l e s t i n t ege r m for which G has an (m, P ) - c o l o u r i n g . In the 
ca se whe re P deno tes the p r o p e r t y that a g raph be to ta l ly d i sconnec ted , 
the t e r m s P - c o l o u r i n g , (m, P ) - c o l o u r i n g , and P - chroma t ic n u m b e r 
X (G) coincide with the t r a d i t i o n a l t e r m s co lour ing , m - c o l o u r i n g , and 

c h r o m a t i c n u m b e r x(G), r e s p e c t i v e l y . F o r any o the r def ini t ions not 
given h e r e , the r e a d e r is r e f e r r e d to [3], 

Using our t e r m i n o l o g y the F o u r Colour Conjec ture can be s ta ted 
as fo l lows: if P denotes the p r o p e r t y that a g raph be to ta l ly 

d i sconnec ted , then for any p l a n a r g r a p h G, x (G) <C 4 . Even though 
0 

K e m p e ' s method appa ren t l y does not enable one to se t t l e the F o u r 
Colour Conjec ture , his method does enable one to p r o v e the following 
modi f ica t ion of this c o n j e c t u r e . Le t P denote the p r o p e r t y that a 

g r aph be e i t he r d i sconnec ted or t r i v i a l . 

THEOREM 1. F o r any p l a n a r g r a p h G, we have x (G) £ 4 . 
1 

Proof . We p roceed by induct ion on the n u m b e r p of poin ts in G. 
C lea r ly this holds for al l g r a p h s having p <_ 4 p o i n t s . Suppose then 
that i t holds for a l l p l a n a r g r a p h s having p - 1 poin ts and let G have 
p p o i n t s . Since G is p l a n a r it m u s t have at l e a s t one point, say u, 
of d e g r e e five or l e s s (cf. K e m p e [5]). 

Le t u have d e g r e e <_ 3, and cons ide r the g r a p h G-u . By 
hypothes i s )/ (G-u) <_ 4. T h e r e f o r e s ince u has d e g r e e <_ 3, we 

1 
can a lways a s s i g n a four th co lour to point u given any (4, P ) -co lour ing 

of G-u to obtain a (4, P ) -co lour ing of G, i . e . , x (G) <_ 4 . 
P l 

Next let u have d e g r e e 4, and suppose t h e r e ex i s t s a t l e a s t 
one (4, P ) -co lour ing of G-u which a s s i g n s only t h r e e co lou r s to the 
four poin ts adjacent to u. We can then a s s i g n a four th colour to point 
u to obtain a (4, P ) -co lour ing of G. Suppose then that e v e r y (4, P )-

co lour ing of G-u a s s i g n s a d i f ferent colour to each of the four poin ts 
ad jacent to u . This s i tua t ion i s d e s c r i b e d by F i g u r e 1 in which the 
poin ts ad jacent to u a r e coloured c , c , c . and c . F J 1' 2 3 4 

204 

https://doi.org/10.4153/CMB-1968-023-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-023-5


?cA 

- o c 

F i g . 1 

Consider in this c a se the n u m b e r of points in G-u which have 
colour c. in any given (4, P ) -co lour ing of G-u. If for any colour 

c. th is n u m b e r is g r e a t e r than one, then by ass ign ing colour c. to 

point u, the subgraph of G induced by the se t of poin ts coloured c. 

wil l s t i l l be d i sconnec t ed . Thus we will obtain a (4, P ) -colour ing of 

G. On the other hand, in eve ry (4, P ) -co lour ing of G-u, the number 

of points coloured c . c , c , or c is exact ly one, i . e . , G-u c o n s i s t s 
1 2 3 4 

only of the four points adjacent to u. But s ince G i s p l ana r at l eas t 
two of t he se points a r e not ad jacent . T h e r e f o r e we can a s s i g n the colour 
c to t h e s e two poin ts , co lou r s c and c to the o ther points adjacent 

to u, and colour c to point u. This p roduces a (4, P ) -co lour ing of G. 

F ina l ly , let point u have d e g r e e 5 . E s s e n t i a l l y we only have to 
cons ide r the ca se that eve ry (4, P )- colour ing of G-u a s s i g n s four 

co lou r s to the points ad jacent to u . In this c a s e any (4, P ) -co lour ing 

of G-u m u s t colour the five points adjacent to u in one of the two 
ways i l l u s t r a t e d in F i g u r e 2. 

oc 

F i g . 2 
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As be fo re , if any point ad jacent to u is not the only point with 
colour c , i = 2 , 3 , or 4, in a g iven (4, P ) - co lour ing of G-u, then 

we can a s s i g n colour c. to point u and p r o d u c e a (4, P ) - co lour ing 

of G. O the rwi se in e v e r y (4, P ) - co lour ing of G-u, the points with 

co lou r s c , c , and c in F i g u r e s 2a or Zb a r e the only poin ts so 

co lou red . Cons ider then, in e i the r c a s e , whe the r t h e s e t h r e e po in t s 
a r e m u t u a l l y ad jacen t . If they a r e not, then at l e a s t two of t hem a r e 
not ad jacent and can be a s s igned colour c , the r e m a i n i n g point 

ad jacent to u can be a s s igned colour c and point u can be a s s igned 

colour c . This p r o d u c e s a (4, P ) -co lour ing of G. F ina l l y , if t he se 

t h r e e po in ts a r e mu tua l ly adjacent , we have a s i tua t ion e s s e n t i a l l y 
d e s c r i b e d by F i g u r e s 3a and 3b. 

F i g . 3 

In the c a s e of F i g u r e 3a the two points co loured c can be 

a s s igned co lour c , and thus u can have colour c . In the c a s e of 

F i g u r e 3b, one point with co lour c can be ass igned colour c , the 

o ther point with co lour c can be ass igned colour c , and point u can 
1 4 

be ass igned co lour c . This p r o d u c e s a (4, P ) - co lour ing of G in 
1 

e i the r c a s e , comple t ing the proof. 

An i n t e r e s t i n g a s p e c t of this t h e o r e m is i t s r e l a t i o n to the famous 
con jec tu re of Hadwiger [2]: x(G) ~ n i m p l i e s G has a connected 
con t r ac t i on onto K . Re la t ive ly few condi t ions a r e known which 

n 
g u a r a n t e e that a given g r a p h have a connected c o n t r a c t i o n onto K ; 

n 
i t r e a d i l y fol lows, however , tha t if \ (G) = n, then the c o m p l e m e n t 

1 
of G, G, has a connected con t r ac t i on of o r d e r n. 

A p l a n a r g r a p h G i s said to be o u t e r p l a n a r (cf. Cha r t r and and 
H a r a r y [ l]) if G can be d r a w n in the p lane in such a way that e v e r y 
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point l ies on the ex t e r i o r r eg ion . This c l a s s of p l ana r g raphs has been 
studied by Tang [7], who showed among other things that if a g raph is 
o u t e r p l a n a r then i t s c h r o m a t i c n u m b e r does not exceed t h r e e . A s imp le 
proof of this r e s u l t can be given which i s based on the o b s e r v a t i o n in 
[7] that eve ry o u t e r p l a n a r g raph contains at l eas t one point of d e g r e e 
£ 2 . We wil l now u s e this obse rva t i on to obtain another r e s u l t about 
o u t e r p l a n a r g raphs which c lose ly p a r a l l e l s T h e o r e m 1. 

THEOREM 2. F o r any ou t e rp l ana r g r aph G, x p (G)< 3. 
1 

Proof . We p roceed again by induct ion on the number p of poin ts 
in G. Clear ly this holds for a l l o u t e r p l a n a r g raphs having p <_ 3 
p o i n t s . Suppose then that it holds for al l ou t e rp l ana r g raphs having p - 1 
poin ts and let G have p p o i n t s . 

Since G i s o u t e r p l a n a r i t m u s t contain a point , say u, of 
d e g r e e £ 2 . Consider the g raph G-u. Since G-u i s ou t e rp l ana r , it 
follows by hypothes i s that x (G-u) <_ 3. But c l ea r ly , s ince u has 

1 
d e g r e e <_ 2, we can a lways a s s i g n a third colour to u given any 
(3, P ) -co lour ing of G-u, 

Thus , X p (G)< 3 . 
1 

to obtain a (3, P ) -co lour ing of G. 

The g raphs in F i g u r e 4 i l l u s t r a t e that the bound in T h e o r e m 2 is 
t ight; each ou t e rp l ana r g raph in F i g u r e 4 has P - c h r o m a t i c number 

equal to 3 . 

F i g . 4 

It is i n t e r e s t i n g to o b s e r v e that for any g r a p h G which contains 
no cyc l e s , i . e . , for any fo res t , \ (G) <C 2. This follows i m m e d i a t e l y 

1 
f rom two s imple o b s e r v a t i o n s : for any g r a p h G, x-p (G) £ x(G), and 

1 
for any f o r e s t G, x(G) <_ 2. Thus we o b s e r v e that if a g r aph G is 
to ta l ly d i sconnec ted , a fo re s t , ou t e rp l ana r , or p l ana r , then x (G) 

1 
i s l e s s than or equal to 1, 2, 3, or 4, r e spec t i ve ly , and each of these 
bounds is t ight . 

A s t r ik ing s i m i l a r i t y among the g raphs in F i g u r e 4 s e r v e s to 
i l l u s t r a t e the following r e s u l t . The join G + G1 of two g raphs G and 
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G' i s the g r a p h for which V(G+G') = V(G) (J V(G') and 
E(G+G») = E ( G ) U E ( G ' ) ( J { [ U , V ] | U <E V(G), v 6 V(G')} . 

THEOREM 3. F o r any g r a p h s G and G' 

X p (G+G') = X p (G) + X p (G«). 
1 1 1 

Proof . C lea r ly , X (G+G») < X (G) + X (G l) , for if 
1 1 1 

x (G) = m and X (G') = n, then any (m, P ) -co l our ing of G 
P l 1 

combined with any (n, P ) -co lour ing of G' can p r o d u c e an (m+n, P )-

co lour ing of G+G'. 

Conver se ly , le t X (G+G') = k. Then in any (k, P ) -co lour ing 
P l i 

of G + G ' no point of G can be a s s igned the s a m e colour as any point 
of G' and c o n v e r s e l y . F o r if a poin t in G is a s s igned the s a m e colour , 
say c., as a point in G', then no m a t t e r what o the r po in ts a r e co loured 

c. in G + G ' , the se t of poin ts having c. wil l induce a connected 

s u b g r a p h of G + G». T h e r e f o r e X (G+G') > x (G) + x (G f) . 
1 1 1 

The a r b o r i c i t y a r b (G) of a g r aph G i s the m i n i m u m n u m b e r 
of l i n e - d i s j o i n t , acyc l i c subg raphs which conta in al l the l ines of G. 
In [6] N a s h - W i l l i a m s e s t ab l i shed a f o r m u l a for the a r b o r i c i t y of any 
g raph , a consequence of which is the r e s u l t tha t the a r b o r i c i t y of 
e v e r y p l a n a r g r a p h is t h r e e or l e s s . We define the p o i n t - a r b o r i c i t y 
of a g r aph G as the m i n i m u m n u m b e r of induced, po in t -d i s jo in t , 
acyc l ic subg raphs which conta in a l l the poin ts of G. Using our 
t e r m i n o l o g y above it can be s e e n that if P deno tes the p r o p e r t y that 

a g r aph conta in no c y c l e s , then the point a r b o r i c i t y of G equals 
X p (G). 

2 

Again us ing K e m p e ' s me thod , we now obtain a r e s u l t , a c o r o l l a r y 
of which a s s e r t s that the p o i n t - a r b o r i c i t y of eve ry p l a n a r g r a p h is 
a l so t h r e e or l e s s . A p r o p e r t y P i s t r e e l i k e if K h a s p r o p e r t y P , 

and whenever a subse t S of poin ts i s a P - s e t and t h e r e ex i s t s a point 
v 4 S which i s ad jacent to at m o s t one poin t of S, then S U {v} is 
a l so a P - s e t . The p r o p e r t y P that a g raph conta in no cyc les is 

t r e e l i k e , for e x a m p l e . 

THEOREM 4. If_ P deno tes any t r e e l i k e p r o p e r t y of a g raph , 
then for eve ry p l a n a r g r a p h G, X (G) <_ 3 . 
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Proof . We p roceed in m u c h the s a m e way as in the proof of 
T h e o r e m 1, and a s s u m e that G conta ins a point u of d e g r e e five or 
l e s s . If u has d e g r e e 1 or 2, then s ince by hypothes i s 
X (G-u) <_ 3, we can a lways a s s i g n a third colour to point u, given 

any (3, P ) - c o l o u r i n g of G-u, to obtain a (3, P ) - c o l o u r i n g of G. 

If point u has d e g r e e 3 ,4 , or 5, and every (3, P ) - c o l o u r i n g of 
G-u a s s i g n s t h r e e co lou r s to the poin ts adjacent to u, then in e v e r y 
(3, P ) - c o l o u r i n g of G-u, at l e a s t one point adjacent to u will have a 
colour , say c , d i f ferent f r o m al l other points ad jacent to u . But 

then s ince P is t r e e l i k e , we can a s s i g n colour c. to u and obtain a 

(3, P ) - c o l o u r i n g of G; it wil l s t i l l be the ca se that the subgraph induced 
by the se t of points having colour c. wil l have p r o p e r t y P . 

COROLLARY 4a . If P denotes the p r o p e r t y that a g r aph conta in 

no cyc l e s , then for eve ry p l ana r g r aph G, x (G) <_ 3, i . e . , the 
2 

p o i n t - a r b o r i c i t y of G is < 3 . 

Since the p r o p e r t y that a g r a p h be ou t e rp l ana r is t r e e l i k e , we 
obtain 

COROLLARY 4b. The points of eve ry p l a n a r g raph G can 
be pa r t i t i oned into t h r e e or l e s s subse t s such that the subg raph induced 
by each subse t i s o u t e r p l a n a r . 

The following r e s u l t , which follows i m m e d i a t e l y f rom T h e o r e m 4, 
i s a l so a c o r o l l a r y of N a s h - W i l l i a m ' s r e s u l t on the a r b o r i c i t y of 
p l a n a r g r a p h s . 

COROLLARY 4 c . E v e r y p l ana r g raph can be decomposed into a 
l ine d is jo in t union of at m o s t t h r e e b ipa r t i t e g r a p h s . 

P roof . F r o m Coro l l a ry 4a, let TT = {V , V , V } be a p a r t i t i o n 

of the po in ts of G into t h r e e s u b s e t s , each of which induces a s u b g r a p h 
of G which conta ins no c y c l e s . The se t of l ines of G can be 
decomposed as fo l lows: 

E(G) = E(<V l> ) U E ( ( V ^ ) U E « V 3 > ) U E I 2 , U E I 3 U E 2 3 , w h e r e 

E. . denotes the se t of l ines of G connect ing points of V. and V. . 

It follows t h e r e f o r e that the p a r t i t i o n { E « V >) U E E « V >) U E , 

E ( ( V ) ) U -̂  } °^ E(Cr) d e t e r m i n e s a decompos i t i on of G into at 

m o s t 3 subgraphs each of which conta ins no odd cyc l e s , and hence 
i s b i p a r t i t e . 

The l a s t r e s u l t of this pape r is a s t r a igh t fo rward ex tens ion of 
the proof of C o r o l l a r y 4c . Consider for any g raph G the m i n i m u m 
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number of bipartite subgraphs of G whose union is G, and denote 
this number by xJ (G). 

b 

THEOREM 5. Le t P denote the p r o p e r t y that a g r a p h conta in 

[Xp (G) 
no c y c l e s ; then for any g r a p h G , x i ( G ) £ < > + 1 . 

P roof . Le t v (G) = m and let IT = {V, , V . . . . , V } be a 
^ P *• 1 Z m 

Z 
p a r t i t i o n of V(G) such that e v e r y subse t V. i s a P - s e t . It can be 
s e e n that the fac tor g r aph G/TT is comple t e and has m po in t s , 
V(G/TT) = (V . . . . . V } . Cons ider then the a r b o r i c i t y of G/TT — K 

L 1 m J m 

By the r e s u l t of N a s h - W i l l i a m s [6], a rb(K ) = {—) . Thus we 
m Z 

can c o n s t r u c t { ~ } line dis jo int subg raphs ( fo re s t s ) , say 

F , F . . . . , F . m , , each of which conta ins no c y c l e s , whose union is 1 2 {-} 

G/TT. C o r r e s p o n d i n g to each of these subg raphs F . of G/TT we can 

uniquely c o n s t r u c t a b i p a r t i t e s u b g r a p h G. of G such that V(G.) = V(G) 

and [u, v] e E(G ) if and only if u € V , v € V and [V , V 1 € E (F ). 
i i j i j i 

Since any two s u b g r a p h s F . , F . of G/TT have no l ines in common , i t 

follows that the c o r r e s p o n d i n g s u b g r a p h s G . , G . of G have no l ines 

in c o m m o n . F i n a l l y c o n s i d e r the s u b g r a p h H = \ V 
1 Z m 

i . e. , V(H) = V(G) and [u, v] e E(G) if and only if for s o m e i, u, v e V. 

and [u, v] € E(G). Since each subse t V. is a P - s e t , H i s c l e a r l y 

b i p a r t i t e . It follows now that G , G , . . . , G{—} , H is a co l l ec t ion of 

{—} + 1 line d is jo in t b i p a r t i t e s u b g r a p h s whose union i s G. 
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