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Decompositions of the Hilbert Function of
a Set of Points in P”

Anthony V. Geramita, Tadahito Harima and Yong Su Shin

Abstract. Let H be the Hilbert function of some set of distinct points in P” and let &« = a(H) be the
least degree of a hypersurface of " containing these points. Write &« = ds + ds—1 + - - - + di (where
d; > 0). We canonically decompose H into s other Hilbert functions H «<» (H/,...,H]) and show
how to find sets of distinct points Ys, ..., Y1, lying on reduced hypersurfaces of degrees ds, . . ., d
(respectively) such that the Hilbert function of Y; is H/ and the Hilbert function of Y = (J;_, Y is H.
Some extremal properties of this canonical decomposition are also explored.

1 Introduction

In their paper [5], the authors devised an algorithm which assigned to H, the Hilbert
function of a non-degenerate set of (say) d points in P”, two “simpler” Hilbert func-
tions, H; and Hj. Hj was considered simpler because it is the Hilbert function of
0 # d] < d points in a codimension one linear subspace of P" while H; was con-
sidered simpler because it is the Hilbert function of a set of d; = d — d] points in
P,

If it turned out that H; was also the Hilbert function of d; points in a proper linear
subspace of P", the algorithm terminated. If not, the algorithm was then applied to
the function H; to construct Hj and H; (as above). Since both d] and d; are less than
d and any set of fewer than n + 1 points of P” always lie in a proper linear subspace
of P", the algorithm terminates.

We write

H— (HHH;,H:—I’ e 7H£’H{)

to refer to the string of Hilbert functions of sets of points in proper linear subspaces
of P" which the algorithm of [5] associates to H. We think of this as a linear decompo-
sition of H. A formula was also given in [5] which showed how to calculate the values
of H from those of the H and H..

Questions about the canonical nature of this decomposition and the possibility of
having a method for taking a string of Hilbert functions of sets of points in proper
linear subspaces of P” and (mimicking the formula of [5]) combining them to give
a function which could be the Hilbert function of the union of those points, was
taken up in the paper [3]. Simple examples showed that not every string of Hilbert
functions could be so combined. So, something about the decomposition of the
algorithm had yet to be uncovered.
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In [3] we analyzed the algorithm of [5] in detail and discovered that the string of
Hilbert functions it constructs have simple properties which are intertwined in a very
precise fashion. This discovery enabled us to assert that the algorithm canoncially
constructed a string of Hilbert functions with these additional properties and that
any string of Hilbert functions with these properties could be combined as wanted.
Moreover, the two processes of decomposition and recombination are inverse to each
other. For details on this decomposition we refer the reader to [3] and [4].

We saw in [3] that this linear decomposition of H could be viewed as a general-
ization, to P (n > 2), of the numerical character of the Hilbert function of a set of
points in P? (introduced by Gruson and Peskine to aid their study of curves in P
(8]).

This decomposition also made evident certain linear extremal properties of sets of
points in P” with Hilbert function H. More precisely (and using the notation above)
we showed in [3] that among all sets of points in P” with Hilbert function H there is
at least one such, X, having a subset X; where

i) X lies on a hyperplane of P"; and
ii) X has Hilbert function Hj.

Moreover, among all sets X with Hilbert function H there is none which has more
than [X; | points in a hyperplane.

In fact, if we use the obvious point-wise partial ordering of Hilbert functions of
points in P” we obtained that Hj is the unique maximal element in the following
(finite) set of Hilbert functions JH{(H): where the Hilbert function h € H(H) <
there is a linear subspace IL of P" and / is the Hilbert function of aset Y C L and Y is
a subset of a set of points X C P which has Hilbert function H.

In this paper we begin an exploration of other decompositions of the Hilbert func-
tion of a non-degenerate set of points in IP". If we define o := a(H) to be the least

integer o for which H(a) < (*") and we then write

a=dit+-+d

then our main Theorem (Theorem 3.13) gives a canonical decomposition of H into
a string (H/, ..., Hj) where H/ is now the Hilbert function of a set of points on a
hypersurface of P" of degree d;. As in the case of the linear decomposition there is a
simple formula which describes the value of H in terms of the values of the H/. Again,
we discover that the string of Hilbert functions so constructed have connections with
each other, which we specify (see Proposition 3.12 and (2) of Theorem 3.13) and
those conditions are precisely what is required to show that a string of Hilbert func-
tions, satisfying these conditions, and which are Hilbert functions of sets of points in
distinct reduced hypersurfaces of IP” of degree d; (having no common components)
can be recombined to give H as the Hilbert function of their union (see (4) of Theo-
rem 3.13).

As in the case of the linear decomposition of H referred to above (which turns
out to correspond to choosing all the d; above equal to 1) this decomposition of H
makes evident other extremal aspects of the Hilbert function H (see Theorem 3.14
and Theorem 3.15).
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We saw in [3] that there is an easily describable family of sets of points in P” with
given Hilbert function H and which have the extremal properties we observed about
the linear decomposition of H. We called these families k-configurations of points in
IP". We further showed that all k-configurations (for fixed H) have the same graded
Betti numbers in the minimal free resolution of their defining ideals.

We show, in this paper (see Proposition 3.16 and the remark after it) that k-
configurations exhibit this same unusual extremal property for our more general
decomposition of H.

2 Preliminary Remarks

It will be useful to recall some notions and establish some notation and terminology.
LetX = {Py,..., P;} beaset of s distinct points in the projective space P"(k) (where
k = kis an algebraically closed field). Then P; <> p;, = (La,...,Liy) C R =
klxg,xi,...,x,] where the L;;, j = 1,...,n are n linearly independent linear forms
and p; is the (homogeneous) prime ideal of R generated by all the forms which vanish
at P;. The ideal

Izlxi:plﬁ"'ﬂps

is the ideal generated by all the forms which vanish at all the points of X.
Since R = @)%, R; (R; the vector space of dimension (**") generated by all the

n
monomials in R having degree i) and I = @:°, I; we get that

A=R/I= é(Ri/Ii) = éAi
i=0 i=0

is a graded ring. The numerical function
Hx(t) = H(A, t) := dim; A; = dimy R, — dimy I;

is called the Hilbert function of the set X (or of the ring A).
The collection of functions

H, := {Hx : N = N | X is a non-degenerate finite set of points in P"}

have been much studied. For example:

I.  (Macaulay) If H € HH,, then the values of H, i.e.,
H()=1, H(l)=n+1, H(2),

form an O-sequence (see [11] for definition).
II. IfH € K, and H = Hy for some set X then, for all t > 0, H(¢) = [X].
[I. IfH € H,, and we define the function AH by:

AH(0) =1
AH(t) =H(t) —H(t —1) fort >0,
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then the values of AH, i.e.,
AH(0) =1, AH(1)=n, AH(2),

form an O-sequence which is eventually 0.

One can prove (see e.g. [2]) that condition III is equivalent to saying that there is
a homogeneous ideal J C k[xy, ..., x,] such that

]-) ]m(xh"';xn)l:(o))
2) \/7: (xlv"'axn)) and
3) if B=k[x1,...,x,]/] = @:°, Bi then AH(t) = dimy B;.

Le., AH is the Hilbert function of some artinian quotient of k[x;, . . ., x,].
In fact, in the terminology of [5] one has the following characterization of IH,,:
He X, (forsomen)ifandonlyifH(1) =n+1,
H is a 0-dimensional (this is IT), differentiable (this is III)

O-sequence (this is I).
We use III above to define the set of functions HiArt,:

HiArt, := {H: N — N | H is the Hilbert function of some artinian
graded quotient of k[xy, . ..,x,] and H(1) = n.}

From what we have observed above, we can consider A as a function from X, to
F(iArt,. Since “integration” of a function in F(iArt, is a left inverse to A, we obtain
that A is actually a 1-1 function. It is a well-known theorem (see e.g. [2]) that A is
also a surjective function. So, we often can reduce questions about 3, to analogous
questions about HiArt,.

Given H € H,, we define:

~ . t+
a(H) = least integer ¢ such that H(¢) < ( , n);
o(H) = least integer ¢ such that AH(¢ + ¢) = 0 forall ¢ > 0.
Notice that if B (as above) is a graded artinian quotient of k[xy, ..., x,] andif B, =0
for some t then B;,, = 0 for all £ > 0. It follows from this observation that we could
just as well have defined o(H) as:
o(H) = least integer t such that AH(t) = 0.

Clearly @(H) < o(H) and H € H,, is completely known once we know the first o(H)

values of H,
H(0),H(1) =n+1,...,H(c(H) - 1).
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We shall also need to consider degenerate sets of points in I?” and their Hilbert func-
tions. In order to do that in a systematic way we define:

$n=|J
i<n

Thus, §,, is the collection of Hilbert functions of all sets of points in IP".
Unfortunately, now if H € §,, the definition we gave above of a(H) is not ap-
propriate. In order to avoid the possibility of confusion we define, for H € §,, the

following
1 if H J‘fi, i 5
aH) = 1 S 1< n
aH), ifHe H,.

Notice that the definition of o(H) doesn’t depend on where we consider H.
We now recall some definitions from [3].

Definition 2.1

1) A 0-type vector will be defined to be T = 1. It is the only 0-type vector. We shall
define «(7) = —1and o(7) = 1.

2) A 1-type vector is an object of the form T = (d) where d > 1 is a positive integer.
For such a vector we define a(T) = d = o(7).

3) A 2-type vector, T, is

T = ((d), (), (dn))

where m > 1, and the (d;) are 1-type vectors. We also insist that o(d;) = d; <
a(diy1) = dis.

For such a T we define a(T) = mand o(T) = o((d,,) ) = d,.
Clearly, a(7T) < o(7) with equality if and only if T = ((1)7 2),..., (m)) .
Remark:  For simplicity in the notation we usually rewrite the 2-type vector

(@), (dn)) as (dr. .., dy).

4) Nowletn > 2. An n-type vector, T, is an ordered collection of (n — 1)-type vectors,
T, ..., T, e,
T= (le"'775)

for which o(7;) < a(T;4q) fori=1,...,5s— 1.
For such a T we define a(T) = sand o(T) = o(7T5).

Example2.2 Clearly 77 = (1,2), 7, = (1,3,4), T3 = (1,2,3), and Ty =
(2,3,4,5,6) are all 2-type vectors but (T3, 7,) = ((1, 2,3),(1,3, 4)) is NOT a 3-type
vector. However, (T, Ty) is a 3-type vector. Also,

(71772,74) = ((172)5 (17 374)5 (27 3,4, 576))
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is a 3-type vector. We will, from time to time, use the simpler notation

((1,2)7 (153,4)7 (253745576)) = (152; 17354;273547556)

for 3-type vectors (see [7]).

Note also that ((‘J’l)) = ((1, 2)) is a 3-type vector and that ( ((1, 2)) ) is a 4-type

vector.

Before we begin the proof of our main theorem we want to recall a construction

given in [5] which is crucial to our discussion of n-type vectors.

LetH = {b;} € H, (so H(1) = n+ 1) and write 0 = o(H). Let Hp.—1 (¢) = {d,}

where d, = (t;"__ll) and define ¢; = b;;; — d;;;. Then we have:

H: 1 (") - () by by <by =
© M - (@-1 (@ - (@-2 (-1
Heoo 1 () - (07) (05 - () (0

1
|
Co

Since the d;’s are strictly increasing and the b;’s are eventually constant, there is a

unique integer h such that
l=qg<ag<-- <>
Theorem 2.3 ([5])  The sequences
Hi:=1¢- 11— and H|={c}

where

1

, {(";"_11), fori < Iy

C, =
bi —cy—1, fori>h

are 0-dimensional differentiable O-sequences.

Lemma 2.4 ([3, Lemma 2.5]) Let H € 3, H, and H] be as above. Then oc(H) =

o(Hy).
Theorem 2.5 ([3, Theorem 2.6])  There is a 1-1 correspondence

S, < {n-type vectors}

whereif H € 8, and H < T then a(H) = a(7) and c(H) = o (7).
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We give a brief summary here of the proof of Theorem 2.5 in order to establish
some notation.
The proof begins by induction, starting with 8 and §; where if H € 8, then the
1-type vector associated to His T = () where a = a(H).
In general, we apply Theorem 2.3 to H € §,, to get H; and H]. Then, by induction
on a(H), we get
H, — (le . a(‘Ta(Hl))

where the T; are all (n — 1)-type vectors and H{ € §,_,. So, Hl — 7’ with 7’ an
(n — 1)-type vector. One shows:

H— (T1,...,To@m), T
and we denote the function from 8, to {n-type vectors} by x,, i.e.,
xXn(H) = (T, -+, Taga), T').
We also, inductively, defined an inverse to x,, i.e.,
pu: {n-type vectors} — 8,
such that if T = («) is a 1-type vector then
pn(T) =H

where

. i+1, for0<i<a-1
H(i) = .
a, fora—1<1i.

Inductively, if T = (77,...,7;) is an n-type vector and so p,—1(T;) = H; € 8,
then _ _ N
pu(T)(&) = H, (1) + Ho (e = 1) + -+ H (£ = (r = 1))

(where if j < 0 then H;(j) = 0).
Example 2.6  We illustrate what the procedure above does to the function H € 3,

where
H=1 3 6 10 13 15 17 —

and a(H) =4,0(H) = 7.
We apply the decomposition to H, i.e.,

to get
H:=12 3 45 6 7 —
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and
H:=1 3 6 8 9 10 —.

Since H; € HH, we decompose again:

H, 1 3 6 8 9 1010 —
1 2 3 4 5 6|7
1 3 4 4] 3
to get
Hj:=1 2 3 4 5 6 —
and

H,=1 3 4 —.

Again, H, € H,, so we decompose again

to get
H):=1 2 3 —

and
H;:=1—.

Finally we have H; ¢ 3, and the algorithm terminates.
We have constructed H{, Hj, H} and H; and thus H < 7 = (1, 3,6,7).

3 Decompositions of 0-dimensional Differentiable O-Sequences

Remark 3.1 Let R = k[xy,...,x,] and I, J be two ideals of R. Then we have an
exact sequence

(3.1) 0—R/INJ])—R/I®R/]— R/(I+]) — 0.

If I and J are homogeneous, then the mappings of (3.1) are all of degree 0 and so
we obtain

(3.2) H(R/I,t)+H(R/],t) = H(R/(IN ]),t) + H(R/(I + ]),1)

fort > 0.
IfH(R/(I+]),s) = 0 for some s (and hence H(R/(I + J),i) = Ofori > s), then
this is equivalent to V(I) N V(J) = @ (as schemes) which, in turn, is equivalent to

VI+ ] = (x0,...,%u).

Lemma 3.2 ([5, Lemma 3.9]) LetI = (ry,...,rs) and ] be ideals of a commutative
ring R. If (71, . .., 75) form a regular sequence in R/ J, then [J = 1N J.
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Proposition 3.3  Let X be a reduced variety of P" with Hilbert function {e; }i>o and
let {c; }i>o be the Hilbert function of a hypersurface 8 of degree d > 1 in P".
If § contains no irreducible component of X, then XU 8 has Hilbert function {b; }i>o,
where
bi=c+e_yg (e.1=---=e_y4=0).

Proof (See [5] for the case when d = 1.) Let Q be a form of degree d defining 8, i.e.,
Is = (Q) and let ] = Ix. The assumption that § contains no irreducible component

of X means that Q is not a zero-divisor in R/J (R = k[xo, . ..,x,]). By Lemma 3.2,
we have (Q) N J = QJ. Thus

QJ=J]Q=]N(Q) =IxNIs = Ixys.
MOI'COVCI', we have an exact sequence
(3.3) 0— (Q)/QJ] — R/Q] — R/Q — 0.

Since (Q)/QJ ~ R/ ] as an R-module (with a shift of d in degree), we can rewrite
equation (3.3) as

0 —— (R/N(=d) —— R/QJ R/Q 0,

(3.4) H

R/Ixus

and so the proposition follows immediately. ]

Proposition 3.4 Let X be a subvariety of P" with Hilbert function {e;};>o and let 8
be a hypersurface of P" of degree d not containing any irreducible component of X. Let
V be a subvariety of § with Hilbert function {c; }i>o where ¢; = H(8, i) for i <'s. Then
XUV has Hilbert function {b; }i>o where b = ¢; + ei_q fori < s.

Proof (See also Corollary 2.8 in [5] for the case d = 1.) Let G be a form of degree
i < svanishing on XU V. Then, G € Ixyy = Ix NIy C Iy. Since (Iy); = (Ig); for
i < s, we have that G € (Ig); C Ig. This means that G vanishes on § and so contains
Q as a factor where Is = (Q) since Q does not vanish on X. Thus (Ix_v); = (Ql); =
(Q)); fori < s (where J = Ix) and the result follows from the degree i portion of the
exact sequence (3.4) used in the proof of Proposition 3.3. ]

Proposition 3.5 We maintain the notation of Proposition 3.4 and assume, moreovet,
that e;_q = e;_ 4.1 (i.e., X consists of e;_ 441 points). Then

b {ci +ei—q, ifi<s,
i =

Cit+es—q, ifi>s.
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Proof The first conclusion comes from Proposition 3.4. Note that
by =c+ec—q = b+ H(R/(Ix + Iv),s)

from equation (3.2), and so H(R/(IX + Iv),s) = 0. In other words,
H(R/(IX + Iy), i) = 0 forall i > s. Therefore, we have

bi=citea=cite—q (i>s)
and that completes the proof of this proposition. ]

Remark 3.6 Let H = {b;};>o be a 0-dimensional differentiable O-sequence with
bi = (") fori < dand let {c;};>o be the sequence obtained from H by subtracting

the Hilbert function {e;};>o of the coordinate ring k[xo, . .., x,]/(Q) where Q is a
form of degree d.

i i
|
1 (n;l) ...... (n;d) ______ T
1 (nil) ...... (n;d) 1 e, I P
} J
| Ch—1 [+

Then there is an integer h for which
l=q << - <gy and g1 > o

Let H; denote the sequencecy ¢ ¢ -+ -1 —
Moreover, we have

o — n+i B n+i—d
e i i—d
n+i—1 n+i—2 n+i—d
= : +( . +ot | ,
i i—1 i—d+1
for every i > d by Lemma 2.5 in [1].

Lemma 3.7 (Macaulay)  Let {b;}i>o be an O-sequence where by = 1 and by = n.

Then .
n+i

bi < |.
= <z+l>

foreveryi > 0.
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Lemma 3.8  Let H be as above and let {«; }i>¢ e the first difference of H. Then we

have
n+r+d-—2 n+r+d-—23 n+r—1
+ +ot
< r+d ) < r+d—1 > ( r+1 >

< < n+r+d—1
a
> Gpd > r+d

(3.5)

if 1 <r < h— 1. Moreover,

(3.6) - n+h+d-—2 N n+h+d-3 N n+h—1
‘ Ahd h+d htd—1 hel )

Proof Sincec,_; < ¢, forr < h — 1, we have

bdel —ed—1 =61 <6 = br+d — €rid

and so
erid — €rid—1 < br+d - br+d—1 = Q44
Since
| (n+r+d n+r
€r+d — €r+d—1 — r+d "
[ (ntr+d—=1\ (n+r—1
r+d—1 r—1
{<n+r+d—1> <n+r>]
= +...+
r+d r+1
(3.7)

[<n+r+d—2) (n—f—r—l)]
— + ..+
r+d—1 r

_(ntr+d—1\ (n+r—1

B r+d r

<n+r+d—2> <n+r—1>
= + o + ,
r+d r+1

we obtain the left hand inequality. The other inequality is exactly Lemma 3.7.

It is straightforward to see that equation (3.6) is equivalent to the relation ¢, >
ci. That completes the proof of this lemma. ]

Proposition 3.9 Let Hy = {c; }i>o be as above. Then H, is a 0-dimensional differen-
tiable O-sequence.
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Proof Let {{;}i>o be the first difference sequence of H; and let {«;}i> be as in
Lemma 3.8. To prove the proposition it suffices to show that {3;}i>o is an O-
sequence. For everyr < h — 2,

By =Hi(r) —Hi(r — 1)
= [br+d - er+d] - [bdel - er+d71]

= [brra — brra—1] — lerva — erra—1]

B | (ntr+d-=2 - n+r—1
= Gred r+d r+1

by equation (3.7).

If prg = ("”:;_1), then

5, = | (ntr+d=2 - n+r—1

P Qred r+d r+1
_ n+r+d-—1 _ n+r+d-—2 N N n+r—1
o r+d r+d r+1
_ n+r—1
= . .

,Bm— n+r—1 <r>_ n+r
T r T \r+1

Z ﬁrJrl-

Hence

Thus this case is done.
Now assume Qg < (”Jr::';*l). From the other inequality of equation (3.5), we
have that the (r + d)-binomial expansion of o is:

o o[58  CL[) )

wheren+r—1>m, > --- > my > £ > 1. Hence the r-binomial expansion of

g = (") o () s

(3.9) n+r+d—2 - n+r—1\| (m, L
’ red = r+d r+1 S\ r ()

It follows from equations (3.8) and (3.9) that
(r)
(r+dy B n+r+d—2 n+r—1
Yred = {aﬁd K r+d e r+1
[(n-ﬁ-r-i—d—l) (n+r>}
+ +o :
r+d+1 r+2

(3.10)
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Hence

(r+d)
r+d

_ | (ntr+d=2 - n+r—1 0
I r+d r+1

[(n+r+dl> (n+r)}
+ +oeet :
r+d+1 r+2

In other words,

By = | ntr+d—1 . n+r

rel T Gredel r+d+1 r+2
< [(n+r+d-=2 - n+r—1\11%
= | r+d r+1

=B,

That completes the proof of this proposition. ]

Qrydr1 S @

Proposition 3.10  Let H = {b;}i>0, Q {ei}i>0, and h be as above. Define a new
sequence H] = {c/}i>¢ as follows:

1

o e, fori <h+d—1,
C\bi—cy, fori>h+d—1.

Then H{ is a 0-dimensional differentiable O-sequence.

Proof It suffices to show that the difference sequence of Hj is an O-sequence.
Since the Hilbert function {e;}i>o of k[xg, ...,x,]/(Q) and the sequence H are
differentiable O-sequence, the only thing that need be shown is that

! / ! / (h+d—1
Chtd — Chrd—1 < (Chia—1 — Chyd—2) ).

By the construction of {¢/};>o, we have that
Chid = Chad—1 = [bnsa — 1] = [Brra—1 — eh1] = bhrd — bhra—1 = Qsa
and

I / h+d—1
(Chya—1 — Ch+d—2)< )

hd—
= (Cnrd_1 — enra_a) "4V

[(n+h+d-3 s n+h+d—4 R nth—2\]dn
B h+d—1 h+d-2 h

_ (n+h+d-2 N n+h+d—3 - n+h—1

n h+d h+d—1 h+1
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by equation (3.7). Hence

/ / h+d—1
(Chad—1 — Ch+d72)< )

_ (n+h+d-2 N n+h+d-3 N N n+h-—1
o h+d h+d—1 h+1
> Qpid = Crg — Chrd—1

by equation (3.6). That finishes the proof. ]

Example 3.11  Consider the 0-dimensional differentiable O-sequence
H : 1 4 10 20 34 50 67 84 102 122 —.

Let Q be a form of degree 2 in R = kl[x, y,z,w]. Then the Hilbert function of the
coordinate ring R/(Q) is

H(R/(Q),t) =t*+2t+1 fort > 0.
Proceeding as in Remark 3.6 we obtain:

H : 1 4 10 20 34 50 67 84 102 122|122 —
1 4 9 16 25 36 49 o4 81 100 | 121
1 4 9 14 18 20 21 22 | 1

yielding

H : 1 4 9 14 18 20 21 22 —
H : 1 4 9 16 25 36 49 64 81 100 —.

Since H;(2) = H{(2) = 9 < 10, H; and H are each the Hilbert function of a
set of points on a quadric of P*. Using Proposition 3.4 we see that H is the Hilbert
function of the union of: 100 points on a quadric €; and 22 points on a quadric C,
where €; and C, can be chosen to be any two reduced quadrics with no common
components and no point chosen on €, lies on C;.

We now show (Proposition 3.12) that the two functions constructed from H,
namely H{ and Hj, have a subtle, but crucial, relationship.

As usual, let R = k[xo, . ..,x,] = @,>, Ri where R; is the set of all homogeneous
polynomials in R of degree i. Let H € I, and let X be a set of points in P" with
Hilbert function H. For a closed subscheme V in IP” and a non-degenerate finite set
X of points in V, we put

aX) :=min{i | H(X, 1) < dim; R;},
o(X) :=min{i | HX,i — 1) = H(X,i)} = min{i | AH(X, i) = 0},
ay(X) := min{i | H(X, i) < H(V, )}

Notice that since all of these definitions are independent ofX;, i.e., depend only on H,
we can set:

aH) =aX), oH) =0(X), and ay(H) = ay(X).

https://doi.org/10.4153/CJM-2001-037-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-037-3

Decompositions of the Hilbert Function 937
Proposition 3.12  Let H € 3, and let o = a(H). Furthermore, let H, and H| be
as in Proposition 3.9 and Proposition 3.10 and let V be a hypersurface in P" of degree
d < a. Then

o(H)) + a(H}) < ay(H).
Proof Let h be as in Remark 3.6. Then
o(H)) <h and o(H])=d.
Moreover, by the construction of H;,

ay(H)) > h+d,

and hence
o(Hy) +aH]) <h+d < ay(H)),

as we wished. [ |
Theorem 3.13 LetH € H, and let « = «(H) be written
a=d;+d,_1+---+d.

Let V; be a reduced hypersurface of P" of degree d;. Then there are functions H,, ..., Hj
such that:

(1) H/ is the Hilbert function of a set of points on the reduced hypersurface V; and

a(H) = d;
(2) cH],)) +aH]) < ay,(H)) foreveryi=1,...,s— 1

(3) H(t) :H{(t)+H£(t—d1)+~-~+H5’(t— (dy +-~-+d5_1)).

If we choose the reduced hypersurfaces V; so that V; and V; have no common components
and let X; be a subset of V; with Hilbert function H/—chosen so that no point of X; is
onV; fori # j—and set X = |JX;, then

(4) Hx(t) = H(¢) forallt.

Proof Although stated as a theorem, this is really an algorithm which decomposes
the function H according to the data of the d;.

We begin with H and write a(H) = d; + d’. Using Remark 3.6 and Proposi-
tion 3.10 on H we obtain H; and H| which (by Proposition 3.9 and 3.10 respectively)
imply that H; and Hj are the Hilbert functions of sets of points in P".

From the expression for G, in Proposition 3.9 we see that «(H;) = a(H)—d; = d’.
From the definition of H{ we obtain a(H|) = d; and

H(t) = H{(t) + Hi(t — d)).

Since a(H{) = d;, Hj is the Hilbert function of a set of points on a reduced
hypersurface V; with degree d;.
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From Proposition 3.12 we get
ay,(H) > o(H)) + a(Hj).
But, 0(H;) > o(H}j), by construction, and so
o, (H)) > o(H)) + a(H]).

We now proceed by induction, using H; instead of H.
As for (4), we may assume, by induction that Y = X;U- - -UX; has Hilbert function
H;. By (3) and Proposition 3.4 we have that

Hyux, (1) = Hy(r — dy) + H{(¢) = H(¢t)
as we wanted to show. [ |
Theorem 3.14 LetH € H, and set a(H) = ds + --- + dy. Let X be a finite set of

points in P" which has Hilbert function H and let H{ = {c]}i>o be as in Theorem 3.13.
Then, for every hypersurface C in P" of degree d, > 1,

H(X N €, 1) < H{(1)

foreveryt > 0.

Proof Lethbeasin Remark 3.6. Then, fori < h+d — 1,

o (”;’i), fori <d-—1,

L) = (), ford<i<h+d- 1.
This means that

(3.11) H(XNE,t) <H(C,t) =Hj(t)

for such t.
Now assume t > h + d. Let H; be as in Remark 3.6. Note that

AH(X,t) = A[H[(t) + Hi(t — d)]
(3.12) = AH;(t) + AH,(t — d)
= AH| (1)
fort > h +d. Since X N € C X, we have that
AH(XNEC,t) < AH(X,t) = AH|(t)
fort > h + d by equation (3.12). In other words,
(3.13) H(XNEC,t) <H®})

for such ¢t. Hence
H(XNE,t) < H{(t)

for every t > 0 by equations (3.11) and (3.13). This completes the proof. ]
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Extremal Subsets Let H € J{, and let X be a set of points in " with Hilbert func-
tion H. We can consider all the subsets of X which lie on a hypersurface of P" of
degree d > 1 (and, to avoid trivialities we will assume that not all of X is in such a
hypersurface, i.e., H(d) = (”;d)).

We can then partially order the Hilbert functions that arise as Hilbert functions of
such subsets as follows:

Suppose X; and X, are two subsets in P"” with Hilbert function H and Y; C X
and Y, C X, are two subsets of P” which lie in hypersurfaces of P” of degree d. Then
we define

Hy, < Hy, := Hy, (i) < Hy,(i) foreveryi.
Clearly, if Y; C Y, then Hy, < Hy,.

We do this for all sets in P" with Hilbert function H, and so obtain a finite, par-
tially ordered set of Hilbert functions in J{,, which we’ll call Sub;(H).
Now suppose that x,(H) = T = (T1,...,7,). Then we have the following inter-

esting fact about Sub,(H).

Theorem 3.15 Sub,(H) contains a maximal element. It is

Pn(‘Ir—(d—l), ey ‘J}).

Proof We already proved the case d = 1 in Theorem 3.7 in [3] and so we may
assume d > 2.
Let pu(T;—(a-1),---,T») = G] and let Z be any set of points in P" with Hilbert

function H and consider C a hypersurface of P” of degree d. We will show that
AH(ZNC,j) < AG(j) foreveryj

and that will be enough to prove that G| is an upper bound for the elements of
Sub,(H).
Now Gi(j) = H(R/Ie, j) for 0 < j < a(T,_(4—1)) + (d — 1) so we obviously have

AH(ZN G, j) < AGi(j) for0 < j<a(T,—@u_1)+(d—1).

The result for j > a(T,—4—1)) + (d — 1) will follow easily from the following:
Claim AG/{(j) = AH(j) forall j > a(T,_—_1)) + (d — 1).

Proof of Claim Let T = (T1,...,7T,_4) and pn(‘j') = Gj. Then, as we have seen,
H(j) = G{(j) + Gi(j —d) forall j.

By definition 0(Gy) + (d — 1) = o(T)—g) + (d— 1) < a(T,—(4—1)) + (d — 1). Let s
be the (eventually) constant value of Gy, i.e., G;(t) = sforallt > ¢(G;) — 1. Then,
forall j > a(T,—(4—1)) + (d — 1) — 1 we have

H(j) = G{(j) + Gi(j — d)
=G(j) +s
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and so
AH(j) = AG{(j)

forall j > a(T,_@a—1)) + (d — 1), as we wanted to prove.
Since Z N € C Z we have AH(Z N €, j) < AH(j) for all j > 0. Coupling that
with the observations above finishes the proof. ]

Given H € X, Theorems 3.14 and 3.15 apparently give two upper bounds for
the Hilbert function of the points X N € where X is any set of points with Hilbert
function H and C is any hypersurface in P" of degree d. We now show that the two
upper bounds are equal.

Proposition 3.16 LetH € H,anda =aH) =d;+---+d;. Let T = (T1,...,T})
(r > 1) be the n-type vector which corresponds to the Hilbert function H, and let H] be
as in Theorem 3.13. Then

H(t) = pu(Tr—@, 1) - - -, T)() = G(t)
foreveryt > 0.

Proof Wehave H] > G by Theorem 3.14 and the fact that G is the Hilbert function
of the last d; sets in a k-configuration in P” with Hilbert function H. We have G > H]
by using Theorem 3.15. ]

Remark 3.17 Itis an immediate observation from the proof of this proposition that
among all sets of points with Hilbert function H, the maximum number of points
that can lie on a reduced hypersurface of degree d; is exactly the same as the maxi-
mum number of points that can lie on a hypersurface of degree d; that is the union
of d; distinct linear hypersurfaces.

There is one more observation we would like to make about sets of points X C P”
which have Hilbert function H where H = p,,(7), T = (71, ..., J,), an n-type vector.

Theorem 3.15 tells us that any subset of such an X, which lies on a hypersurface
of degree d, must have Hilbert function which is < p,(T;—4—1),...,7+). The next
proposition deals with the situation in which a set X with Hilbert function H actually
has a subset U for which Hy = pn(Tr—@a—1), - . -, Tr)-

Proposition 3.18  Let X, H and T be as above and let U C X be such that the Hilbert
function of W, Hyy, satisfies Hy = pn(Tr—a—1), - - -, Tp).
Then, ifwelet T' = (T1,...,T,—4) and X’ = X — U then Hy, = p,(T").

Proof Let C be the form in R = k[xo, .. .,x,] of degree d which describes the hy-
perplane containing the points of U. We have the exact sequence

(3.14) 0 — g (—d) 25 Iy — (I + (C)) /(C) — 0
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since X' is precisely the set of points of X which do not lie on the hypersurface defined

by C.
Let I be the ideal (in R) of the set of points U. Then J = Ix + (C) C Iy. Thus,

(3.15) Hy)(t) = H(R/(IX +(0)) ,t) > Hyyp, (1) = Hy (1),

From (3.14) we get that

(3.16) Hx(t) = Hy/ (t — d) + Hg/(1).

From our earlier discussion of n-type vectors we also have that

(3.17) Hx(t) = pu(T)(t — d) + Hy (1)

Since )
Prt(Tr )t — ) = (” _tlfz._ ])

forallt < a(T,_(4—1)) +d — 1 where 0 < j < d — 1, it follows that

Hy (1) = pu(Tr—@—1)5 - -, Tr)(t)
= pnfl(g'r)(t) + pnfl(g'rfl)(t - 1) R Pn—l(Tr—(d—l))(t - (d - 1))

n+t—1 n+t—2 n+t—d
= + + P +
t t—1 t—d+1
_ (n+t n+t—d
S\t t—d
= Hg/(c)()
forallt < a(J,_(4—1)) +d — 1. Hence
(3.18) Hy (t) = Hg/;(t) = Hg/(c)(¢)
fort < a(J,—(4—1)) +d — 1. Moreover,
(3.19) AHy(t) = AHg/(1)
for such t. Since 0(7") = 0(T,—4) < a(T,_(4—1)), we see that
(3.20) Ap,(TH(t) =0
for every t > a(JT,_(4—1)) — 1. From (3.16) and (3.17), we have

AHx(t) = AHy/ (t — d) + AHg/(t)
= Apu(T')(t — d) + AHy (t).
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Since Ap,(T')(t — d) = 0and AHx/(t — d) > Oforeveryt —d > a(T,—4—1)) — 1,
we have

(3.21) AHy(t) > AHg/y(t)
for every t > a(T,_(4—1)) +d — 1. From (3.19) and (3.21), we obtain
(3.22) AHy(t) > AHg/(1)
for every t > 0. Hence we have
(3.23) Hy((t) > Hg/(t)
for such ¢. It follows from (3.15) and (3.23) that
(3.24) Hy (t) = Hg/;(t)
for every t > 0. Therefore, we obtain from (3.16), (3.17), and (3.24) that
Hy/ (1) = pa(T")(1)
for every t > 0 and we are done. |

Notice that, as an extra bonus, we get that Ix + (C) = Iy in this case.

The discussion above shows that if d < r = a(H), and H € H,,, and H = p,,(7),
T = (T1,...,7;), then p,(Ty—(4—1),-..,7+) has a nice interpretation in terms of
Hilbert functions of subsets of sets of points having Hilbert function H. We complete
this paper by pointing out the significance of p,,(T1, . .., T,—a).

Proposition 3.19  Let Hy = {ci}i>o be as defined in Remark 3.6 and T be as above.
Then H, = p,(Ty, ..., Tr—a)-
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