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The sub-near-field structure
of finite near-fields

Susan Dancs

The sub-near-field structure of finite near-fields is analogous
to the sub-field structure of finite fields. A finite near-field

of order pln contains a unique sub-near-field of order px if

and only if A divides 1In .

1. Introduction

A (left distributive) near-field is a structure which satisfies all

the axioms for a skew field except possibly right distributivity.

A pair of positive integers ¢, n satisfying the relations

(1) ¢g-= pZ for some prime p ;
(2) each prime divisor of n divides q -1
(3) if g =3 mod b , then n § 0 mod b ;

is called a Dickson number pair.

The results of Ellers and Karzel [2] and Zassenhaus [4] show that

there is a uniform method for constructing a finite near-field of order

qn » with centre of order ¢ , from the field of order qn » Whenever g, 7
is a Dickson number pair. The near-field obtained by this construction is
called a Dickson near-field; ¢q and »n will be called its invariants.
Moreover, with seven exceptions, all finite near-fields are Dickson. A

list of the exceptional cases can be found on p. 391 of Hall [3].
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The results of this paper, together with those of [1], make it
possible to describe completely the sub-near-field structure of finite

near-fields.

For the exceptional cases this is easy. Each exceptional finite
near-field has order . p2 and thus has precisely two sub-near-fields: the
near-field itself and its prime field of order p (which is not

necessarily central).

Let N be a sub-near-field of a finite Dickson near-field X , with

invariants g = pZ, n . Since additively N is a subgroup of X , the
order |N| of ¥ is px , for some X . Since multiplicatively N* is a

subgroup of K* , pA - 1 divides pZn - 1 and hence XA divides In .

It follows (Theorem of [1]) from the construction of K , that for every

A dividing In , there is a sub-near-field of K of order pA , which

'
is a Dickson near-field, with invariants pZ » A1' , where 1' 1is the

greatest common divisor of IZI and A , and I 1is the solution of
r= (p™1)/(p’-1) mod n such that 0 < I <n .

In this paper the following result is proved.

THEOREM. For each X dividing 1In , a Dickson near-field of order
pZn containg at most one sub-near-field of order px .

Thus an analogous result to that for finite fields has been obtained.

A finite near-field of order pZn has a unique sub-near-field of order

pA s, if and only if A divides In . Further, the structure of each

sub-near-field can be completely specified.

2. Number-theoretic lemma

The proof of the theorem depends on the following number-theoretic

result.
LEMMA 2.1. Let g, h be positive integers, h # 1 . If every prime

r which divides pgh - 1 also divides pg -1, then p <8 a Mersenne

prime, g =1 and h = 2.

Proof. It can readily be seen that, for all k = 2 , there exists
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f =z 1 , such that
k
(*) PP - 1= 1) [F(p%-1)+]
Let & be a prime divisor of h , w = (pgs-l)/(pg-l) and r a prime
h .
divisor of w . Then rlpgs-l and hence rlpg -1 . Thus, by assumption,
r|pg—l . But w= f(pg—l) +g , for some f . Hence r|s and,

§ . Thus w = s% with u > 1 s since both f and g

consequently, r

are non-zero.
If s is an odd prime, then

sY=w=14+p9+ ...

-1
(v9-1) [s'(pg-l) + 3 7,] v s by (%),
=1

+ pg(s—l)

©9-1) [s' (p9-1)+s(s-1)/2] + &

s mod 82 , since sl|p?-1 ,

contradicting # > 1 . Hence 8 =2 , and w = pg +1 . Since u >1,

it follows that pg = 3mod 4 . Hence p, g are odd. But then

M=pd+1= (pr1) T 092 4 ... - phl)

implies g =1 and p is a Mersenne prime. Since 2 1is the only prime

divisor of h , h = i

But

If » >1 , then r|p%—l would imply ?Iph-l .

(0%+1) (p+1) = (2%%-2%"L42)oH

MMM ()]

(p"-1)/(p-1)

s0 ph - 1 would have an 0dd prime divisor dividing both [2u(2u_l—l)+l]

and p -1-= 2(2u-l-1] » which is clearly impossible. Thus v =1 ,
h=2.

3. Proof of the theoren

LEMAA 3.1 (Ellers und Karzel [2], Satz 1). The multiplicative
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group, K* , of a finite Dickson near-field of order qn s has two
generators a and b which satisfy the following relations:

() =1, pP=4" bt = o
where m, n, t and q satisfy the following conditions:

(5) m= (g"%1)/n ;

(6) t=m/(g-1) ;

(1) qn S1lmoedm and, if n>1, qv flmodm for 1 =v<n;

(8) (n, t)

(9) (n, t) =(g-1, t) =2 ifand only if n =2 mod & and
g £ 3mod k.

(-1, t) =2 ;

Furthermore, (see Hall [3], p. 390)

(10) a Sylow subgroup of K* of odd order is cyclie. A Sylow

2-subgroup of K* s cyclic or generalized quaternion.
For the remainder of this paper, A4 will denote the normal subgroup

of K* , of order [pzn—l)/n , generated by a . Further, let Z be the
(unique) subgroup of A of order ¢ - 1 . Note Z is the centre of K* .

S the

highest power of r dividing q - 1 . For all positive integers v <s§ ,

LEMMA 3.2. Let r be a prime divisor of q -1 and r

the group K* has a unique subgroup of order r’

Proof. Since 2 is normal in KX* , the Sylow »r-subgroup, R , of 2

is contained in every Sylow r-subgroup, S , of K*

If S 1is cyclic, the result follows. If S is not cyclic, r =2
and (n, t) =2 . Then, by (9), s =1 and |R| =2 . But a generalized
quaternion group has a unique subgroup of order 2 and, again, the result

follows.

With these lemmas, the theorem can now be proved.

A
Let N be a sub-near-field of X , of order p , and N* the
multiplicative group of N .
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Let 7 = (1, A\) and let 2' be the (unique) subgroup of Z of order
p’ <1 . Since (pl-l, pr-1) = (pz-l) , N*nz<2' . Further, if
rvipZ -1, for some prime r , then rvIpA—l and, by Lemma 3.2, N*

contains a unique subgroup Rv , of order rv . Hence Rv < 2' and so
|w*nz| = |2'| = pZ -1 and N*nz =2

Hence px -1= (pz—l)t'n" , where |N*r4| = (pz-l)t' and n"|n .

Let M also be a sub-near-field of K , of order px . Without loss

of generality, it may be assumed that |M*nd| = |N*rd| . Since
(n, t) =2, |Mna| is |N*n4| or 2|¥*md| , and so M* nAZ=ZN*n 4,
since A4 1is cyclic. Therefore, N* n A4 =< (NnM)* < N* . Hence

(b)) *| = (px—l)/u , where u|n" and hence u|n .

But ¥ n M is a sub-near-field of X . Thus (pA—l)/u =p’ -1, for
some Vv . Further, since N* nZ = (BeM)* < ¥* , T|v and v|X .

If r is a prime divisor of px -1 =u(p’1) , then either »|p°-1
or »|lp. If r|lu, then r|n and, by (2), rlpz-l . Hence rlpz-l . So

r|p’-1 .

Thus', by Lemma 2.1, either A V and N =M , or p 1is a Mersenne

2" _ 1, with u > 1 , then

prime, A =2 and v=1. If p

p 2 3 mod Further, since 1 =1 = (Z, A\) , 1 is odd and

L,
q =3mod b . Since A|lm, »n is even. Thus, by (3), 7 = 2 mod & .

But p' - 1= P -1= (p-1)(p+1) = (p-1)2% . Thus |w*m| = (p-1)2%*71,
contradicting |(NnM)*| =p-1,since u>1. Thus N =M and the

proof of the theorem is complete.
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