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In this paper a characterization of the regular w-semigroups whose congruence lattice is modular is given. The
characterization obtained for such semigroups generalizes the one given by Munn for bisimple w-semigroups
and completes a result of Baird dealing with the modularity of the sublattice of the congruence lattice of a
simple regular w-semigroup consisting of congruences which are either idempotent separating or group
congruences.
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Introduction

A regular w-semigroup S is a regular semigroup whose set of idempotents E(S), or
shortly E, forms an w-chain

ep>e, > >e >

under the natural order defined on E by the rule e f if and only if ¢f = f = fe. The
congruences on this interesting class of inverse semigroups have been described (see, e.g.,
[2] and [9]), but this description has been not much used for the investigation of the
congruence lattice L(S).

As regards the modularity of L(S), Munn [8] characterized bisimple w-semigroups
whose lattice of congruences is modular, observing that the congruences on S reduce to
idempotent separating and group congruences. Baird [1] studied simple w-semigroups
and gave a necessary and sufficient condition for the sublattice of L(S) consisting of
those congruences which are either idempotent separating or group congruences to be a
modular lattice.

This paper completes the previous results giving the characterization of regular -
semigroups whose congruences lattice is modular.

As usual o denotes the least group congruence, H and D the Green’s relations,  the
identity congruence on S and N the set of non-negative integers.

The undefined terminology and notation can be found in [10].

1. Modularity of the lattice of congruences on simple regular w-semigroups

This section deals with the characterization of simple regular w-semigroups whose
*Work supported by M.P.I.
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lattice of congruence is modular. (A lattice L is modular if for every a,h,ce L with
ash, auc=buc and anc=bnc¢ imply a=b, or equivalently if we have
(avc)nb=au(cnb)). Two authors, Kocin [5] and Munn [7], gave structure theorems
for simple regular w-semigroups. The one given by Munn is the following:

Theorem A. Let d be a positive integer and let {G;|i=0,...,d—1} be a set of d
pairwise disjoint groups. Let y,_; be a homomorphism of G,_ | into G, and if d> 1, let y; be
a homomorphism of G; into Gy, (i=0,...,d—2). For every neN let 7,=Vumodaq)
(n(mod d)) denote the integer equivalent to n modulo d, belonging to N and less than d).
For m,neN and m<n write

am.n=))mym+ l""y"—l

and for all neN let a, , denote the identity automorphism of G,moaa)-
Let S be the set of the ordered triples (m,a;,n), where mneN, 0£i<d~1 and a;€G;.
Define a multiplication in S by the rule that

(m’ a; n)(pa bj’ q) = (m —n+t, (aiau, w)(bjav, w)1 q—p + t)

where t=max {n,p}, u=nd+i, v=pd+j and w=max {u,v}. (The multiplication in S can
be defined equivalently by the rule (m,a;,n)(p,b;,q)=(m+p—r,(aa, ) bp, ), n+q—r)
where r=min{n,p}, u=nd+i, v=pd+j and w=max {u,v}). Denote the so formed
groupoid by S(d,G;,v;)). Then S(d,G,,y;) is a simple regular w-semigroup with exactly d
D-classes and any simple regular w-semigroup is isomorphic to a semigroup S(d, G;,v;). For
neN and i=0,...,d—1 write e =(n,e;, n), where e; is the identity of the group G;. The
elements e are the idempotents of S(d, G;,y;) and we have

ed>el> - >l >el> - >el_ >el>-

In the remainder of the paper the endomorphism «; ;,, of G; will be indicated by a;.

Moreover, in view of the above theorem, we will denote a simple regular w-semigroup
by S(d’ Gi’ )’:)

Definition 1.1. (see [2, 2 and 3], [1, 2]). Let S=S(d, G,,y,). A congruence u on the set
E of idempotents is called uniform if (e}, e]') € 4 implies that

(e7*P,e7*?)epu for all integers p= —min {m,n}.

Put G=G,x G, x --- xG,_,, the cartesian product of G, i=0,1,...,d—1. A subset A
of G will be called y-admissible if
(1) A=Agx " x Ay_,, for some 4;,€G;, i=0,1,...,d-1.
(i) A,<aG, fori=0,1,...,d—1.
(l") Ad_l)l,,_lng and A,- l'g‘:Ai‘Fl’ fOI‘ l=0, 1,...,d—2.
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A subset 4 of G will be called normal if it satisfies (i) and (ii) above. If A=
Agx--xA;_, and B=Byx - xB;_; are normal subsets of G we define A-B=
AgByx -+ x Ay 1By_,. A-B is a normal subset and, if A and B are y-admissible, A- B is
y-admissible.

Let u be a uniform congruence on E(S) and 4 a y-admissible subset of G. Put

u-rad A;={a;eG; | A%+ i ma+ € A; fOr some n,m,j such that(ef,e7) ey and e <¢f}
and

p-rad A=p-rad Ag x --- x u-rad 4A,_,.
If u-rad A=A, p and A are called linked.

Remark 1.2. (see [2], Lemma 3.1 and Lemma 3.2]) Let g and g be uniform
congruences of E(S) and let A and A’ be y-admissible subsets of G. Then

(i) p-rad A is a y-admissible subset of G and 4 € p-rad A,
(i) A< A’ implies p-rad Acpu-rad A,
(ii1)) u<y' implies y-rad A< y'-rad 4,
(iv) p-rad A =p-rad(u-rad A).

Hence, if we denote by 1 the y-admissible subset {e,} X *-- x {e,-,} of G, it follows that

(v) p-rad 1 cp-rad 4,
(vi) A-p-radl<p-rad A.

Theorem B. (See [2], Theorems 4.2, 5.1, 5.2, 5.3). Let S=S(d,G,,y;), let p be a
uniform congruence on E, let A be a y-admissible subset of G, and suppose that p and A
are linked. Then

= {((m, ai, n)9 (p’ bj; q))ES X Sl(aiau, w)(bj— lau. W)EAw(mOd d)a
where u=nd+i, v=qd+j, w=max {u,v}; m—n=p—gq; (el",e?)eu}
is a congruence on S contained in [1,6 v H] such that trt=u and A"=A, where
A=Ay x - x Ay_, and Aj={a;€G;|(0,a;,0)1e?}, i=0,...,d—1.
Conversely, let T be a congruence on S=S(d, G,;,v,) contained in [1,6 v H], then t is of

the above form with u=trt and A=A".
Moreover, let p, A be congruences on S=S(d, G,,y;) contained in [1,6 v H). Then

(i) p<Aifand only iftrp<trA and A°< A*,
(i) tr{p v A)=trp vird tr(p A A)=trp A tri,
(iii) A?V*=(trp v trl)-rad A A%, A°"*= A" n A%,

Lemma 1.3. Let S=S(d,G,,y;). Let u and v be uniform congruences on E(S) and let A
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be a y-admissible subset of G. If A is linked with both u and v, then it is also linked with
uvov.

Proof. We must prove that (u v v)}-radA=A. Since A=AyX " xA,_,, first we
prove that (u v v)-rad A;=A4; for every i=0,...,d—1. Let g,e(u v v)-rad A;,, then
8i€Gi, 8%arima+;€A; with n,meN, j=0,...,d—1 such that e]<e}, ef (uvv) .
Hence there exist ef=ej!,...,ef,... efx=¢€] eE (0gi,£d—1, nEn,£m) such that

L4

ez ez 2elk; el poel, e"z vep,...,ei! v el Hence we have gt,4.; ma+;j=
'l
(g: nd+| e —1d+ix- |)am¢ 1d+iy - 1md+1€A Smce we havc gl d+|',m‘_1d+l'k_1€Gik-1’ l: 1‘ v e

ex-!ze7, it follows that go,54; n_a+i_, Ev-Tad A, _,. Hence, since A is linked with v,
we have v-rad A=A whence v-rad 4, _,=A4; _,, thus go,4; n_,a+5_, €4, Repeating
the same argument, since we have also A=pu-rad A, we obtain g;e A;. It follows that

(u v v)-rad A;=A,;, hence (u v v)-rad A=A.

Lemma 1.4. Let S=8(d, G,,y;). If L(S) is modular, then the following condition holds
A-p-radl =p-rad A (*)
for every y-admissible subset A of G and for every uniform congruence u on E(S).

Proof. Let A be a y-admissible subset of G and u a uniform congruence on E(S). We
remark that every y-admissible subset is linked with the identity on E(S) which is
obviously uniform, moreover u-rad1 is a y-admissible subset and it is linked with the
uniform congruence pu.

Hence, by Theorem B, there exist in L(S) three congruence p, 4,7 such that p, A are
idempotent separating with 4?=A-pu-rad1, A*=p-rad 4, and t© has trace pu with
A*=p-rad 1. Thus, we obtain, by Theorem B (i) and by Remark 1.2 (vi)

p=A (H
and by Theorem B (ii)

tr(p A T)=tr(A A T)=1, tr(p v 1)=tr{d v 7). (2)
Moreover by Theorem B (iii), and by Remark 1.2 (ii), (iv), (v), (vi) A*V°=
p-rad (u-rad A - p-rad 1) =p-rad (u-rad A)=p-rad A, A*"'=p-rad(4-p-radl-p-radl)=
p-rad (A - p-rad 1)=p-rad A, thus

APVi=A*vi=pyrad A, A°*"=A*""=p-radl. (3)

Since L(S) is modular, (1), (2), (3) imply p=4, whence, by Theorem 2, condition (*)
holds.

Lemma 1.5. Let S=5(d,G,,v;). If condition (%) holds, then
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u-rad1-v-rad 1 =(u v v)-rad 1
for every p, v uniform congruences on E(S).

Proof. Putting A=v-radl, from condition (*) it follows that v-radl-p-rad 1=
p-rad(v-rad 1). Hence, by Remark 1.2 (iv), p-rad(v-rad 1 - p-rad 1) = p-rad (u-rad (v-rad 1)) =
p-rad(v-rad 1)=v-rad 1 - y-rad 1, hence the y-admissible subset v-rad1-u-rad1 is linked
with 4. Analogously we can prove that such a subset is linked with v, hence by Lemma
1.3 it is linked with v v u. From Remark 1.2 (v) it follows that v-rad - y-rad 12(v v y)-rad 1.
Moreover condition (iii) of Remark 1.2 implies v-rad1-p-rad 1S(v v p)-rad1 hence
v-rad1-p-rad 1 =(v v p)-rad 1.

Lemma 1.6. Let S=S(d,G;,y;). If condition (%) holds, then [1,6 v H] is a modular
sublattice of L(S).

Proof. Let p, A, T be congruencss on S contained in [1,06 v H] and such that p <4,
pvi=Avt pAat=inat. We must prove that p=A4, that is tr p=tri, 4°=A* (see
Theorem B). By Theorem B, in L(E) we have trp<trd, trpvitrt=triv trr,
trp A trt=trA A trt; moreover, since E is an w-chain, L(E) is a modular lattice (see,
e.g., [4, Theorem 2]) and trp=tri. If we put v=trp=tri, u=trr, then vv u is a
uniform congruence on E(S) (being the trace of the congruence 4 v t of §) and 4* A% is
a y-admissible subset of G (see [2, p. 164)]. By condition (*), we have

(v v p)-rad(A* A)=A* A% (v v p)-rad 1. 4)

Moreover A*=p-rad A*2p-rad 1 and A*=v-rad A*2v-rad1 so, by Lemma 1.5, 4*- 4’2
p-rad 1 -v-rad I =(u v v)-rad 1. Hence (4) implies (v v p)-rad (4*- 4%)= A*- 4%, whence, by
Theorem B (iii), A*V*=A4* 4"

Analogously we prove that 4°¥ = A4 - A". Since A v 1=p v 1, we have 4?- A"=A*- 4"
and also A” A A"=A?""=A*"*=A* A A". From the modularity of the lattice of normal
subgroups of a group (see also [1, p. 464]), we have 4?= A% and the lemma is proved.

Lemma 1.7. Let S=S8(d,G,,y,). If [1,06 v H] is a modular sublattice of L(S), then L(S)
is modular.

Proof. Let A, p, T be congruences on S such that p<A, pvi=Avrpat=inart.
We must prove that 2=p. By an argument similar to the one used in the proof of the
preceding lemma, we have trp=trl. Let trp=tri=v, trt=pu. If v, 4 are both different
from the universal relation wggs, of E(S), the congruences p, 4, t belong to [1,0 v H]
(see [2, Remark p. 164]) and by the modularity of such sublattice we get A=p. If, v, u
are both equal to wgg, we have A=p because the lattice of group congruences on an
inverse semigroup is modular (see [10, Corollary I11.2.7]). Hence it remains to examine
the following cases

D
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(i) v= Wpsyy HFEWDgs)
(i) p= Wiy VFE W)

We will use an argument analogous to the one used by Munn in the proof of Lemma
10 of [8].

Case (i). Since 7 is not a group congruence, t belongs to [i,6 v H] hence
=7 A (o v H). So, since AAn(cv H), 1, 0e[1,6 v H] and ¢<1 A (6 v H) (4 being
a group congruence), it follows from the modularity of [1,6 v H] that (A A1) Vv 6=
GAArvHADYvVve=(AAa(ocvH)A(vD=AA(cvH A(cVvIT)=1A(cVTI)
Analogously we can prove that (p A1) vo=pAa(cv1). From AA1=p A1 and
A v t=p v 1, we deduce

An(cvI)=pA(ocvT) (%)
Av(e vi)=pv(ocvT) (6)

The congruences 4, p, T v g are group congruences satisfying (5) and (6). Moreover
p<4 and thus, from the modularity of the lattice of the group congruences of S, we
have A=p.

Case (ii). Since T is a group congruence, T=0¢ and so T v ¢ =1, moreover 1, A v 0,
o v H are group congruences, and A is not a group congruence, hence A<o v H, so
/Avo=Zov H. Since the lattice of the group congruences is modular, we have
(Avioa(evH=((Avoe)vi)a(ev H=(tar(evH)v((Ava)=(tar(ocv H)vV.

Analogously we can deduce that (p v 1) A(6 v H)=(t A (0 v H)) v p. Thus, from
/v t=p v t it follows

(tAa(cvH)VA=(tA(ov H)vVop. (N
Moreover from 4 A T=p A T it follows

(ta(cv H) AA=(tA(oVv H) Ap. (8)

The congruences 4, p, T A (6 v H) belong to the modular sublattice [1,6 v H] of L(S)
and satisfy (7) and (8), moreover, p <4, hence we have again p=2 and the lemma is
proved.

Now we are able to state the following characterization of simple regular -
semigroups whose lattice of congruences is modular.

Theorem 1.8. Let S=3S(d,G,,y;). L(S) is modular is and only if, for every y-admissible
subset A=Aygx - x Ay_, of G, one of the following conditions holds
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(i) A-u-rad 1=pu-rad A for every uniform congruence u on E(S),
(i) Aoysli=A4-, kery,_, and A, 75 ' =A, kery, for every k with 0Sk<d—2.

Proof. From previous lemmas we can deduce that the congruences lattice of S is
modular if and only if condition (i) holds.

Now we prove that (i) implies (ii). For 0<k=<d—1, let yu, the congruence on E
defined by
me={(ef,eM) |i=j,n=mif j#k ori=j—lLn=mif j=k#0;
ori=d—1,n=m—~1if j=k=0},

and let A=A,x - xA,_, be a y-admissible subset of G, it immediately follows that
werad A=Agx " x Ay, X Ayt x Ay x - x Ay, for every O0<k<d—1 and
Uo-tad A=Ag X - X Ay_, X Agys ;. So from (i) we deduce condition (ii).

Now we will prove that (ii) implies (i). From [2, 2], and from definition of u-rad 4 it
follows that it is enough to prove that

- l - R
Ajmoda®i,j = Aimod a) ker a; j €]

for every positive integers i, j with i<j. Denote by j and i the integers j (modd) and i
(mod d) respectively, and distinguish two cases:

Case 1. Let j—i<d. Suppose i<j. The subset

Ao X X Apx Ajaiyy 5 X Aji 5% - X Azl

j 1_1JXA XX Ay,

1s a y-admissible subset of G hence, by (ii), we have a7}y jv7'=Ar kery,CA kera; z;

since obviously Aja;,' ;57 ' 2A; kero;; the statement follows. If j<i, we consider the
y-admissible subset

-1 IV S
Aoao X Ay “xA XX Apx Ajoey 5 X X Ajog g

and analogously we deduce (9).

Case 2. Let j—id, suppose i<j then o; ;=a;;j0} for some positive integer n. We
establish (9) by induction on n, the case n=0 bemg proved by Case 1. We consider the
y-admissible subset

—(aO 'd"' N7x XA‘(alJ;I N7 x A5 (a|+11 ]) ' x

x Aj(af) ™! x Ajla;. 1.j+d“;q_l)_l RS Af(ad—1j+da;"—l)_l,

by (ii) and by the induction hypothesis we have
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Aj(ar4y 500 "1y P = Aj(az o) T keryr=A;-kerag jaf ' ker y;

=Aj=Af-keraf 7a’4‘lgAj'kera,f'

n
Lj%j oy

J
Since A;- kero; ;a}gA;(a,rH';a;%)", we have condition (9). Analogously we proceed
when i 2], ‘

Remark 1.9. If S is a bisimple w-semigroup then § is a simple regular w-semigroup
with d=1, hence from Theorem 1.8 we reobtain the Munn’s result (see [8, 2]). In fact,
the congruences on a bisimple w-semigroup are either idempotent separating or group
congruences (see [8, 1]), the y-admissible subsets coincide with the a-admissible normal
subgroups of Munn and wg-rad 4 =rad A.

From Theorem 1.8, we can also deduce Theorem 4.1 of [1].

Remark 1.10. For every positive integer d there exists a simple regular w-semigroup
S=S(d, G,;,y;) whose lattice of congruences is modular. In fact if y, is trivial for every
i=0,1,...,d—1, then condition (ii) of Theorem 1.8 holds. Furthermore we prove that if
a simple regular w-semigroup S satisfies (ii) of Theorem 1.8 and there exists a k such
that y, is trivial, then v, is trivial for every i. Let us consider the y-admissible subset

Ay={eo} x " x{ey_1} x G x{exs,} x  x{€s_1}

from condition (ii)) of Theorem 1.8 we deduce kery,_,=G,., SO, y,_, is trivial
Repeating this argument, we can prove that y, is trivial for every i=0,1,...,d—1 (we
remark that triviality of y, implies triviality of y,_,).

From the previous remark we deduce that, differently from what happens in the
bisimple w-semigroup (see [8, Corollaries 2 and 5]), the finiteness or the simplicity of G;
do not imply, in general, the modularity of L(S). We also remark that it is possible to
construct S=S5(d, G;,y;) with a modular lattice of congruences and y; non trivial. We can
for example take d=2, G,=S;, G,={e,,g}, 7o such that xy,=e, if x belongs to the
alternating subgroup of G,, otherwise xy,=g, y, such that e;y, =i, gy, =(12), where i
denotes the identity of S,.

Finally we remark that the modularity of L(S) does not imply that the congruences of
L(S) are permutable (see [3]).

2. The general case

First we recall that, for a regular w-semigroup, Munn in [7] proved the following
result:
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Theorem C. Let S be a regular w-semigroup.

(i) If S has no kernel, then it is the union of an w-chain of groups

(i1) If the kernel of S coincides with S, then S is a simple regular w-semigroup

(iii) If S has a proper kernel, then S is a (retract) ideal extension of a simple regular w-
semigroup K by a semigroup H®, where H is a finite chain of groups and H® is obtained
from H by adjoining a zero. Moreover this extension is determined by means of a
homomorphism of H into the group of units of K.

The characterization of semigroups of type (i) whose lattice of congruence is modular
can be easily deduced from the following:

Theorem D. (See [4, Theorem 3]). Let S be a semilattice of groups and E its
semilattice of idempotents. Then L(S) is modular if and only if E is a tree and S has trivial
multiplication.

In fact, from Theorem D immediately follows:

Theorem 2.1. Let S=[Q,H;, ¢;] be a regular w-semigroup without kernel. Then L(S)
is modular if and only if ¢ ; are trivial for every je N. (§=[Q, H;, ¢;] indicates the Clifford
representation of the w-chain Q of the groups H; (jeN) with connecting homomorphisms

¢j=¢j'j+l')

Theorem 1.8 gives the characterization of semigroups of type (ii) whose lattice of
congruences is modular. To achieve the aim of the paper, it remains to examine the
semigroups of type (iii). Such a semigroup S is the disjoint union of a finite chain of
groups H and of a simple regular w-semigroup K which is an ideal of S.

For H we use the short Clifford representation [n, H;, ¢;], where n is the length of the
chain, j=0,...,n—1, ¢;=¢;;,, for 0<j<n—2, and use for K the notation K=
K(d,K;,y;). Moreover, since the group of units of K is {(0,ko,0)|koeK,}, the
homomorphism ¢ which induces the retract extension of K by H® can be constructed
by means of a homomorphism ¢,_,: H,_, =K, in the following way

¢: hy_y—(0,hy—1$,-,,0) for every h, eH,_,
¢: hi—(0,((hi®)Pi+1) ") Pn-1,0) for every he H: 0<i<n—2.

So S can be represented by the following diagram of homomorphisms

L1
Y Ry

R

A
HO $o Hl 1 .._¢n—2‘H"—l¢n—l KO/ \
Ve

N

., Kd—l‘_/

Yd-2

7

We will denote § by the notation S=S([n,H;¢;]; K(d,K;,.);¢,-,), or shortly,
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S=8(H;K;¢,-,). Moreover we will indicate the idempotents of S by: f; is the identity
of H; (j=0,...,n—1), ef'=(m,e;,;m) (meN; i=0,...,d—1; ¢; the identity of K;) are the
idempotents of K. Therefore

fo> iz >fio1>ed>el> >l >el>- -

Lemma 2.2. Let S=S(H;K;¢,_,) and let L(S) be modular. Then

(a) L(H) is modular
(b) I(K) is modu.lar

() ¢, is trivial.

Proof. First we prove (a). Let p, be the Rees congruence of S modulo K. Since L(S)
is modular, L(S/py), that is L(H®), is modular whence also L(H) is modular (see, e.g., [4,
Corollary of Theorem 1 and proof of Theorem 4]).

Now we prove (b). For every congruence p’ on K, denote by p the congruence defined
by apb if and only if either a,be K and ap'b or a=b. It is immediate that p is a
congruence on S and that the mapping p’—p is an injective lattice homomorphism from
L(K) into L(S). Consequently, since L(S) is modular, so is L(K).

Finally we prove (c). Let p, A, 1, be relations on S respectively defined by a p b if and
only if either a=b or a,beK, or a,beH,_, and a¢,_,=b¢o,_,, a A b if and only if
either a=b, or a, be K, or a,be H,_,, a 7 b if and only if either a=b, or a,beH,_, and
ap,_,=b¢,_,,oracK,beH,_, and b¢,_,=a,or beK, aeH,_, and a¢,_,=b.

It is straightforward to verify that p,Ai,7 are congruences on S such that p<i,
pvi=AvT pAt=1inat Since L(S) is modular, we have p=4, hence a¢,_,=bo,_,
for every a,be H,_,, thus ¢, _, is trivial.

Lemma 2.3. Let S=(H; K; ¢,_,) with ¢,_, trivial. Then for all congruences p, T on S
we have

(a) (pv T)|K=P|x vV Tk

(b) (p v T)|H=P|H vV iy

(© (pATDk=pPk A Tk

d (p A T)|H=P|H ATy

(e) kerp=kerpyukerpi

Proof. First we prove condition (a). We immediately have that (p v 1), 2p\x Vv Tk,
hence we verify that

(pV O)kSp V Tk
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Let a,be K such that a (p v 1) ¢ b. Then there exist x,, x,,..., x,€S such that a p x,,
Xy T Xy,...,x, T bh. Hence a=ael p x,e, x,ed v x,€3,...,x,e5 © bed=b. All the elements
x;eg belong to K, thus a (pjx v 1)¢) b.

Now we prove condition (b). It is enough to prove that (p v DYuSP vV Ty Let
a,be H with a (p v 1),z b. Then there exist x,, x,,...,x,€S such that

ap Xy, Xy TXg...,X, Th. (10)

If all the elements x,,Xx,,...,x,€S belong to H, then (pjy v 1) b. Suppose, on the
contrary, that there are in (10) some elements of K, i.e. that (10) contains sequences of
the type

hoykykioyky,... ks_ o I, (1

where h,h'eH, k,k,,...,k,_, €K and, for every i=1,...,s, either 6;=p or o;=1.

Suppose, without loss of generality, that he H; and WeH, i, je{0,1,...,n—1}, iZ].
Thus, since ¢,_, is trivial, we have, using the first pair of (11), h~'h o, h™ 'k, hence
fi oy ky and f; o, h, using the last, k,_,(h')"' o, W'(h')"" hence k,_, o, f;, ke_1f: 05 fifis
k,_, o, f; and f; o, I, hence we can replace sequence (11) with the sequence h o, f,
fi o, b whose elements are in H, whence a (pjy v 7)5) b.

The proofs of (c) and (d) are trivial and obviously hold if H and K are replaced by an
arbitrary subsemigroup T and S.

Finally we must prove (e). It is obvious that ker p=ker py U ker p|x. Suppose that
ker p oker pjy U ker pjx. Two cases are possible.

Case 1: there exists x € K such that x p f; for some j=0,1,...,n—1 and x¢ker px.

Case 2: there exists yeH such that y p e for some i=0,1,...,d—1, meN,
yékerpy.

In the first case from x p f; it follows x™'x p x™' f; and, since f; is the identify of H;
and x”'x is an idempotent e of K, we get e p x 'eJ=x"!; hence x ' ekerp and
xeker pk, a contradiction.

In the second case from y p e" it follows y~'y p y~'e™ and, since y ™'y is the identity
of the group H; and ¢,_, is trivial, f; p €§ €7, f; p el', f; p y, hence we obtain the
contradiction yeker p;,. Thus kerp=kerp, Ukerp.

Lemma 24. Let S=S(H;K;¢,-,) and suppose that the following conditions hold

(a) L(H) is modular
(b) L(K) is modular
(¢) ¢,-, is trivial

Then L(S) is modular.

Proof. Let p, 4,7 be congruences on S such that p<i, pvrt=Avrpat=inr
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Since the mapping p—tr p is a lattice homomorphism of L(S) into L(E) (see e.g. [10,
Theorem 111.2.5]) and L(E) is modular, E being an w-chain (see e.g. [4, Theorem 2]), we
have tr p=tr 4. On the other hand, by Lemma 2.3, we have

AV O=4g Vv 1k

(o v T)|K=P|x V Tk

(A A=Ak A 1k
(P ADk=pk A Tk

Since px £ Ak it follows from the modularity of I{K) that p|x= 4. Analogously we can
prove pjp=4y. From condition (¢) of Lemma 2.3, we deduce also kerA=keriu
ker Ay =ker px U ker pjy=ker p. Thus, since tr p=tr A and ker A=kerp, we have p=4
(see, for instance [10, Theorem I1.1.5]), hence L(S) is modular.

The above lemmas, Theorem D and Theorem 1.8, give us the following theorem
which completely characterizes the regular w-semigroups whose lattice of congruences is
modular.

Theorem 2.5. Let S=S([n,H;, ¢;1; K(d,K;,¥;);$,-,) be a regular w-semigroup with
proper kernel. Then L(S) is modular if and only if the following hold.

(a) ¢g, &45...,0,_, are trivial,
(b) Ag¥iti=A,_, kery,_, and A, . Wi '=A,kery, (O<k<d—1) for every Y-
admissible subset A=Agx - x Ay_y of Kgx - xK,_;.

Remark 2.6. We remark that Theorems 2.1 and 2.5 could be deduced either from
Theorem 1.21 or from Theorem 5.2 of [6]. Since the proofs of these theorems have not
been published, we have given here a direct proof of our result.

After the authors sent the paper to this journal, they knew that M. Petrick proved in
“Congruences on strong semilattices of regular simple semigroups”, Semigroup Forum 37
(1988), 167-199, a theorem from which our Theorem 2.5 can be immediately deduced.
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