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Abstract. Noectherian dimer algebras form a prominent class of examples of
noncommutative crepant resolutions (NCCRs). However, dimer algebras that are
noetherian are quite rare, and we consider the question: how close are nonnoetherian
homotopy dimer algebras to being NCCRs? To address this question, we introduce
a generalization of NCCRs to nonnoetherian tiled matrix rings. We show that if a
noetherian dimer algebra is obtained from a nonnoctherian homotopy dimer algebra
A by contracting each arrow whose head has indegree 1, then A4 is a noncommutative
desingularization of its nonnoetherian centre. Furthermore, if any two arrows whose
tails have indegree 1 are coprime, then A is a nonnoetherian NCCR.

2010 Mathematics Subject Classification. 13C15, 14A20

1. Introduction. Let (R, m) be alocal domain with an algebraically closed residue
field k. In the mid-1950s, Auslander, Buchsbaum, and Serre established the famous
homological characterization of regularity in the case R is noetherian [1,2,22]: R is
regular if and only if

gldim R = pdy(k) = dim R.

In 1984, Brown and Hajarnavis generalized this characterization to the setting of
noncommutative noetherian rings which are module-finite over their centres [16]: such
aring A with local centre R is said to be homologically homogenecous if for each simple
A-module V,

gldim 4 = pd (V) = dim R.

In 2002, Van den Bergh placed this notion in the context of derived categories
with the introduction of noncommutative crepant resolutions (henceforth NCCRs).
Specifically, a homologically homogeneous ring 4 is a (local) NCCR if R is a normal
Gorenstein domain and A is the endomorphism ring of a finitely generated reflexive
R-module [23, Definition 4.1].!

'A proper birational map f : ¥ — X from a non-singular variety ¥ to a Gorenstein singularity X is a
crepant resolution if f*wy = wy. Given an NCCR 4 of R = k[X], Van den Bergh conjectured that the
bounded derived category of 4-modules is equivalent to the bounded derived category of coherent sheaves
on Y [23, Conjecture 4.6].

https://doi.org/10.1017/50017089517000209 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089517000209

448 CHARLIE BEIL

In this article, we consider dimer algebras on a torus (Definition 2.2). A
prominent class of NCCRs are noetherian dimer algebras [11, 14, 15, 17]. In fact, every
3-dimensional affine toric Gorenstein singularity admits an NCCR given by a dimer
algebra [19, 20]. A homotopy algebra is the quotient of a dimer algebra by homotopy-
like relations on the paths in its quiver; a dimer algebra is then noetherian if and only if
it coincides with its homotopy algebra. Homotopy algebras, just like noetherian dimer
algebras, are tiled matrix rings over polynomial rings [7, Theorem 1.1]. The homotopy
algebra of a nonnoetherian dimer algebra is also nonnoetherian and an infinitely
generated module over its nonnoetherian centre. Here, we consider the question:

How close are nonnoetherian homotopy algebras to being NCCRs?

To address this question, we consider a relatively small but important class of
nonnoetherian homotopy algebras: Let 4 be a homotopy algebra with quiver Q such
that a noetherian dimer algebra is obtained by contracting each arrow of Q whose head
has indegree 1, and no arrow of Q has head and tail of indegree both 1. Denote by R
the centre of A. The scheme Spec R has a unique closed point my of positive geometric
dimension [9, Theorem 1.1]. Furthermore, m is the unique closed point for which the
localizations

Ry, and Ay, := A Qg Ru,
are nonnoetherian [9, Section 3], [S, Theorem 3.4]. An initial answer to our question
appears to be negative:
* A, has infinite global dimension (Proposition 6.1).
* An, is typically not the endomorphism ring of a module over its centre.

However, the underlying structure of A, is more subtle. To uncover this
structure, we introduce a generalization of homological homogeneity and NCCRs
for nonnoetherian tiled matrix rings. Let A be a nonnoetherian tiled matrix ring with
local centre (R, m). First, we introduce
e the cycle algebra S of A, which is a commutative algebra that contains the centre R

as a subalgebra (but in general is not a subalgebra of 4); and
e the cyclic localization A4 of A at a prime ideal q of S.

We then say A is cycle regular if for each q € Spec S minimal over m and each

simple A44-module V', we have

gldim 44 = pd,( (V) = dim .

Furthermore, we say A is a nonnoetherian NCCR if the cycle algebra S is a noetherian
normal Gorenstein domain, 4 is cycle regular, and for each q € Spec S minimal over
m, A, is the endomorphism ring of a reflexive module over its centre Z(Ay).

Our main result is the following.

THEOREM 1.1 (Theorems 5.7, 6.15, 7.10). Let A be a nonnoetherian homotopy
algebra such that a noetherian dimer algebra is obtained by contracting each arrow whose
head has indegree 1, and no arrow of A has head and tail of indegree both 1. Then

(1) Aw, is cycle regular.
(2) For each prime q of the cycle algebra S which is minimal over my, we have

gldim A4 = dim S = ghtz(mp) = 1 < 3 = htr(mg) = dim Ry,
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Figure 1. (Colour online) (Example 7.12) The homotopy algebra 4 is a
nonnoetherian NCCR. The quivers Q and Q' on the top line are each drawn on a
torus, and the two contracted arrows of Q are drawn in green. Here,

S = k[xz, yz, xw, yw] is the coordinate ring for the quadric cone, considered as a
subalgebra of the polynomial ring k[x, y, z, w], and I and J are the respective
S-modules (x, y)S and (z, w)S.

where ghtg(mg) and htr(mg) denote the geometric height and height of my in R,
respectively. Furthermore, for each prime q of S minimal over q N R,

gldim A4 = ghtz(q N R).

(3) If the arrows whose tails have indegree 1 are pairwise coprime, then An, is a
nonnoetherian NCCR.

The second claim suggests that geometric height, rather than height, is the ‘right’
notion of codimension for nonnoetherian commutative rings, noting that geometric
height and height coincide for noetherian rings [6, Theorem 3.8]. An example of a
dimer algebra, which is a nonnoetherian NCCR, is given in Figure 1, and described in
Example 7.12.

This work is a continuation of [5], where the author considered localizations
A, = A ®r R, of nonnoetherian dimer and homotopy algebras 4 at pointsp € Spec R
away from my. We focus exclusively on homotopy algebras here since the localization
of a dimer algebra at my is much less tractable than its homotopy counterpart; for
example, any dimer algebra satisfying the assumptions of Theorem 1.1 has a free
subalgebra, whereas its homotopy algebra does not [8].

In future work we hope to explore the implications of the definitions we have
introduced in terms of derived categories and tilting theory, and to study larger
classes of nonnoetherian homotopy algebras, as well as other classes of tiled matrix
rings.
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2. Preliminary definitions. Throughout, let k£ be an algebraically closed field, let
S be an integral domain and a k-algebra, and let R be a (possibly nonnoetherian)
subalgebra of S. Denote by Max .S, Spec S, and dim S the maximal spectrum (or
variety), prime spectrum (or affine scheme), and Krull dimension of S, respectively,
similarly for R. For a subset I C S, set Z(I) := {n € Max S |n D I}.

A quiver Q = (Qy, Q1, t, h) consists of a vertex set Qy, an arrow set Q1, and head
and tail maps h, t : Q; — Q. Denote by deg* i the indegree of a vertex i € Qp; by kQ
the path algebra of Q; and by ¢; € kQ the idempotent at vertex i. Path concatenation is
read right to left. By module and global dimension we mean left module and left global
dimension, unless stated otherwise. In a fixed matrix ring, denote by ¢; the matrix with
a 1 in the jth slot and zeros elsewhere, and set ¢; := ¢;;.

The following definitions were introduced in [6] to formulate a theory of geometry
for nonnoetherian rings with finite Krull dimension.

DEFINITION 2.1. [6, Definition 3.1]
e Wessay S is a depiction of R if S is a finitely generated k-algebra, the morphism

ts/r 1 SpecS — SpecR, g+ qNR,
is surjective, and
{n € Max S| Rung = S} = {n € Max S | Ryng is noetherian} # .

e The geometric height of p € Spec R is the minimum
ght(p) := min {hts(q) lqe LE/IR(p), S a depiction of R} .
The geometric dimension of p is

gdim p := dim R — ght(p).

The algebras that we will consider in this article are called homotopy (dimer)
algebras. Dimer algebras are a type of quiver with potential, and were introduced in
string theory [12] (see also [13]). Homotopy algebras are special quotients of dimer
algebras, and were introduced in [7].

DEFINITION 2.2.

e Let Q be a finite quiver whose underlying graph Q embeds into a two-dimensional
real torus 72, such that each connected component of 72\ Q is simply connected
and bounded by an oriented cycle, called a unit cycle.?3* The dimer algebra of Q is
the quiver algebra kQ/I with relations

I:={p—q|3ae Q; such that pa and ga are unit cycles) C kQ,

where p and ¢ are paths.

2In contexts such as cluster algebras, O may be embedded into any compact surface; see for example [3].
3Note that for any vertex i € Qp, the indegree and outdegree of 7 are equal.

“4In [4], it useful to allow length 1 unit cycles. Consequently, it is possible for a length 1 path @ € Q; to equal a
vertex modulo /; in this case, a is called a ‘pseudo-arrow’ rather than an ‘arrow’, in order to avoid modifying
standard definitions such as perfect matchings.
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Since [ is generated by certain differences of paths, we may refer to a path modulo
I as a path in the dimer algebra kQ/1.

e Two paths p, g € kQ/I form a non-cancellative pair if p # ¢, and there is a path
r € kQ/I such that

w=rq#0 or pr=gqr#0.

kQ/I and Q are called non-cancellative if there is a non-cancellative pair; otherwise,
they are called cancellative. By [8, Theorem 1.1], kQ/1 is noetherian if and only if it
is cancellative.

e We call the quotient algebra

A:=kQ/I)/ {p — q | p, q is a non-cancellative pair)

the homotopy (dimer) algebra of Q.> (For the definition of a homotopy algebra on
a general surface, see [7].)

e Let A be a (homotopy) dimer algebra with quiver Q.

— A perfect matching D C Q; is a set of arrows such that each unit cycle contains
precisely one arrow in D.

— A simple matching D C Q) is a perfect matching such that Q \ D supports a simple
A-module of dimension 12 (that is, Q \ D contains a cycle that passes through each
vertex of Q). Denote by S the set of simple matchings of 4.

3. Cycle algebra and nonnoetherian NCCRs. In this section, we introduce the
cycle algebra, cyclic localization, and nonnoctherian NCCRs. Let B be an integral
domain and a k-algebra. Let

A =[A"] C My(B)

be a tiled matrix algebra; that is, each diagonal entry A4’ := A" is a unital subalgebra
of B. Denote by Z = Z(A) the centre of A4.

DEFINITION 3.1. Set
R:=k[nL 4] and S:=k[Ul 4].

We call S the cycle algebra of A. Furthermore, for q € Spec S, set

1 12 1d
g 4 e
A Aqu2
Aq = ) ) C M,(Frac B).
'dl ‘ d
A Aand

We call A4, the cyclic localization of A4 at q.

Note that R and S are integral domains since they are subalgebras of B. The
following definitions aim to generalize homological homogeneity and NCCRs to the
nonnoetherian setting.

5 A dimer algebra coincides with its homotopy algebra if and only if its quiver is cancellative.
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DEFINITION 3.2. Suppose R is a local domain with unique maximal ideal m.

* We say A4 is cycle regular if for each q € Spec.S minimal over m and each simple
Agq-module V,

gldim A4, = pqu(V) = dim Sj.

e Wesay A4 is a noncommutative desingularization if 4 is cycle regular, and A @ g Frac R
and Frac R are Morita equivalent.

e We say A is a nonnoetherian noncommutative crepant resolution if S is a normal
Gorenstein domain, A is cycle regular, and for each q € Spec S minimal over m, 4,
is the endomorphism ring of a reflexive Z(4,)-module.

REMARK 3.3. Suppose B is a finitely generated k-algebra, and & is uncountable.
Further suppose the embedding 7 : 4 < M(B) has the properties that

(1) for generic b € Max B, the composition

A -5 My(B) -5 My (B/b)

is surjective;
(i1) the morphism

Max B — Maxt(Z), b bl;Nt(Z),

is surjective; and
(iii) for each n € Max S, Ryng = Sy iff Rung is noetherian.
(z, B) is then said to be an impression of 4 [11, Definition 2.1].
Under these conditions, the centre Z of A4 is equal to R,

Z = Rld’
and is depicted by S [6, Theorem 4.1.1]. Furthermore, by [6, Theorem 4.1.2],

R=S <& Aisafinitely generated R-module
& Ris noetherian
= A is noetherian

In particular, if R is noetherian, then the cyclic and central localizations of 4 at
q € Spec S are isomorphic algebras,

Aq = AQr quR.

If p € Spec R and q € Spec S, then we denote by 4, and A4, the central and cyclic
localizations of A4, respectively; no ambiguity arises since the two localizations coincide
whenever R = S.

4. A class of nonnoetherian homotopy algebras. For the remainder of this article,
we will consider a class of homotopy algebras whose quivers contain vertices with
indegree 1. Such quivers are necessarily non-cancellative. Unless stated otherwise, let
A be a nonnoetherian homotopy algebra with quiver Q = (Qy, 0i, t, h) such that
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(A) acancellative dimer algebra A" = kQ’/I’ is obtained by contracting each arrow of
Q whose head has indegree 1; and

(B) for each a € Qy, the indegrees deg™ t(a) and deg™ h(a) are not both 1.
Set

Qi ={ac Q| deg"h(@=1} and Q) :={aec Q| degtt(a)=1}.
The quiver Q' = (@), @}, t', ') is then defined by
Q)= 0/ (h@) ~ @) |ae O]}, 0 =0i\0}
and for each arrow a € 0/,
h(a)=h(a) and t(a)= t(a).

The homotopy algebras 4 and A" are isomorphic to tiled matrix rings. Indeed,
consider the k-linear map

viAd—> A
defined by
a if aeQyUQi\ Q]

ewa) if a € Of

Y(a) = {

and extended multiplicatively to (nonzero) paths and k-linearly to 4. Furthermore,
consider the polynomial ring generated by the simple matchings S’ of 4’,

sz[XD|D€S/].
By [7, Theorem 1.1], there are injective algebra homomorphisms

T: 4" Mg, (B) and 1y : 4 Mg,(B)

defined by
€ij ifa= e; € Q/O
Ta) = .
@ { (nDes/:Daa XD) enay i) if a € O
@=17 ifa=e e
Tyla) = .
y (HDES’ : D3y (a) xD) eh(a),t(a) lf ae Ql

and extended multiplicatively and k-linearly to A’ and A.
For p € ¢jAe; and p’ € ¢;jA’e;, denote by

Ty(p)=peB and T(P)=p €B
the single nonzero matrix entry of 7, (p) and t(p’), respectively. Note that

Ty(p) = T(Y(p)).
Furthermore, foreacha € Q;and D € &',

xpla <= Y(a)eD.
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Since A’ is cancellative, each @' € Q] is contained in a simple matching by [8,
Theorem 1.1]; in particular, @ # 1. Therefore, for each a € Q;,

a=1 <= degth(a)=1.
LEMMA 4.1.
(1) The cycle algebras of A and A’ are equal,®
k [Uier fw (eiAei)] =k [U,‘gQ’of (eiA’ei)] =S.

(2) The centre Z' of A’ is isomorphic to S, and the centre Z of A is isomorphic to the
intersection

Z = k[Nicg, Ty(eide)] = R.

(3) S is a depiction of R.
(4) If the indegree of a vertex i € Qy is at least 2, then

i/,(eiAei) =S.
In particular, for each arrow a € Qy,
Ty(ewpdewn) =S or TylenwAenq) = S.

Proof.

(1) By assumption (A), for each cycle p’ in (', there is a cycle p in Q such that
¥ (p) = p'. Therefore, the cycle algebras of 4 and A" are equal.
(2) Since A’ is cancellative, for each 7, j € O,

T(eA'e)) = T(ejA'e)),
by [8, Theorem 1.1]. Whence for each i € Q,
T(ejA'e;) = S. €]
Furthermore, the centres Z and Z’ are isomorphic to the intersections
Z = k[Nicg, Ty(eide)] = R and  Z' Zk[Nieg,T(eid'e)],

by [7, Theorem 1.1]. Therefore, Z’ is isomorphic to S by (1).

(3) Since 4 and A’ have equal cycle algebras, Z = R is depicted by Z' = S, by
[9, Theorem 1.1].

(4) By assumption (A), if a vertex i € Qy has indegree at least 2, then

- - ()
T¢(€,'A€i) = ‘E(@w(,’)/ﬂ&p(,‘)) = S,

where (1) holds by (1). Furthermore, by assumption (B), the head or tail of
each arrow a € Q; has indegree at least 2.

O

6The map v is therefore called a ‘cyclic contraction’ [7, Section 3].
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5. Prime decomposition of the origin. Recall that 4 is a nonnoetherian homotopy
algebra with centre R, satisfying assumptions (A) and (B) given in Section 4. Consider
the origin of Max R,

my = (XD|D€S,)BQR.

For a monomial g € B, denote by ¢, the ideal in S generated by all monomials in S
that are divisible by g in B. If g = xp for some simple matching D € &', then set

qp ‘= qxp-
We will write 4 | g if /1 divides g in B, unless stated otherwise.

LEMMA 5.1. Let g € B be a monomial. Then, the ideal q; C S is prime if and only if
g = xp for some D € §'.

Proof. Let n := |S’|, and enumerate the simple matchings of 4, S' = {Dy, ..., D,}.
Set x; := xp,.

(i) We first claim that for each pair of distinct simple matchings D;, D; € &',
there is a cycle s € A satisfying

Xi | 5 and XJ‘J[S'. (2)

Indeed, fix i # j. Since D; # D, there is an arrow a € Q] for which a € D; \
D;. Furthermore, since D; is simple, there is a path p € ey, A4’ en) supported
on Q' \ D;. Whence s := pa is a cycle satisfying (2). But 4 and 4’ have equal
cycle algebras by Lemma 4.1.1. Therefore, 5 is the Ty -image of a cycle in 4,
proving our claim.

(ii) We now claim that if g € B is a monomial and g, is a prime ideal of .S, then
g = xp for some D € §'. It suffices to consider a monomial g = ]_[:’=1 X,
where 2 <n’ <n, and for each i, m; > 1. By Claim (i), there are cycles
Sty ..., Sy € Asuch that

X151, x2t31,
and foreach2 <i<#/,
X118, x5

Set
hy:=5" and h:= HE?"'.

i=2

Then, hhy € q,. But hy & q, and hy & q, since x5 1 4y and x; 1 /1. Therefore,
ge 1s not prime.

(iii) Finally, consider a simple matching D € S'.If s, t € e;Ae; are cycles for which
Xp | §t, then xp | 5 or xp | 1, since B is the polynomial ring generated by S’.
Therefore, the ideal g, is prime.

]
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LEMMA 5.2. Let i,j € Qo and D € S'. If degt i > 2, or i is not the tail of an arrow
a € Q for which xp | a, then there is a path p € ejAe; such that xp 1 p.

Proof.

(i) First suppose deg* i > 2. Since D is simple, there is a path g € ey 4'ey ;)
supported on Q' \ D; whence xp 1 g. Furthermore, since deg® i > 2, there
is a path p € ejde; such that y(p) = ¢, by assumption (A). In particular,
Xp{q=p.

(i) Now supposedegt i =1.Leta € Q] besuch that t(a) = i. Then, deg™ h(a) >
2 by assumption (B). Thus there is a path ¢ € ¢;den, for which xp t 7, by
Claim (i). Therefore, if xp { @, then the path p := ta € e;Ae; satisfies xp 1 p.

O
NoTATION 5.3. Denote by o; the unit cycle at vertex i € Qp, and by
o :=Ty(0;) = l_[ Xp
DeS'

the common 7, -image of each unit cycle in Q. (o is also the T-image of each unit cycle
in Q'.) Furthermore, consider a covering map of the torus, 7 : R*> — 7?2, such that for
some i € Qy,

(7% =i
Denote by
0t :=n"Y(Q cR

the covering quiver of Q. For each path p in O, denote by p* a path in O* with tail in
[0, 1) x [0, 1) C R? satisfying 7 (pT) = p.

LEMMA 5.4. Let a € A’ be an arrow and let s € ey, A'eyq) be a cycle satisfying a | s.
Then there is a path p € ey A’ en) such that

s = pa.

Proof. We use the notation in [5, Notation 2.1]. Suppose the hypotheses hold.’
It suffices to assume o )[AS by [7, Lemma 2.1]. Whence s € C by [7, Lemma 4.8.3]. Let
u € Z? be such that s € C". Since A’ is cancellative, for each i € Q) we have

Cl # 0, A3)

by [7, Proposition 4.10]. Consider ¢ € éﬁ(a)- Then, 5§ = 7 by [7, Proposition 4.20.2].
Now the paths (as)™ and (ta)* bound a compact region

Rasa C R2.

Furthermore, since A’ is cancellative, if a cycle p is formed from subpaths of cycles
in C*, then p is in C%, by [7, Proposition 4.20.3]. Therefore we may suppose that the
interior of R, does not contain any vertices of Q't, by (3).

"This proof is similar to [5, Claim (i) in proof of Lemma 2.4].
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a=ay a
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by !
t
¢ ag_1 L2 $2
Se—1
be—1 ;
/ t1 51
. by
t1 51
. . B —
a a
(1)

(i0)
Figure 2. (Colour online) Cases for Lemma 5.4. In case (i), s and ¢ factor into paths
sS=s¢---sosyand t =t;--- trt;, where ay, ..., ay, by, ..., by are arrows, and the cycles
bja;s; and a;_ b;t; are unit cycles. The a; arrows, drawn in thick brown, belong to a
simple matching D of A’. In case (ii), s and ¢ factor into paths s = sye;51 and 1 = tye;ty.

Assume to the contrary that st and " do not intersect (modulo 7). Then a
is contained in a simple matching D of A" such that xp ¢ 5, by [7, Lemma 4.15]; see
Figure 2(i). In particular, xp | a. But by assumption, @ | 5. Thus, xp | 3, a contradiction.

Therefore, s and r+ intersect at a vertex i"; see Figure 2(ii). By assumption,
o0 15=1 Whenceo {asand o t fasince a | 5 = 1. Thus,

3‘1 hc‘z and 213‘2:22,

by [7, Lemma 4.3]. Consequently,
Srfia = 58] = S.
Therefore, since 7 : A" — Mg, (B) is injective, we have

S ha =s.

In particular, we may take p = s5¢;. O

PROPOSITION 5.5. For each arrow a € Q1 \ Of, Ty (eyanAa) is an ideal of S with prime
decomposition

fy(ewda)= [ ab. 4)

DeS':xpla
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Consequently, the prime decomposition of mg € Max R, as an ideal of S, is

my = m f,/,(et(u)Aa) = ﬂ qp-

acQ; DeS':
Xpla where ac Q)

Proof. Ty(eyaAa) is an ideal of S by Lemma 4.1.4. Set q, = [\pcg .,z 9p- The
inclusion 7y (eyqyAa) < q, is clear. So, suppose ¢ € e;Ae; is a cycle such that 7 € q,,, that
is, a | £. We want to show that € Ty (eyq4a).

First suppose deg't(a) > 2. Then, ey,Aeyqs = Seysy by Lemma 4.1.4. In
particular, there is a cycle s € ey Aeyq) for which 5 = ¢. Furthermore, there is a path
D € eyayAenq such that s = pa, by Lemma 5.4 and assumption (A).

Now suppose deg" t(a) = 1. Then, deg* h(a) > 2 by assumption (B). Whence
enyAeny = Senw. In particular, there is a cycle s € epAdene for which § =1
Furthermore, there is a path p € eyyAeny) such that s = gp, again by Lemma 5.4
and assumption (A).

Thus, in either case,

t=35¢ f¢(€t(a)Aa).

Therefore, (4) holds. Finally, each qp is prime by Lemma 5.1. O

In the following, we show that although the ideal qp may not be principal in S, it
becomes principal over the localization Sy,,.

PROPOSITION 5.6. Let D € S and set q := qp. Then, the maximal ideal qSq of S is
generated by o,

qSq =0S;.

Proof. Let g € q be a nonzero monomial. Then, there is a cycle s € 4 with 5 = g.
By possibly cyclically permuting the arrow subpaths of s, we may assume s factors into
paths s = pa, where xp | a and either
~aeQi\ (07U Q)), or
— a=d8§ wheres € O and d € Q.
In either case, deg™ t(a) > 2. B .

Let b be a path such that ba is a unit cycle. Then, xp { b since xp | @ and ba = o.
Furthermore, since deg™ h(b) = deg™ t(a) > 2, there is a path ¢ € ey Aen) for which
Xp 11, by Lemma 5.2. In particular, # and tb are cycles, and xp { tb. Whence

peS and theS\q.

Therefore,

ARSI
Il
Q1
S
SRS
Il
Q
SRS
m
Q
[75)
K=}

g

Recall that an ideal 7 is unmixed if for each minimal prime q over /7, ht(q) = ht(J).
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THEOREM 5.7.

(1) Foreach D € §', the height of qp in S is 1.

(2) The set of minimal primes of S over my are the ideals qp € SpecS for which D
contains the y-image of some a € Q).

(3) my is an unmixed ideal of S. Furthermore, wy has height 1 as an ideal of S and height
3 as an ideal of R,

hts(mg) =1 and htg(my) = 3.

Proof.
(1) Set q:=qp. Then,

0] (1)
1 < hts(q) = hts, (459 L hts, (0Sy) = 1.

Indeed, (1) holds since S is an integral domain and q is nonzero; (11) holds
by Proposition 5.6; and (111) holds by Krull’s principal ideal theorem.

(2) Follows from Claim (1) and Proposition 5.5.

(3) myg is a height 1 unmixed ideal of S by Claims (1) and (2), and Proposition
5.5. Furthermore, R admits a depiction by Lemma 4.1.3. Thus, the height
of each maximal ideal of R equals the Krull dimension of R by [6, Lemma
3.7.2]. But the Krull dimension of R is 3 by [9, Theorem 1.1]. Therefore,
htR(mo) =3.

0

QUESTION 5.8. Let K be the function field of an algebraic variety. As shown in
Theorem 5.7.3, a subset p of K may be an ideal in different subalgebras of K, and
the height of p depends on the choice of such subalgebra. Is the geometric height of
p independent of the choice of subalgebra for which p is an ideal? If this is the case,
then the geometric height would be an intrinsic property of an ideal, whereas its height
would not be.

The centre and cycle algebra of Ay, := A4 ®r Ry, are respectively

Z(Apm) = R®g Ry = Ry, and S ®p Runy = SRy,

PROPOSITION 5.9. The cycle algebra SR, of Am, is a normal Gorenstein domain.
Proof. Let t € Spec(SRn,) and set g :=tN S.
(1) We claim that

(SRmy)¢ = Sq.
Clearly, (SR, )¢ = SqRm,." It thus suffices to show that

SqRum, = S5. 4)

8To show this, note that the elements of SRy, are of the form s/r, with s € S and r € R\ mp. Thus an
element of (SR, ) is of the form ‘%(‘%)’1, with s, 52 € S, r1,r2 € R\ mg, and 2 ¢ t. Furthermore, % gt
and (6) together imply s, ¢ t. Whence )

s2€S\(tNS)=S\q.
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Indeed, we have
tN R C my. (6)

Thus, if my € g, then g N R = my. Whence Ry, € Sq. In particular, SqRm, =
S. Otherwise ¢ = 0 C mo by Theorem 5.7.3; whence

SqRm, = (Frac S)Rn, = FracS = §,.

Therefore, in either case, (5) holds, proving our claim.

(i1) S is isomorphic to the centre of 4" by Lemma 4.1.2. Thus, S is a normal
Gorenstein domain since 4" is an NCCR. Whence S is a normal Gorenstein
domain. But (SRy,): = Sq by Claim (i). Therefore, (SR, )¢ 1S a normal
Gorenstein domain. Since this holds for all t € Spec(SRy,,), SRm, is also a
normal Gorenstein domain.

g

6. Cycleregularity. Recall that 4 isanonnoetherian homotopy algebra satisfying
assumptions (A) and (B) given in Section 4, unless stated otherwise. Let q € Spec S
be a minimal prime over the origin my of Max R; then, there is a simple matching
D € &' such that g = qp, by Proposition 5.5. In this section, we will consider the cyclic
localization 4, of A4 at .

The algebra homomorphism t, : 4 — Mg, (B) extends to the cyclic localization,
Ty 1 Aq = Mg, (Frac B). For p € e;Aqe;, we will denote by 7, (p) = p € Frac B the
single nonzero matrix entry of Ty (p).

We begin by showing that a notion of homological regularity cannot be obtained
by considering the central localization Ay, := 4 ®g Rm, alone.

PROPOSITION 6.1. The Ay, -module A, /my = A Q@ (R, /Mo) has infinite projective
dimension, and therefore Am, has infinite global dimension.

Proof. By [10, Lemmas 6.1 and 6.2], there are monomials g, # € S such that for
eachn > 1,

H¢gR and gh"emyC R
In particular, there is a vertex i € Qy such that for each n > 1,
n ¢ f,,,(e,Ae,-).

Let s, be the cycle in ¢;Ae; satisfying 5, = gh”. Consider a projective resolution of
Ay /mo over Ay,

--~—>P1—>Am0'—1>Am0/mo—>0.

Each s, is in the zeroth syzygy module ker(-1) = annAmO(Amo /mp). Thus ker(-1) is
not finitely generated over A, since 4" & Ty (e;Ae;). Furthermore, the cycles s, are

Therefore,

—1
s1 [ $2 st 1
— = = —=+— €8¢Rn,.
r\r s
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pairwise commuting, and in particular there are an infinite number of independent
commutation relations between them. It follows that pd AmO(Amo /my) = oo. O

LEMMA 6.2. Let V be a simple Aq-module, and let i € Qy. Then,

dimge;V < 1.

Proof. Suppose V' is a simple 4q-module. Then, ¢;V is a simple e;44e;-module.
Furthermore, the corner ring e;Aqe; = Ty (e;Aqe;) C Bis a commutative k-algebra and
k is algebraically closed. Therefore, dimy e; 7" < 1 by Schur’s lemma. ]

LEMMA 6.3. Let V be a simple Aq-module, and leti € Qg be a vertex for which e;V #
0. Suppose s € e;jAqe;. Then, sV = 0 if and only if § € q. Consequently, anng V = my.

Proof.

(1) Suppose s € e;Ae; satisfies § € q. We claim that sV = 0.
Indeed, let v € ¢; 7 be nonzero. Then, dimy e;7 = 1 by Lemma 6.2. Thus,
there is some ¢ € k such that (s — ce;)e; V' = 0. Assume to the contrary that
¢ is nonzero. Then, § — ¢ € S'\ q. Therefore,
_s—ce 1

V= — V= - (s —cej))v =0,
§—c S—c¢

contrary to our choice of v.
(i1) Conversely, suppose s € ¢;Ae; satisfies s = 0. Assume to the contrary that
5 ¢ q; then, 57! € S;. Whence

1
eV=-eV==-sV=0,
Ky

L | Uy

contrary to our choice of vertex i.

O

DEFINITION 6.4. Let A be a ring with a complete set of orthogonal idempotents
{e1,...,eq}. We say an element p € ejde; is vertex invertible if there is an element
p* € ejAe; such that

p'p=e and p*=e;.
Denote by (e;A4e;)° the set of vertex invertible elements in ¢;Ae;.

For an arrow a € @', denote by §, the unique arrow with h(8,) = t(a); in particular,
8a € OF.

LEMMA 6.5. 4 path p € A is vertex invertible in Ay if and only if xp { p and the
leftmost arrow subpath of p is not an arrow 8, € QF for which xp | a.

Proof.

(1) First suppose xp | p. Assume to the contrary that p has vertex inverse p*.
Then,

rr=) 5" (7)
j=1
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for some s; € S\ q and p; € eyy)4en,. In particular,
l=pr=p) s'p.
Whence

Sl"‘smsz(Sl"'Sj"‘sm)]_)jGB-

Thus, xp | s1- - sm since xp | p. Therefore, xp | s; for somej. But then s; € g,
a contradiction to our choice of s;.

(ii) Now suppose the leftmost arrow subpath of p is an arrow §, € Q7 for which
xp | a. If p is a cycle, then a is the rightmost arrow subpath of p. Whence
xp | p. Thus, p is not vertex invertible by Claim (i).
So, suppose p is not a cycle, and assume to the contrary that p has vertex
inverse p* given by (7). Since p is not a cycle, we have h(p) # t(p). Thus,
each p; € ey, Aen() is a k-linear combination of nontrivial paths with tails
at h(p). But since deg™ h(p) = 1, each nontrivial path ¢ € A4 with tail at h(p)
satisfies xp | g. Therefore, xp divides each p; (in B). Furthermore, xp does
not divide any s; since s; € S'\ g. Whence xp | p* in BS,. Thus xp | p*p in
BSy, since p € B. Therefore, xp | 1 in BS;. But then xp is invertible in BS,
a contradiction.

(i) Finally, suppose xp 1 p, and the leftmost arrow subpath of p is not an arrow
84 € O for which xp | a. Then, thereisa path g € e, Aen) satistying xp 1 g,
by Lemma 5.2. Whence pq is a cycle satisfying xp 1 pg; that is, pg € S\ q.
Furthermore, ¢ has a vertex subpath i for which e;4e; = Se;, by Lemma

4.1.4. Thus,
P =g
isin A,. But then
Pr=Lp= q?ewp)—e ) and ppt=po —eh<p>ﬁ1 = enp)
p— — —= ¢t — ¢t - —_ — —_ — .
pq g v Pq Pq

Therefore, p is vertex invertible in 4.

LEMMA 6.6. Let V be a simple Aq-module.

(1) Ifa € O\ Of satisfies xp | a, then aV = 0.
(2) If 8, € O satisfies xp | a, then 8,V = 0.

Proof. Let a € Q; be an arrow for which xp | a.

(i) First suppose a € 0;\ (O U Q}). We claim that aV = 0. Since a € Q; \
(O7 U 0)), there are paths

S € eh(a)Aet(a) and € et(a)Aeh(a)
such that xp t 5 and xp 1 7, by Lemma 5.2. In particular, xp 1 57. Whence

ste S\q.
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Thus,
s
a=—a== ta € Aqqeyq)-

But ta € qeyq) N eyq)Aeyq). Therefore, a annihilates V' by Lemma 6.3.
(i) Now suppose a € Q). Set § := 3§, € QF.
(ii.a) We first claim that a8V =0. By assumption (B), deg™ t(§) > 2 and
deg* h(a) > 2. Thus, there are paths

s € epgdeysy and 1€ eysAen
such that xp 1 § and xp 1 , by Lemma 5.2. Whence
ste S\ q.

Thus,

ad = —abd = %laS € Aqqeys).
S
Therefore, a8 annihilates V' by Lemma 6.3.
(ii.b) We claim that alV’ = 0. If ey, V' = 0, then aV” = 0, so suppose there is some
nonzero v € ey, V. Assume to the contrary that av # 0. Then, since V is
simple and deg™ t(a) = 1, there is some p € A, such that

w = dpav € e,V

is nonzero. By Claim (ii.a), aw = (a8)(pav) = 0. Furthermore, dimy ey V =
1 by Lemma 6.2. Thus, since v, w € ey, V are both nonzero, there is some
¢ € k* such that cw = v. But then

0 # av = acw = c(aw) = 0,

which is not possible.

(ii.c) Finally, we claim that §7 = 0. Assume to the contrary that there is some
v € eys)V such that v # 0. By Claim (2.i), adv = 0. But again a is the only
arrow with tail at t(a), and § is not vertex invertible by Lemma 6.5. Therefore,
V is not simple, a contradiction.

O

For each qp € Spec .S minimal over my, set

€Ep = lA — Z €t(a)-

acQ) :xpla

THEOREM 6.7. Let q = qp € Spec S be minimal over my € Max R. Suppose there are
narrowsay, ..., a, € QY suchthat xp | a,. Then, there are precisely n + 1 non-isomorphic
simple Aq-modules:

V() = AqGD/AqC[ED = (Sq/q) €p, (8)
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and for each 1 < £ < n, a vertex simple

Vi = keya,) = (Rimy/™0) €ya,)- ©))

Proof. Let V be a simple 44-module. Let a € Q] be such that xp | a. Then, either
V' is the vertex simple V' = ke, or ey, annihilates V', by Lemma 6.6.

So, suppose ey V' = 0 for each a € Q) satisfying xp | a. We want to show that the
sequence of left 4,-modules

O—>Aqqu—>Aqui> V-0

is exact.

We first claim that g is onto. Indeed, since V' # 0, there is a vertex summand e; of
ep for which e; " # 0. Let ¢; be an arbitrary vertex summand of €p. Then, there is a
path p € e;Ae; satisfying xp { p, by Lemma 5.2. Thus, since ¢; is a summand of €p, p
is vertex invertible by Lemma 6.5. Whence ¢,V # 0 since ¢; V" # 0. Therefore, g is onto
by Lemma 6.2.

We now claim that the kernel of g is Aqqep. Let b € epAep be an arrow satisfying
bV = 0. Then, there is a path p € ey Aenp) satistying xp { p, by Lemma 5.2. Thus,
since ey and ep() are vertex summands of €p, p is vertex invertible in 44 by Lemma
6.5. Whence

b= (p*p)b = p*(pb) € Aqqep.

Thus, the A4ep-annihilator of V' is Aqqep, by Lemma 6.2.
Therefore, V' = Vj. The simple modules Vy, ..., V, exhaust the possible simple
Ag-modules, again by Lemma 6.2. ]

If p € A is a concatenation of paths and vertex inverses of paths in 4, then we
call p a path.

LEMMA 6.8. Suppose i € Qy satisfies e;iep # 0. Then, for each j € Qy, the corner
rings ejAqe; and e;Aqe; are cyclic free Sq-modules. Consequently, Aqe; and e;Aq are free
Sq-modules.

Proof. Suppose ¢; is a vertex summand of €p. Then, cither ¢;Ae; = Se;, or i = t(a)
for some a € O} with xp { a, by Lemma 4.1.4. In the latter case, a is vertex invertible
by Lemma 6.5, and ey, Aenuy = Senq by Lemma 4.1.4. Thus, in either case, we have

e,-Aqe,- = Sqei.
Therefore, Aqe; and e; 44 are Sq-modules.

(i) We claim that for each j € Qy, e;44¢; is generated as an S;-module by a
single path; a similar argument holds for e;4e;.

(i.a) First suppose j is not the tail of an arrow a € Q) for which xp | a. Since
D € §' is a simple matching of @', there is path s from i to j for which xp 1 §
(that is, y¥(s) is supported on Q" \ D). Thus, s has a vertex inverse s* € ¢;44¢;,
by Lemma 6.5.

Let f € ejAqe; be arbitrary. Then, s*t is in e;Aqe; = Sqe;. Whence

t=s5"t € 5S,.
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Therefore, e;Aqe; = 55j.

(i.b) Now suppose is the tail of an arrow a € Qf for which xp | @; in particular,
j #i.Since D € &' is a simple matching of @', there is path s from i to t(8,)
for which xp 1 5. Thus, s has a vertex inverse s* € e;4qeys,), again by Lemma
6.5.

Let 7 € ejAqe; be arbitrary. Since j # i and deg®j = 1, there is some r €
eys,)Aqei satisfying t = §,r. Whence

1= 8qr = 84851 € 8458y.
Therefore, e;Aqe; = 8,55,.

(ii) Finally, we claim that e;4e; is a free S;-module; a similar argument holds
for e;A4e;. By Claim (i), there is a path s such that

ejAqe; = 555.

Furthermore, the S;-module homomorphism
Sq —> 5S¢, 1> st

is an isomorphism since S, and s belong to the domain Frac B, and 7 is
injective.

O
LEMMA 6.9. The Aq-module V) satisfies

pd,, (Vo) < pds, (Sq/a) -
Proof. Consider a minimal free resolution of S, /q over Sy,

= S — Sq = Sq/q — 0.

Set € := ep. By Lemma 6.8, A4¢ is a free S;-module. Thus, A44¢ is a flat S;-module,
that is, the functor Aqe ®s, — is exact. Therefore, the sequence of left 4,-modules

..._>Aq6®S;9”1—>Aqe®Sq—>Aqe®Sq/q—>0 (10)

is exact. Each term is a projective 44-module since

Aq€ ®s, (S?"’) ~ (Aqe)®"’.

Furthermore, there is a left 4,-module isomorphism

Vo = Aqe/Aqqe = Aqe ®s, Sq/9-
Therefore, (10) is a projective resolution of Vy over A4, of length at most
pds, (Sq/a)-

]
LEMMA 6.10. The local ring Sq is regular.

Proof. S is normal since S is isomorphic to the centre of the (noetherian) NCCR
A’. In particular, the singular locus of Max S has codimension at least 2. Furthermore,
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the zero locus Z(q) in Max S has codimension 1, by Theorem 5.7.1. Therefore, Z(q)
contains a smooth point of Max S. O

PROPOSITION 6.11. Let q € Spec S be minimal over wmyg. Then, each simple Aq-module
has projective dimension 1. Consequently, for each simple Aq-module V,

pd,;, (V) = hts(a).

Proof. Recall the classification of simple A44-modules given in Theorem 6.7.

(i) Let VY be the simple 44-module defined in (8). Then,

U] (1) ( )
1< pd,, (Vo) < pds, (Sq/q) = hts(@) = 1.

Indeed, (1) holds since V) is clearly not a direct summand of a free A4,-
module; (11) holds by Lemma 6.9; (111) holds by Lemma 6.10; and (1v) holds
by Theorem 5.7.1.

(ii) Fix 1 <€ < n, and let V; be the vertex simple 44-module defined in (9). Set
a := a,. We claim that 7, has minimal projective resolution

. .1
0 — Agen —> Ageyqy — ke = Vi — 0. n

(ii.a) We first claim that -a is injective. Suppose b € Aqen( is nonzero. Then,
Ty (ba) = b-a # 0 since B is an integral domain. Whence ba = 0 since Ty is
injective. Therefore, -a is injective.

(ii.b) We now claim that im(-a) = ker(-1). Since aV = 0, we have im(-a) C ker(-1).
To show the reverse inclusion, suppose g € ker(-1); then gV = 0. We may

write
—1
g=2_5"p
J

where each p; € Aeyq isapathands; € S\ q. If p; is nontrivial, then p; = pa
for some path p; since deg™ t(a) = 1. Whence

piVe=paVy =0.

It thus suffices to suppose that each p; is trivial, p; = ey,). But then g =
s~ ey for some s € S\ g. Therefore,

eya) Ve =gV =0,

a contradiction.
(ii.c) Finally, (11) is minimal since ¥V, is clearly not a direct summand of a free
Ag-module.

Il
Lemmas 6.12 and 6.14, and Proposition 6.13 are not specific to homotopy algebras.

LEMMA 6.12. Suppose S is a depiction of R. Let p € Spec R and q € LE/IR(]J). If
hts(q) = 1, then ghtz(p) = 1.
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Proof. Assume to the contrary that ghtg(p) = 0. Then, there is a depiction .S of
R and a prime ideal ¢’ € Lg,]/ () such that htg(q") = 0. Whence ¢’ = 0 since S’ is an
integral domain. But then ¢’ N R = 0 # g N R = p, a contradiction. Therefore,

hts(q) = 1 < ghtz(p) < hts(q).
0

Recall that an ideal 7 of an integral domain S is a projective S-module if and only
if I is invertible, i.e., there is a fractional ideal J such that IJ = S. In this case, [ is a
finitely generated rank one S-module [18, Theorem 19.10].

PROPOSITION 6.13. Let B be an integral domain, and let A = [A"] C M 4(B) be a tiled
matrix ring with cycle algebra S. Set Qo := {1, ..., d}. Suppose that

(1) S is aregular local ring.
(2) There is some i € Qg such that
(a) A'=S;
(b) for eachj e Qo, AV is an invertible ideal of S; and
(¢c) for each j € Qo, either (e;Aej)° # ¥, or there is some £ € Qy and b € e;Ae,
satisfying

e A =bAD ke, and (e;Ae)” # 0.
Then,

gldim 4 < dim S.

Proof. Suppose the hypotheses hold, and set #» := dim S. Let V" be a left A-module.
We claim that

pd, (V) = n.
It suffices to show that there is a projective resolution P, of V,
8 81 80
cii—> Pp— P — Py— V =0,

for which ker §,,_; is a projective A-module [21, Proposition 8.6.iv].

(1) We first claim that there is a projective resolution P, of V' so that for each
oa>1,

kerd, = Ae;kerd,. (12)
Indeed, fix j € Qy, and recall assumption (2.c). If p € (e;4e;)°, then
ejkerd, = p*pkerd, = p*epkerd, C Ae;kerd,.
Otherwise there is some £ € Qg and b € ¢;Ae; such that ;4 = bA @ ke; and
(eidey)° # 0. Let p € (e;Aeg)°. Since the sum e;4 = bA @ ke; is direct, we

may choose P, so that for each a > 1,

S |ej-Pa= b- B |65P0( .
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Furthermore, for nonzero ¢ € e, A, bg # 0 since B is an integral domain.
Thus,

ejkerd, = bkerd,.
Whence
ejker8, = bkerd, = bp*e;pkers, C Ae;kers,.
Therefore, in either case,
ejkeré, C Ae;keré,.
(i1) Fix a projective resolution P, of V satisfying (12). We claim that the left
A-module Ae; ker 8, is projective.

The right 4-module ¢;4 is projective, hence flat. Thus, setting ® := ® 4, the
complex of S-modules

s AP B e d @ P Y e d @ Py B a0V 0 (13)
is exact. Each term ¢;4 ® P, is a free S-module since

eAQ Py =eA® @(Aej)%f o~ @(QA ® Aej)eanj
i ,

. J
. 0
= Peide)®™ = P = g s,
J J J

where (1) holds by assumption (2.b). Furthermore, ¢;4 ® V is an S-module
since e¢;Ae; = S by assumption (2.a). Therefore, (13) is a free resolution of
an S-module. But gldim S = dim S = n by assumption (1). Therefore, the
nth syzygy module of (13) is a free S-module,

ker(1 @ 8,_1) = S®".

Since ¢;A is a flat right A-module, the sequence
0= ciA@kerd, | —> i A® Pyi 25 A ® Py
is exact. Whence
e;A®kers,_; Zker(l ® 8,_1) = S®".
Therefore,
Ae;kerd,_; = Ae;A @ ker§,_; = Ae;S®" g A(ejAe)®™ = (Ae;)®™,

where (1) holds by assumption (2.a), proving our claim.
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(ii1) Finally, ker 8, is a projective left 4-module by Claims (i) and (ii). Therefore,
4V has projective dimension at most 7.

O

LEMMA 6.14. Suppose S is a noetherian integral domain and a k-algebra, and R is a
subalgebra of S. Let p € Spec R. If t € Spec(SRy) is a minimal prime over pRy,, then the
ideal t N S € Spec S is a minimal prime over p.

Proof. Suppose that tN S is not a minimal prime over p. We want to show that t
is not a minimal prime over pRy. Since t N S is not minimal, there is some q € Spec S,
minimal over p, such that

pSqcCtns. (14)

(i) We claim that g N R = p. Assume to the contrary that there is some a €
(tNR)\ p. Then, a~! € R,. Whence 1 = aa~! € tSR, = t, contrary to the
fact that t is prime. Therefore,

tNRCp. (15)

Consequently,

n (1)
pCgNRCtNRCp,

where (1) holds by (14) and (11) holds by (15). Thus, g N R = p, proving our
claim.

(i) Nowfixa € (tNS)\ g, and assume to the contrary thata € qR;. Then, there
is some b € q and ¢ € R\ p such that @ = hc™!. In particular, ac = b € q.
Whence ¢ € q since c € R C S and q is prime. Thus,

ceqﬂRgp,

where (1) holds by Claim (i). But ¢ ¢ p, a contradiction. Whence a € t\ qR,.
Thus,

pRy, CqR, C t

Furthermore, qR, is a prime ideal of SR,. Therefore, t is a not a minimal
prime over p.

O

Again let A4 be a nonnoetherian homotopy algebra satisfying assumptions (A) and
(B). Recall that the centre and cycle algebra of Ay, := 4 ®g Ry, are isomorphic to
Ry, and SRy, respectively.

THEOREM 6.15. Ay, is a noncommutative desingularization of its centre.
Furthermore, for each t € Spec(SRyw,) minimal over t N Ry,

gldim 4; = dim(SRp, )¢ = dim Sins.

Proof- By Lemma 6.14 (with p = my), it suffices to consider prime ideals q € Spec S
that are minimal over my.
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(1) Aw, is cycle regular. Let q € Spec S be minimal over my, and let V' be a simple
Aq-module. The hypotheses of Proposition 6.13 hold: condition (1) holds
by Lemma 6.10; (2.a) holds by Lemma 4.1.4; (2.b) holds by Lemma 6.8; and
(2.c) holds by Lemma 6.5. Thus,

(), (1v)

U] . | )
I < gldim4, < dim S, = hts(q) = 1 = ghtg(mg) = pd,, (V).

Indeed, (1) and (v) hold by Proposition 6.11; (11) holds by Proposition 6.13;
(111) holds by Theorem 5.7.3; and (1v) holds by Lemma 6.12. Therefore, A,
is cycle regular.

(il) Aw, is a noncommutative desingularization. By [S, Corollary 2.14.1], the
(noncommutative) function fields of 4 and R, and hence A, and Ry, are
Morita equivalent,

A ®g Frac R ~ Frac R.

(iii) Finally, suppose q € Spec S is minimal over ¢ N R. We claim that gldim 4, =
dim S;. By Theorem 5.7.2, either q = qp for some D € ', or q = 0. The case
q = qp was shown in Claim (i), so suppose g = 0.
We first claim that for each i € Q,,

eiAqe,- = (Frac S)ei. (16)

Indeed, let g € Frac S be arbitrary. Fix j € Qg for which e;4e; = Se;. Since S is a
domain,

ejdqe; = Sq¢; = (Frac S)e;. a7

Thus, there is an element s € e;A4,¢; satisfying § = g.
Now fix a cycle tye;t; € e;Aqe; that passes through j. Then, #11, € ¢j44¢; has a
vertex inverse (712,)* by (17). Thus, the element

s = lz(tllz)*stl € eiAqei

satisfies ' = § = g. Therefore, (16) holds.
We now claim that for each i, j € Qy, there is a (Frac S)-module isomorphism’

ejAqe; = FracS. (18)

Let 5 € ¢jAqe; be arbitrary, and fix a cycle te;t; € e;Aqe; that passes through j. Then,
t1t; has a vertex inverse (¢112)* by (16). Furthermore, st € e¢;44¢;. Thus,

s = (t112)"s(t2t1) € (Frac S)t;.
Whence e;44¢; € (Frac S)t;. Conversely, (16) implies ¢;44e; 2 (Frac S)t;. Thus,
ejAqe; = (Frac S)t.
Furthermore, the (Frac S)-module homomorphism

Frac S — (FracS)t;, s+ sty,

°In general, 7y (ejAe;) is not contained in Frac S; otherwise (18) would trivially hold.
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is an isomorphism since # and Frac S are in the domain Frac B, and 7, is injective.
Therefore, (18) holds.

It follows from (16) and (18) that
Aq = My(Frac S).
Thus, 4, is a semisimple algebra. Therefore,

gldim A4 = 0 = dim(Frac S) = dim S.

O

7. Local endomorphismrings. Recall that 4 isa nonnoetherian homotopy algebra
satisfying assumptions (A) and (B) given in Section 4, unless stated otherwise. For
a € Qy, recall the ideal

m, = Ty(eqyda) C S

from Proposition 5.5. Given a simple matching D € S’ for which q := qp is a minimal
prime over my, set

mp = ﬂ m, and R:=(k+ mp)y, +aSg-

acQ) :xpla

LEMMA 7.1. Let D € S’ be a simple matching for which q := qp is a minimal prime
over my, and let a € Q1. If xp | a, then

mSq =q8; =09

We note that the relation m,S; = g5, is nontrivial since if @ # xp, then g € m, in
general; that is, there may be a cycle s for which xp | 5 but a1 5.

Proof. Suppose xp | a. Then,
S, C Tyl Aa)Sy = mySy C qSy 2 oS,
where (1) holds by Proposition 5.6. U

PROPOSITION 7.2. Let D € S8’ be a simple matching for which q := qp is a minimal
prime over mg. The centre Z(Ag) of Aq is isomorphic to the subalgebra

R:=(k+mp)m, +4Sq = [ ] Ty(ewndqeia) C Sq = Z(4}).
acQ)

Proof. Set

O\ND:=0 Ny ' (D)={ae Q) : xp|a}
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We claim that

1)
Z(Aq) = miEQo r,/,(eiAqe,-)
(11) —
= Nueo: Tv (€ 4qeiw)

(1)
= 1 laegt ((k + Ma)gnietm,) + maSq)

av)
= Naeginp (kK + M), +aSq)

(]
= Nueg,npk + Ma)m, +aSq

( -1

2) (k + maeQ‘lﬁDma) ((k + r_LztelﬂDT'f'la) \ UatelﬂDma) + qu
= (Nk + mD)mD + qu

= R.

Indeed, (1) holds by Lemma 4.1.2 and (11) holds by Lemma 4.1.4.
To show (111), suppose a € 0. Recall the notation 4’ := Ty (e;Ae;). Then,

A9 =k +m, and A" =g,

Thus, by the definition of cyclic localization,

- _ 4@ _ )
7y (awdae@) = Ay + D GAG P
pEeyaAea)
a nontrivial cycle

= (k + Ma)gnesm,) T 2 : qSqa
g€eyayAen(a)
a path

= (k + ma)qm(k_FmU) + mgSq.
To show (1v), note that for a € QF,
m, Cq ifandonlyif «e ¢ (D).

Furthermore, if m, C q, then m,Sq = qS by Lemma 7.1. Otherwise, if m, Z q, then
mSq = Sy.
(v) holds since fora € 0} N D,

ma(k + ma)mu c qu~

Finally, to show (v1), recall that each m, is generated over S by the 7, -images of a
set of nontrivial cycles, and thus by a set of nonconstant monomials in S. Therefore,
for any a, b € Q', we have (k +m,) Nm, = m, N'm,. O

DEFINITION 7.3. We say two arrows a, b € O are coprime if a and b are coprime
in B; that is, the only common factors of @ and b in B are the units.

LEMMA 7.4. Suppose the arrows in Q) are pairwise coprime, andlet a € Q. Consider
a simple matching D € S’ for which xp | a. Set q := qp and i := t(a). Then,

Z(4g) =R1= A1 = eAqe;
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Proof. Suppose the arrows in Q| are pairwise coprime. Then, each arrow in O \ {a}
is vertex invertible in 44 by Lemma 6.5. Thus, for each j € Oy \ {i},

equej = Sqej,
by Lemma 4.1.4. The lemma then follows by Proposition 7.2. O

In the following two lemmas, let B be an integral domain, and let 4 = [47] C
M 4(B) be a tiled matrix ring. Fix i,j, k € {1, ..., d}. For p € e;Ae;, denote by p the
element of B satisfying p = pe;.

LEMMA 7.5. Suppose
AT £0, AT#£0, (19)
and
A1y = Z(A). (20)

Then, for each f € Homy (ejAe,-, ekAe,-), there is some h € Frac B such that for each
p € ejAe;, we have f(p) = hp.

Proof. Let f € Homy4) (e;Ae;, exAe;). By assumption (19), there is some 0 # ¢ €
e;Ae;. By assumption (20), for py, p» € e;Ae;,

qp\f(p2) = p1gf (p2) = f(119p2) = f(p1(gp2)) = f((p29)p1) = P2/ (p1) = q paof (p1).

Thus, since B is an integral domain,

Pif(p2) = paf (p1).

In particular, if p; and p, are nonzero, then

@ = f(_p2) =: h € FracB.
1 D2
Therefore, for each p € e;Ae;, we have f(p) = hp. ]

LEMMA 7.6. Suppose (19) and (20) hold. If there is some p € ejAe; such that for
each f € Homy ) (ejAe;, exAe;), there is some r € exAe; satisfying

Sf(p) =m, (21)
then
Homy 4 (¢;4e;, exde) = e de;.

Similarly, if there is some p € e;Ae; such that for each ' € Homzy, (eiAej, e,-Aek), there
is some r € ejAey satisfying f(p) = pr, then

Homyg,,) (e,-Aej, eiAek) = ejAey.
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Proof. Fix f € Homyy) (¢jAe;, exAe;). By Lemma 7.5, there is some h € Frac B
such that for each p € e;Ae;, we have

f(p) = hp. (22)

Let p’ be asin (21). Then, there is some r € ex4e; such that f(p’) = p’. Whence i = h by
(22), since Bis an integral domain. Thus, r = hey;. Therefore, for each p € e;Ae;, we have
f(p) = mp by (22). Consequently, there is a surjective Z(A)-module homomorphism

exAe; — Homyy) (ejAe;, exAe;)

roo (p — m). (23)

To show injectivity, suppose r, ¥’ € exAe; are sent to the same homomorphism in
Homy4) (¢;Ae;, e Ae;). Then, for each p € ¢;Ae;,
p=rp.

But ¢j4e; # 0 by assumption (19). Whence r = 1’ since B is an integral domain.
Therefore, (23) is an isomorphism.
Similarly, there is a Z(A4)-module isomorphism

ejAek ;> HOIIlz(A) (eiAej, e,-Aek)
rooe (p — pr).
0

Again let A be a nonnoetherian homotopy algebra satisfying assumptions (A) and
(B). Furthermore, suppose the arrows in Q} are pairwise coprime. Fix a € 0}, and
consider a simple matching D € &’ such that xp | a. Set q := qp and i := t(a).

LEMMA 7.7. If j € Qy is a vertex distinct from i and f € Homjp, (eque,-, e,—Aqe,-), then
flejdqer) € moR.

Proof. Fix a vertex j # i € Qp and an R-module homomorphism f : ejdqe; —

ejAqe;. We may apply Lemma 7.5 to f: assumption (19) holds since there is a path

between any two vertices of Q, and assumption (20) holds by Lemma 7.4. Thus, there
is some / € Frac B such that for each p € e¢;4,¢;, we have

f(p)=hp. 24)

Assume to the contrary that there is some p € e;j44e; such that f(p) = ce; + ¢,
where 0 # ¢ € k and ¢ € myR. By (24),

hp=fp)=c+7q.
Whence h = (c + q)p~".

By assumption (A), there is a path ¢’ € e;Aey,) such that (i) xp 1 7, and (ii) #'a is
not a scalar multiple of p. Set ¢ := #'a. Then,

cip +qip = (c+ip "t =ht L) € RY 7, (i ey), (25)
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where (1) holds by (24) and (11) holds by Lemma 7.4. Furthermore, R is a unique
factorization domain since it is the localization of a subalgebra of the polynomial ring
B on a multiplicatively closed subset. Thus, since ¢ # 0, (25) implies

1

2ﬁ_ € ?,/,(e,-Aqei). (26)

Now every element g € Ty (e;Aq¢;) is of the form
g=d+Y Xpuw, ', (27)
=1

where d € k, and u,, v, are monomials in B not divisible by xp. Moreover, for each ¢,
we have n;, > 1, by Lemma 6.5. The element #p~' is of the form (27), with m > 1 since
t is not a scalar multiple of p. But each n, < 0 since xp 1 7, contrary to (26). ]

PROPOSITION 7.8. For each j, k € Qy,

Homp (eque,-, ekAqe,-) =erAqe; and Homgp (e,-Aqej, e,-Aqek) = ejAqex.

Proof. Suppose the hypotheses hold. We claim that 4, satisfies the assumptions of
Lemma 7.6, with i = t(a) and arbitrary j, k € Qo.

Indeed, assumption (19) holds since there is a path between any two vertices of Q,
and assumption (20) holds by Lemma 7.4.

To show that the third assumption (21) holds, fix j, k € Qy. Consider a path p €
ejAe; for which x7 f p; such a path exists by assumption (A), and since D is a simple
matching of A'. Let / € Homy (¢jAqe;, exAqe;) be arbitrary. We want to show that
there is an r € exAqe; such that f(p) = mp.

Write f(p) = >, ceqe as an R-linear combination of paths ¢, € exAe;. To show
that f(p) = 1p, it suffices to show that for each path ¢, there is a path r, such that

qe = TP,
since then we may take r = ), ¢,r,. It therefore suffices to assume that f(p) =g is a
single path.

Let p* and g% be lifts of p and ¢ to the covering quiver Q" with coincident tails,
t(pT) = t(¢") € Of. Let s € exAe; be a path for which st has no cyclic subpaths in O
and

t(sT) = h(p*t) and h(s") = h(g").
Then by [7, Lemma 4.3], there is some n € Z such that
p=go".
(1) First suppose n < 0. Set
ri=oys.

Then, 7p = g. Thus 1p = g since Ty, is injective.
(i1) So, suppose n > 1; without loss of generality we may assume n = 1.
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(ii.a) Further suppose i # k or i = k # j. Then, ¢ is a nontrivial path: if i # k,
then ¢ is clearly nontrivial, and if i = k # j, then ¢ is nontrivial by Lemma
7.7.
Since deg® i =1, xp divides the T,-image of each nontrivial path in Ae;.
Whence xp | g. Thus, x3, | go = . But x3 { p by our choice of p. Therefore,
xp | 5. Consequently, s factors into paths s = 535551, where s, is a subpath
of a unit cycle satisfying xp | §,. Let b be one of the two paths for which bs,
is a unit cycle. Then, xp { b since xp | 5». Thus, b has vertex inverse

b* € ey Agencs),
by Lemma 6.5. Set
ri=s53b"sy.
Then, since b* = b~!, we have

D= s3b*sip=>b"

I
<

5381p = —=5381p =

Qs
Q sl

Therefore, rp = g since T is injective, proving our claim.
(ii.b) Finally, suppose i = j = k. Then, rp = f(p) holds by taking p = ¢; and r =
fen).
Il

THEOREM 7.9. Suppose the arrows in Q} are pairwise coprime. Let q € Spec S be a
minimal prime over ¢ N R = my. Then, there is some i € Qy for which

Aq = EndZ(Aq)(Aqe,»).

Furthermore, Aqe; is a reflexive Z(Aq)-module.

Proof. Suppose the hypotheses hold. By Theorem 5.7.2, there is some D € &’ such
that q = qp. Since the arrows in O} are pairwise coprime, there is a unique arrow
a € Q) for which xp | a. Set

i:=tla) and e€:=¢p=1,4—e;.

For brevity, denote Homy(—, —) by z(—, —). There are algebra isomorphisms

12

4, [eiAqei eiAqe]

€Aqe; €Aqe

r(eidqei, e;jAqe)) p(eAqei, e;Aqe;)
rleidge, €eAqe;)) pleAqe;, eAqe;)

=)
=

1

(1)
= Endz(Aq)(e,Aqe,- D eAqe,-)
= Endz,)(44€),

where (1) holds by Proposition 7.8 and (11) holds by Lemma 7.4.
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Furthermore, A4qe; is a reflexive Z(A44)-module:

U}
2y (zay(Agei, Z(Ag)), Z(Aq)) = (Ages, eidqer), eidqe;)
(I:l) (e,-Aq, eiAqei)
(1_1) Aqeia
where (1) holds by Lemma 7.4, and (11) and (111) hold by Proposition 7.8. ]

THEOREM 7.10. Let A be a nonnoetherian homotopy algebra satisfying assumptions
(A) and (B), and suppose the arrows in QY are pairwise coprime. Then, Aw, is a
nonnoetherian NCCR.

Proof. An, is nonnoetherian and an infinitely generated module over its
nonnoetherian centre by [9, Section 3]; has a normal Gorenstein cycle algebra SRy, by
Proposition 5.9; is cycle regular by Theorem 6.15; and for each prime q € Spec(SRum,)
minimal over my, the cyclic localization 4, is an endomorphism ring of a reflexive
Z(Aq)-module by Theorem 7.9. 0

7.1. Examples.

ExXAMPLE 7.11. Set
B.=k[x,y,z,w], S:=klxz, yz,xw,yw] = kla, b, c,d]/(ad — bc),
and
=S, J:=(¢w)sS, wmy:=zI, R:=k+my.

Consider the contraction of homotopy algebras given in Figure 3. Each arrow is labeled
by its Ty /7-image in B. The centre and cycle algebra of 4 are R and S, respectively.

In this example, the maximal ideal my € Max R at the origin is a height one prime
ideal of S.!° Therefore, my itself is the only minimal prime of S over my. Furthermore,
the cyclic localization of A4 at my is

S I zI Stno 1Sy, zI S,
Am, = J Y zS =[JSmy Smp ZSm, ,
S I R, Smoy  ISmy  Rmy +M0Sm,

with centre Z(Am,) = R, + Mo S, -
EXAMPLE 7.12. Set
B:=k[x,y,z,w], S:=k[xz yz, xw, yw],
and

I:=(x,y)S, J:=(zw)sS, my:= zwl?, R:=k+m,.

10Note that the ideals xzS and yzS, each of which is properly contained in z/, are not prime since (xw) - (yz) €
xzS and (xz) - (yw) € yzS.
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2 1 2 2 1 2
Q: 3 w 3 i) Q/ z w z
1 1
1 2 1 1 2 1
3
N\ N\
1&// 1&//2
S I zI § 7
A=1J S 28| = Endg(Aes) Al = }’—VEndS(A’e,-).
J S

S I R

Figure 3. (Colour online) (Example 7.11) The homotopy algebra A4 is a
nonnoetherian NCCR. The quivers Q and Q' on the top line are each drawn on a
torus, and the contracted arrow of Q is drawn in green.

Consider the contraction of homotopy algebras given in Figure 1. As in Example 7.11,
the centre and cycle algebra of 4 are R and S respectively.
The minimal primes in S over my are

qr:=zI and q:=wl,

each of height 1. The cyclic localizations of A4 at q; and g, are

Sm ISQI qlSm Sql
wsS, S zS wsS,

4. = q1 qi a1 91| = End A

b Sa 1Sq,  (kK+4d1)g + q15, Sq, 245 (A0 ¢3)
Sql ISC[l qISQI Scn
and
S,  1Sq, Sq 9254,
_ |28 S 28y, wSg, ~
Ao = Sq,  ISq,  Sg, 92Sq, = Bndzi,)(de:es).

qu Iqu qu (k + qZ)qz + qZSQZ
with respective centres
Z(Aq) = (k+a1)q, + 01Sq,  and  Z(Aqg,) = (k + q2)q, + 9250,

(Note that wS,, = JSq, since z =w -, and similarly zS,, = JSq,.) In contrast to
Example 7.11, A4 itself is not an endomorphism ring, although its cyclic localizations
are.
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