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Abstract

We establish new results on the strictly stationary solution to an iterated function system.
When the driving sequence is stationary and ergodic, though not independent, the strictly
stationary solution may admit no moment but we show an exponential control of the
trajectories. We exploit these results to prove, under mild conditions, the consistency of
the quasi-maximum likelihood estimator of GARCH(p,q) models with non-independent
innovations.
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1. Introduction

Since [19], the theoretical properties of the stochastic recurrence equation (SRE) X, =
A;X;_1 + B; has received much attention. This equation gathers a large class of classical
econometric processes such as the GARCH and ARMA models, and their numerous vari-
ants. A sufficient condition of existence and uniqueness of a strictly stationary solution was
proposed in [5] in the case where (A;, B;); is stationary and ergodic. Under an irreducibil-
ity condition, [4] established that this condition is also necessary when the sequence (A;, By)
is independent and identically distributed (i.i.d.). The probabilistic properties of the sta-
tionary solution of SRE model in the i.i.d. case are well known. In the scalar case, [19]
showed that P(+ X| > x) ~cix™% as x — oo for some positive constants c+. A thorough
study of SRE models, in particular their tail behavior, is presented in [6]. The SRE model
is the affine-mapping-particular case of the so-called stochastic iterated function system (IFS)
X; =W(0;, X;—1). Most of the theoretical properties established for SRE models (stationary,
tail properties) can be extended to IFS equations.

One important application of SREs in time series analysis is the study of the stationarity
properties of GARCH processes. Assuming i.i.d. innovations, [3] deduced from [5] a nec-
essary and sufficient condition for the existence of a unique stationary solution of a general
GARCH(p, ¢) model. In recent years, the i.i.d. assumption on the innovations has often been
replaced by a less restrictive conditional moment assumption (the model is then called ‘semi-
strong” GARCH). See [10] for the classical GARCH(p,q) model, and [12, 17] for GARCH-X
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models. The GARCH-MIDAS models of [9] constitute another class of IFS models which are
not driven by an i.i.d. sequence. Another example is given by GARCH-X models which are
IFS driven by a (generally non-i.i.d.) sequence of innovations and covariates. This motivates
studying IFS equations driven by non-i.i.d. innovations.

However, strict stationarity generally does not suffice for establishing the asymptotic
properties of estimators, such as the quasi-maximum likelihood estimator (QMLE). To our
knowledge, all existing works on the QML inference of IFS models assume the existence of
a small-order moment of the observed process. Surprisingly, however, the strictly stationary
solutions of IFS equations with non-i.i.d. innovations may not admit any finite moment.

The aim of this paper is to establish that the stationary trajectories of the IFS equations
enjoy an exponential control property. We also show that this property is sufficient to establish
the consistency of the QMLE of semi-strong GARCH models.

The rest of the paper is organized as follows. In Section 2 we present our main result,
and Section 3 is devoted to its proof. Section 4 investigates the estimation of the semi-strong
GARCH(p, g) model. Complementary proofs are displayed in the Appendices.

2. Stochastic IFS without moments

Let (E, £) be a measurable space and (F, d) a complete and separable metric space (Polish
space). Let (0;);cz be a stationary and ergodic process valued in E, and let V: E x F— F be
a function such that x — W(6, x) is Lipschitz continuous for all 6 € E. Let

d(¥(x1), ¥i(x2))

A=Ay =
X1,X€F, x1#x2 d(x1, x2)

where W, = W(@;, ). Let A” =1 and A" = A(W; 0 0 W,_,;1) forall > 0.
Consider the IFS

X[Z\II(O[, Xl—l):‘I’I(Xt—l) for alltEZ (1)

A solution (X;) of (1) is said to be causal if, for every ¢, X; is (0, k <t)-measurable.
Under a slightly different form, the following result has been established in [8, Theorem 3]
and [2, Theorem 3.1]; see also [22, Theorem 2.8] and the review in [7].

Theorem 1. Assume the following conditions hold: (i) there exists a constant c € F such that
E In* d(Wo(c), ¢) < 00; (i) Eln* Ag < 00; and (iii) lim,— e (1/r) In A < 0 almost surely
(a.s.). Then there exists a unique stationary (causal and ergodic) solution (X¢)iez, to (1).

Moreover,

o
forallteZ, dX; )<Y A d(¥,_y(c).c) <00 as. )
n=0

Note that (In Ag))rzl is a sub-additive sequence. Therefore, by the sub-additive ergodic
theorem of [20], the limit in assumption (iii) exists.

For the reader’s convenience and because we have not been able to find (2) exactly under
this form, we provide a proof of Theorem 1 in Appendix A.

Remark 1. If (6,) is i.i.d., it is possible to prove in particular cases, including the affine map-
ping, that d(X1, c¢) has a power-law tail [6, Theorem 5.3.6]. More generally, it can be shown
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that, under the conditions of Theorem 1, there exists s > 0 such that Ed(X1, ¢)* < co. This
small moment property is often used in the statistical inference of IFS models, for example, to
prove the consistency of GARCH models and their derivatives (see [1] for the GARCH model
and [13] for the EGARCH and Log-GARCH models). If (8;) is not i.i.d., the examples below
show that the stationary solution may not admit any small-order moment.

Example 1. Let § € (0, 1) and let (z;);cz be an i.i.d. non-negative real process with Ez; =
%(l —4) and Ezlz =00. The process (0;) defined by 6, = Z,fio 8kz,_x for all t € Z satis-
1

fies Ef; = 5 and is such that, for all r€ Z, x; =1+ Z,fil ]_[;(:l 0;_j11 exists a.s. Moreover,

(x7) is the unique stationary solution of x; = 0:x,_1 + 1, t € Z. Note that x; > jlle 0 jr1>
SKk=1/2(z, ¥ for all k € N*. For all s > 0, we thus have Exy > E§*k=D/2(70)% = oo for k
such that sk > 2.

The previous example is simple, but probably a little artificial. We now give an example
of commonly used econometric models, for which it was recently proven that the strictly
stationary solution does not admit any finite moment.

Example 2. Consider the following GARCH-MIDAS model [9]:

Ft = A/ T10 1Ny,

tt:a—i—br,z_l,

2_ 2 2
o;=1l—a—-B+ar,_i/t:+Bo;_;,

where (1,); is a zero-mean and unit-variance i.i.d. sequence, « >0, 8 >0, + 8 <1,a >0,
and b > 0. Noting that €,: = a1, is a GARCH process, we see that (7,) follows the SRE 7, =
a-+ brtz_1 =a+ (betz_l)r,_l driven by a non-i.i.d. sequence €;. It can be shown that, when
b < 1, the process (r;) is strictly stationary but, when n, has unbounded support, then, for any
s> 0, E|r|* = 00. See [11, Proposition 1] for the proof of the previous result.

We now state our main result, which provides a way to circumvent the non-existence of
small-order moments for models such as those of Examples 1 and 2. Section 4 will be devoted
to the statistical study of a class of econometric models where the existence of moments is not
guaranteed.

Theorem 2. Under the conditions of Theorem 1, for all t € Z,

(1) limsup(1/n)Ind(X;4n, c) <0; (i) limsup(1/n)Ind(X;—,,c) <0 a.s.
n—oQ n—oQ

Theorem 2 can be interpreted as an exponential control of the trajectory of the stationary
solution. Note that the property EIn™ d(X|, ¢) < oo (a weaker condition than the existence
of a small-order moment) implies the results of Theorem 2 (see Appendix B). However, the
converse is false (see [23, Example (a)]).

As a consequence of the previous theorem, we obtain the following result. Its proof is
provided in Appendix C.

Corollary 1. Under the conditions of Theorem 2, almost surely, limp— o (1/]n]) In™
d(Xi4n, ¢) exists and is equal to 0; if EIn™ d(X1, ¢) < 00, then

1
lim _| In d(Xy4p, ¢) exists and is equal to 0. 3)

In|—o00 |1
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3. Proof of the main result

To show Theorem 2, we first define an SRE which bounds the distance between X; and c.
Note that, by [20],

1 1 1
lim ~InAy’ = inf ~ElnAJ’ = lim ~ElnA}’ as., )
reN* r 0 r—>oo r 0

r—-oo r

so by Theorem 1(iii) there exists a positive integer r( such that £ In A(r") < 0. It can be shown

that [E[ In ((A(m) + u))] Eln A(r‘)) [22, proof of Theorem 2.10]. Therefore, there exists
uo > 0 such that In (ug) < yo: =E[In ((Ag(’) + up))] < 0. We thus have, for all v € [y, 0),

E[ In (5()(AS” + uo))] = v, )

with §(v) =exp (v — yp) > 1.
Now, for any integer p € [0, ro — 1], define (ap ;(v), bp,¢)icz by

r()—l

ap (V) = SOAWL, + 1) by =14 D AN (¥ ap-k(©). ©).

By Theorem 1(i) and (ii), and by the elementary inequality In (Y ", a;)) <Inn+ Y ©, In*
for non-negative {a;}" i=1> we have E In™ ap(v) <ooand E InT by 1(v) < oo. Therefore, in view
of (5), there exists a unique stationary solution (z, ;(v)); to the equation

2p,1(V) = ap (V)2p,1—1(V) + bp 1. (6)

Note that, by [5],

(V) = Z( ap.i- ,<v>) pig- (7

=0

By iterating (6), we have
n q—1
=) (Hap, ,(v>> pi—g + (Hapt l<v)>zpt win(v), foralln>1.  (8)
q=0 i=0 i=0

By (7) and (8), ( [T o ap, ,_i(v))zp, —n+1)(v) is the remainder of a convergent series, and hence
almost surely converges to 0. That is,

n—1
( l_[ ap,tk(‘/)) Zp,t—n(V) "Z°0  as. 9)
k=0

We now give a technical lemma linking the processes (X;) and (zp,;(V)),.

Lemma 1. Forallve[yy,0),0<p<rg—1,andteZ,

dXror+ps ©) <2 (v)  as. (10)
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Proof of Lemma 1. For any integer n, let ¢ and m denote the quotient and remainder of the
Euclidean division of n by ro: n = grg + m. By sub-multiplicativity we have

-1
(n) (ro) (m) (ro) __
( l_[ At Otrg) t—qry’ l_[ At—oz'ro =1L

i=0

For all g € N, we then obtain

(g+Dro—1 q-1 ro—1
Z Agn)d(‘l’t*”(c)’ )= ( 1_[ AE”OLQ) Z Agm)qrod(\F,,qu,m(c), c).

n=qro i=0 m=0

It follows that

oo (g+Dro—1
ZA(”)d(\II, W@, 0= Y APd¥_(0). 0)
n=0 g=0 n=qro
o0 — ro—1
<3 (TTa%) & ittt o
g=0 \ i=0 m=0

Since §(v) > 1 and ug > 0, we obtain

ro—1
) m)
(l_[ Ap.1— l(V)> pi=q = (l_[ A(:gt-‘r[’)—iro) 2 Ao ¥ Gartp—gro=n (€ ©)

m=0

In view of the last two inequalities, together with (7) and (2), we have
o
) =Y AN AW ip-n(©). ©) = d XKy, ©).

which proves (10). O

Let Aff denote the set of affine maps from R into R. An element f, ;, of Aff can be written
as f, p(x) =ax+ b, x e R, where (a, b) € R2.

Lemma 2. Let us define a function ® from Aff to Ry by ®(f, ,) = |a| + |b|.
() Forany x with |x| > 1, |f, ,(0)| < ®(f,, p)|x|.
(i) If |d| = 1 then ®(f,pof ¢.0) = P 0 p)P(fe.a)-

Since Lemma 2 is elementary, its proof is skipped. Note that ® is the 1-norm in the vector
space of affine maps.

Lemma 3. Forallpe{0,...,r9— 1} andt € Z, letting Qp(t) = rot + p,
. 1 1
(i) lim sup In d(XQP(,+n), c)<0; (i1) lim sup In d(XQ,,(,,n), c)<0 a.s.
n—oo n—00

Lemma 3 distinguishes between cases (i) and (ii) because their proofs are different.
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Proof of Lemma 3. We start by proving (i). Let f, be the random affine map defined by
[1(x) = ap ((v)x + by ; for all x € R. Define also the maps y, ,, =f; of,_y -+ - of;_,y;and ¢, =
franofion_1 - of sy forall (t, n) € Z x N*. Note that

Ein=VYitnn 2.t (V) = V1 1(Zp.1-n(V)), Zpi4n(V) =81 1 (2p (V) as. (11

Since b, ; > 1, by Lemma 2(ii),
(rp)n: = (In (Y )ns Wenn: = (In (&, ,))n 12)
are sub-additive sequences. By arguments already used, we have E|In®(y, )=

ElIn ®(¢, )| =E[In ®(f,)| < co. In view of (11) and Lemma 2(i),

1 1 1
lim sup — Inzp 44 ,(v) < limsup —w; , + limsup — Inz, (v) a.s.
n—oo N n—oo N n—oo N

Because z, ,(v) does not depend on n, we have lim sup (1/7) In z,, ;(v) = 0 a.s. Therefore,

n—oo
. 1 . 1
limsup — Inzp 14, (v) <limsup —w,, as. (13)
n—oo N n—oo N

Since, for any n € N*, u; , and w; , have the same law, by (12) and Kingman’s sub-additive
ergodic theorem,

1 1 1
limsup —wy , =limsup —Eu; , =limsup —u;,, a.s. (14)
n—oo N n—oo N n—oo N

On the other hand, in view of (8), we have, by the positivity of the coefficients,

n g—1 n
Qi) = ( I1 a,,,,_i(v)> bp.i—q + (1'[ ap,t_xv)) "5 as.

q=0 \ i=0 i=0

Therefore, limy,— o u;,, = In zp ,(v) a.s., which entails
. 1
limsup —u;, =0 as. (15)
n—oo N
By (13), (14), and (15), we get lim sup (1/n) In z ;,(v) < 0 a.s., which implies, by (10), part

n—oo
(i) of the lemma.

For (ii), by (10), (9), (5), and the ergodic theorem, we have

1 1
lim sup — In d(XQp(,_n), c) <limsup - Inz, ; (V)
n n—oo N

n— oo
1 n—1
<limsup — In < 1_[ a,,,,_,'(v)> Zp,t—n(V)

n—oo N i—0
1 n—1
~lim inf - In ( ]_[ ap,,_i(v)> <—v as.
i=0
for all v € [yp, 0). Letting v — 07, we get the result. O
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We are now ready to prove Theorem 2.

Proof of Theorem 2. Forallt € Z,lett € Zandp',0 <p’ <ry— 1, be such thatr = rot +p’.
Note that { +k, ke N} C UOSpSrofl {ro(f + k) + p, k € N}. This and Lemma 3(i) imply that

1 1
limsup — Ind(X;1,,, ¢) < max limsup ———— Ind(Xp (#+4n), €
IHOOP " (Xt+4n, ©) oA ( IHOOP 0, + ) X, +n) ))

1
<C max <lim sup — In d(XQp(,/+n), c)) <0

0<p=<ro—1 n—oo N
for
n
C= max (sup —)
0=<p=ro—1 \ p>0 Op(¥’ +n)
which establishes (i). Part (ii) follows from similar arguments. U

4. Inference for semi-strong GARCH(p, q)
Consider the GARCH(p, ¢) model

q p
e=vVhi,  h=wo+ ) aoi€l i+ Pohj forallieZ, (16)
i=1 j=1

where wp >0, 0p; 20(@=1,...,¢9),and Bo; =0(G =1, ..., p). When (3,) is i.i.d., the model
in (16) is a standard strong GARCH, for which the statistical inference has been thoroughly
studied. In particular, [1, 14] studied the QMLE under the stationarity of (€,), and [18] explored
the asymptotic behavior of the QMLE in the explosive case. In the stationary framework, [10]
proved the consistency and asymptotic normality of the QMLE without i.i.d.-ness for (3,), but
had to assume that E|e;|* < co for some small s > 0. The aim of this section is to relax this
extra moment assumption.

4.1. Property of the strictly stationary solution

Let 5 )
aotm; - cogh;  Porni - Bopl; wo1;
1 -1 0 —1 0 -1
At = 7 (q )Xp ’ bl = 7
a1t o g Por o Bop o
Op—1)xq Ip—1 0p—1

with standard notation.
The model in (16) is a special case of (1) using 0, = (A, by), X,:(e%, ., €2

) l*q+]’
hisoo )Yy W0, %) =Ax+b, and d(x, y) = [|x —y|| for any norm |- || on R”*4. Note

that A = A A1 ... A1 |-

In what follows, we do not assume that (,) is i.i.d., we only assume that it is stationary and
ergodic. If EIn™ n% < 00, Theorem 1 applies with ¢ = 0,44. Therefore, in view of (4), there
exists a unique non-anticipative strictly stationary solution (€;) to model (16) if

1 1
y(A): = inf ~E(In[|[ApA_1...A_s1]) = lim —In[JAgA_1...A_,11] <O as.
reN* r r—o00 r

https://doi.org/10.1017/jpr.2023.13 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.13

1508 B. M. KANDIJI

By Theorem 2, it follows that the strictly stationary solution of (16) satisfies

lim sup ! In €t2+n <0, lim sup ! In ef_n <0 as. a7
n—oo N n—oo N
forallt e Z.

In the GARCH(1,1) case, it is easy to check that y(A) = In (g ntz + Bo1). For general
GARCH(p,q) of the form (16), it seems impossible to compute y(A) explicitly. This issue has
been discussed in several papers, e.g. [3, p. 117] and [6, pp. 148, 149]. Both papers recommend
estimation by computer simulation.

4.2. QML estimator

Let {€;}}_, be a sample of size n of the unique non-anticipative strictly stationary solution of
model (16). The vector of parameters § = (01, . . ., 0p+q+l)T =(w,ay, ..., 04 B1,..., ﬂp)T
belongs to a parameter space @ C ]0, +oo[ x [0, co[PT4. The true value of the parameter is
unknown and is denoted by 8¢ = (wo, o1, . . ., 2og, Bot, - - -, ,BOP)T. Conditionally on initial
values €, . .., €1_g, &%, e, 6%_1,, the Gaussian quasi-likelihood is defined by

n 1 62
Ln(o):Ln(0;€1 ...,€n):l_[ exp <__t)’

=1 /2167

where the &,2 are defined recursively, for ¢ > 1, by

q P
=2 _ =2 2 )
0;=0;0)=0+ E i€ + E Bioi_j-
i=1 j=1

For instance, the initial values can be chosen as

2 2 ~2 ~2
60:...:61_ :0’0:-~o=0'17p:C, (18)

q
with c = w or e%. The standard estimator of the GARCH parameter 6 is the QMLE defined as

any measurable solution 0, of

9,, = arg max L,(0) = arg min 1,(0), (19)
0cO 0cO

where 1,(8) = n~! S Grand &, =0,(0) = (6,2/&,2) +1In &,2.

Let Agp(z) = ?:1 o7’ and Be(z) =1 — Zle ﬁjzj . It is not restrictive to assume that g > 1.
By convention, By(z) =1 if p =0. Let F;_; be the o-field generated by (€,—1, €;—2, ...). To
show the strong consistency, we make the following assumptions.

Assumption 1. ¢ € ©® and O is compact.

Assumption 2. y(Ag) <0 and, for all € ©, Zj;l B <1.

Assumption 3. (n,) is stationary and ergodic; 77;2 has a non-degenerate distribution with (i)
E[p? | Fr—1]1=1 a.s. and (ii) Eln 5’ > —oc.

Assumption 4. If p >0, Ag,(z) and By,(z) have no common root, Ag,(1)#0, and o, +
,3011 5& 0.
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Remark 2. Assumptions 1, 2, and 3 are standard (see [14] for comments on these assump-
tions). Assumption 3(i) is obviously less restrictive than the i.i.d. assumption with finite
second-order moments. In Appendix D, we provide an explicit example of semi-strong
GARCH based on a non-i.i.d. martingale difference innovation satisfying Assumption 3(i).
This assumption was first used in [21] for the inference of GARCH models, and [10] estab-
lished the consistency of the QMLE under this assumption, with a small-order moment
condition on the observed process instead of our Assumption 3(ii). Note that the latter
assumption precludes densities with too much mass around zero, but is satisfied by most
commonly used distributions. It is also weaker than the regularity condition on the 5, law
(lim;_ ¢ t‘“}P’{n% <t} =0 for some p > 0) used in [1] (see Appendix E).

Assumption 2 implies that the roots of By(z) are outside the unit disc. Therefore, by the
second inequality of (17), we can define (atz) = {atz(O)} as the (unique) strictly stationary,
ergodic, and non-anticipative solution of

q P
=0+ Z ael  + Z ,Bja,zfj for all £; (20)
i=1 j=1

see Appendix F.
Note that 0'12(0()) = h;. Let

n 2
— €

O =L@ e €1 ="' 3l L=LO)= 5 +Inol.
=1 t

We are now able to establish the strong consistency of the QMLE.

Theorem 3. Let (9,1) be a sequence of QMLE satisfying (19), with any initial condition (18).
Then, under Assumptions 1-4, 0, — 6¢ a.s. as n — o0.

Remark 3. [10] established the asymptotic normality of the QMLE under the assumption that
a small-order moment exists. This moment condition is mainly used to justify the existence
of the asymptotic covariance of the QMLE. To the best of our knowledge, the asymptotic
normality has never been shown without a hypothesis that implies the existence of a small-
order moment. In some cases, the asymptotic covariance matrix may not exist without a finite
moment of sufficiently large order [15, Section 3.1]. Study of the asymptotic distribution of
the semi-strong GARCH without any moment condition is left for future work.

Proof of Theorem 3. The proof relies on the following intermediate results.

(1) lim,— oo SUppcg 11(0) — in(0)| =0as.

(i) If o?(8) = 0?(80) a.s., then 6 = B.
(iii) If @ # 0o then E{¢1(0) — £1(00)} > 0.
(iv) Any 0 #0¢ has a neighborhood V(@) such that liminf,_, o (infg+cyg)ne 1,(0%) —

1,(0p)) > 0 a.s.
To prove (i), note that [14, (4.7)] shows that, almost surely,
n

- 1 ~ 1
sup |1,(0) — 1,(0)| < { sup —}Cn_l o€’ + { sup —}Cn_l o'
0cO " " 0cO w? ; ! 0cO® W ;
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for some constants C >0 and 0 < p <1 (independent of n); (i) thus follows by Cesaro’s
lemma, since the first inequality of (17) implies that p’etz — 0 a.s.ast— ooc:

1 1
lim sup z In pketerk <Inp + lim sup % In et2+k <Inp <0.
n— 00 n—oo

The proof of (ii) uses the same arguments as those of step (ii) in the proof of [14,
Theorem 2.1].

Now let us turn to the proof of (iii). For strong GARCH models it is known that E€{(0) is
finite. This may not be the case in our framework, so we give an alternative proof of (iii). We
first establish the existence of E{£{(0) — £1(0¢)}. Let W,(0) = Ut2(00)/ol2(0) and, for K > 0,
Ax =[K~1, K], write

£(0) — £,(80) = g(Wi(0), n)Lw,0yeax + 8Wi(0). 17) L, 0)eas,

where, for x>0 and y >0, g(x, y) = —logx + y(x — 1). Introducing the negative part x~ =
max ( — x, 0) of any real number x, we thus have

£(0) — 6(00) = W (0), 1) Lw @y — (gWi®), 1D} Ly, gyens @1

Noting that W,(#) is F;_i-measurable and, by Assumption 3(i), E[g(W,(0), 77;2) | Fizil=
g(Wy(@), 1), the expectation of the first term on the right-hand side of (21) is well-defined
and satisfies
E[g(Wi(®). n)Lw,@)eax ] = Elg(Wi(0). Dlw,@)ear] =0
since g(x, 1) > 0 for any x > 0, with equality only if x = 1. By (ii) we have that W;(#) =1 a.s.
if and only if @ = 6. We thus have, by Beppo Levi’s theorem,
lim E[g(W,(8), 1) Tw,@)ear] = Elg(Wi(0), 1) lim Lw,@eaxl
K—o00 K—o00
=E[g(W«(0), )] >0 for 6 £ 6.

To deal with the expectation of the second term on the right-hand side of (21), we use the fact
that, for y > 0, g(x, y) > g(1/y, y). It follows that

—ElgWi(0). 1))} Lw,@)eas ] = —El{g(1 /7, 1)} Lw,gyeac] —> 0 as K — oo,

because, by Assumption 3(ii), E[{g(1/ 1],2, ntz)}_] < oo and thus the convergence holds by
Lebesgue’s dominated convergence theorem. This completes the proof of (iii).

Now we prove (iv). As for (iii), the possible non-existence of E£; (@) requires a modification
of the standard proof. For any @ € ® we have

1,(0) —1,(80) > 1,(8) — 1,(80) — [1,(0) — 1,(8)| — [1,(80) — L, (Bo)!.

Hence, using (i),

lim inf( inf 1,00 — in(oo))
n—>00 \ 9*eVv()NO

> lim inf( inf  1,00%) — 1n(00)) — 2 lim sup sup |1,(8) — L,(0)|

n—00 \g*eV(9)NO n—o00 0c®
— lim inf ( inf  1,00%) — 1,,(00)). (22)
n—00 0*cv(0)NO
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For any 6 € ® and any positive integer k, let V(@) be the open ball of center # and radius 1/k.
Then

liminf( inf 1,00 )—1(00))>hm1nf Z inf 0% —6,00).  (23)
n—o00 0 Vi (0)NO 0*cVi(0)NO

By arguments already given, under Assumption 3(ii),

E(inf  £8*)—€60) <E@(/1}n})" <oo.
0*cVi(0)NO

Therefore, E(infp*cy, 9)n@ £,0™) — £,(00)) exists in RU {400}, and the ergodic theorem
applies [16, Exercises 7.3, 7.4]). From (23) we obtain

liminf( inf 1,,(0*)—1,,(00))21E( inf z,(a*)—e,(oo)).
n—oo 0*cVi(0)NO 0*cVi(0)NO

The latter term in parentheses converges to ¢,(0) — ¢,(fg) as k— oo, and, by standard
arguments using the positive and negative parts of infg+cy, g)ne £:(0™) — £:(69), we have

lim B(inf 66"~ t(80)) =E{(6) — €:(60)),
k—o00 0*cVi(6)NO

which, by (i), is strictly positive. In view of (22), the proof of (iv) is complete.

Now we complete the proof of the theorem. The set ® is covered by the union of an arbi-
trary neighborhood V(6o) of 8¢ and, for any 6 # 6, by neighborhoods V(6) satisfying (iv).
Obviously, infg+cy g, )ne 1,(0%) <1,(8¢) a.s. Moreover, by the compactness of @, there exists
a finite subcover of the form V(0o), V(01), . .., V(6um). By (iv), for i =1, , M, there exists
n; such that, for n > n;, infg+cy(p,)n@ l,,(0 ) > ln(00) a.s. Thus, for n > max;=1,._u (n;),

inf 1,0%) > 1,(00) as.,
0" eUizy,. m VOINO
from which we deduce that ’0\,, belongs to V() for sufficiently large n. U

Appendix A. Proof of Theorem 1

Proof Forallt € Z and n € N, let
Xl,n =V (017 Xt—l,n—l) (24)

with X;o=c. Note that X;,=1v,(0;0,—1,...,0;,_,41) for some measurable function
Yo (E", Bgn) = (F, Br), with the usual notation. For all n, the sequence (X, ,)iez is thus
stationary and ergodic. If, for all ¢, the limit X; =lim,_,» X;,, exists a.s., then by taking the
limit of both sides of (24), it can be seen that the process (X;) is a solution of (1). When it
exists, the limit is a measurable function of the form X; =y (0;, 6,—1, . . .) and is therefore sta-
tionary, ergodic, and causal. For the measurability of X;, we can consider the X; , as functions
of (6;,0,_1, ...) and argue that, in a metric space, a limit of measurable functions is measur-
able. The existence of lim,_, « X, was proved in [8], which showed that, a.s., the sequence
(X:,n)nen 1s a Cauchy sequence in the complete space F.
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By iterating (24) we have X; , =W, 0 o W,_,11(c). It follows that
d (X Xenm1) < A Vd(W_i1(0), 0).

For n < m, we thus have

m—n—1
AXim: Xen) < Y dXimis Xem—k—1)
k=0
m—n—1 00
—k— i
< 3 ATEVAW k1@, 0 <Y AV, _j0). o). (25)
k=0 j=n

Note that

; . 1 .
lim sup In (AVd(¥,;_(c), )"/ =lim sup ~(In AY +1Ind(¥,_j(c), ¢)) <0
j—o0 j—o0 J
under (i) and (ii), by using Kingman’s sub-additive ergodic theorem [20] and [16, Exercise
4.12]. We conclude, from the Cauchy criterion for the convergence of series with positive
terms, that Zfil AE’)d(\Il,_j(c), ¢) is a.s. finite under (i) and (ii). It follows that (X; ,,),en 1S a.s.
a Cauchy sequence in F. The existence of a stationary and ergodic solution to (1) follows.
Assume that there exists another stationary process (X}) such that X7 = W,(X}_,). For all
N=>0,
d(Xi, X) < A"V, X ). (26)
Since AgNH) — 0 a.s.as N — oo, and d(X;_y, X;k,N) = Op(1) by stationarity, the right-hand
side of (26) tends to zero in probability. Since the left-hand side does not depend on N, we have
P(d(X;, X}) > €) =0 for all € > 0, and thus P(X; = X}) = 1, which establishes the uniqueness.

In view of (25), we have d(X;, ¢) < 372 A{d(¥,_(c), ¢) and (2) follows. O

Appendix B. Proof of the comment following Theorem 2
For all € > 0, since P(Ind(X1, ¢) > €) =P(InT d(X1, ¢) > €),

D> P nd(Xpg ) > €)=Y P(n' Intd(X), 0) > €)

n=1 n=1
o0
< / IP’(t_1 Int d(X1, ¢) > e€)dt
0

o0
=/ IP’(e_1 InT d(Xy, ¢) > 1) dt
0

= 'Elnt dX;, ¢) < oo.

It follows by the Borel-Cantelli lemma that lim sup n~! In d(X; ., ¢) < 0 a.s. The second result
is obtained by the same arguments.

Appendix C. Proof of Corollary 1

We have, for all n>1, SUpys, Max (0, Ind(X¢4k, ¢)) = max (0, SUPg>y, Ind(X;qk, ©)). It
follows that

1 1
lim sup — In™ d(X;4,, ¢) = max (0, limsup — Ind(X;4,, ¢)) =0 a.s.
n n n n
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Since, in addition, In* d(X;y,, ¢) is non-negative, lim,,_, o (1/n) Int d(X;4p, ) exists and is
equal to 0 a.s. We get lim,_, oo (1/n) In* d(X,_,, c) by the same arguments, which gives the
first part of the corollary.

For (3, we have Ind(Xin, ¢)=In"dX;1n, ¢)—In" dXs1n,c).  Since
(1/|n) Int d(X;_,, ¢) converges a.s. to 0 and (1/|n])In~ d(X;_,, c) also converges a.s.
to 0 as |n| — oo [16, Exercise 2.13], (1/|n]|) In d(X;+n, ¢) converges a.s. to 0 as |n| — oo.

Appendix D. Construction of a semi-strong GARCH

We first define a non-i.i.d. martingale difference process. Consider a sequence (x;);ez of
i.i.d. random variables with standard normal distribution. Since, for all z € Ry, x;4/2z — z~
N(— z, 27), using the moment-generating function of the Gaussian distribution, we have

E[exp (xv/2z —2)] = 1. (27)

If (z;) is a positive process, independent of (x;), we also have IEn,z =1, where ntz =
exp (x:+/2z; — z;). This is the case if, for instance, z; follows a causal AR(1) model of the
form z; = ¢z;—1 + u, with ¢ € (0, 1) and u, i.i.d. with positive variance. It is easy to see that
Cov(z1, z0) # 0, and thus

Cov{ln (7). In ()} = 2E{x1v/z1%0+/20} — Efx1v/22120)

— E{z1x0v/ 220} + E{z120} — Ez1Ez9
= Cov{z1, zo} #0.

It follows that ()]tz) is not i.i.d. We now define (7,). Let (r;) be an i.i.d. sequence of Rademacher
variables (uniform distribution on {—1, 1}), independent of the two sequences (x;) and (u,). We
define (i) by 1, = rry/ 17

Let (F;) be the canonical filtration of (,), i.e. F; = o (3, k < t). Define a second filtration
H: =0 (i, Xk+1, Ukt+1, kK <t). Since F; C H; and r; is independent of H;_1, we have

Eln, | Fi—11=E{E[n, | Hi—11| Fi—1} = E{exp ([xiv/22: — 21 /2)E[r | Hi—11 | Fr—1} =0.

Define a new filtration Z; = o (rg, Xk, uk+1, k < t). Since F; C Z;, z; is Z;—1-measurable, and
X; is independent of Z;_1, so by (27) we have

E [0} | Fiot | = BB | Zim1]| Fit) = E(ELexp (/22 — 20 | Tt ] | Frot) = 1.

We have thus shown the existence of a non-degenerate unit martingale difference sequence,
that is, a stationary and ergodic sequence (7,) satisfying the conditions

Elp?]<oco,  Eln|F-11=0,  ER?|F1l=1, (%) arenotiid.

It is then easy to define a semi-strong GARCH with innovations (1,).

Appendix E. Complement to Remark 2

Knowing that E(In™ (17%)) < 00 by Assumption 3(i), to establish Assumption 3(ii) it is
therefore sufficient to prove that E(In™ (17%)) < 00. Using E(In™ (n%)) = fooo P(In™ (1/17%) >
s)ds= [(°P(In(1/9}) = s)ds= [;° P(1/9} = exp (s) ds = [;° P(g? <exp(—s))ds, we
have, under the condition of [1], that IP’(r]% <exp (—s))=o(exp(— us)) when s — oo, which
gives the result.

https://doi.org/10.1017/jpr.2023.13 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.13

1514 B. M. KANDIJI

Appendix F. Proof of the existence of a unique strictly stationary solution to (20)

Rewriting (20) in vector form as 0’2 =c + Bat |» Where

q
2
oy a)+Zo{iet2_l. B B By
5 ‘
, o, 0 1 0 - 0
Qtz 3 21‘: ) B= 3
2
Ot 0 0 1 0

we have, by the second inequality of (17) that limsup,_ . (1/n)In]c,|l <0. By
Assumption 2, we deduce that

1 1 1

lim sup — In ||B"g,%71 | <limsup — In [|B"| +limsup — In |c, |l <O.
n—oo N n— 00 n—oo N

From this, we deduce by the Cauchy rule that the series &?: =Y B”c, ,, converges almost

surely. We note that (&?) is a strictly stationary, ergodic, and non-anticipative solution of (20).
To show the uniqueness, assume that there exists another stationary process (02*) of (20)

«— B, | < IB" g I + IB"[[167_,I

Since ||B"|| — 0 a.s. as n — oo and ||gt_n>|<|| and ||a,2_n|| converge in law by stationarity,

For all n> 0, we have ||gl2>k — || = ||B”_t n

Slutsky’s theorem entails that ||gt2>|< — &,2 || converges in law to 0 as n — oo. Since ||g%>|< — 6lz||
does not depend on n, we conclude that ||gt2>k — &,2 | =0 a.s.
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