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Boundedness of the g-Mean-Square Operator
on Vector-Valued Analytic Martingales

Liu Peide, Eero Saksman and Hans-Olav Tylli

Abstract. We study boundedness properties of the g-mean-square operator S( on E-valued analytic martin-
gales, where E is a complex quasi-Banach space and 2 < g < co. We establish that a.s. finiteness of S@ for
every bounded E-valued analytic martingale implies strong (p, p)-type estimates for S® and all p € (0, o).
Our results yield new characterizations (in terms of analytic and stochastic properties of the function S(®) of
the complex spaces E that admit an equivalent g-uniformly PL-convex quasi-norm. We also obtain a vector-
valued extension (and a characterization) of part of an observation due to Bourgain and Davis concerning the
LP-boundedness of the usual square-function on scalar-valued analytic martingales.

0 Introduction

Recently complex analogues of the (real) notion of uniform convexity have been studied
for complex Banach or quasi-Banach spaces, following the fundamental paper by Davis,
Garling and Tomczak-Jaegermann [DGT]. These geometric notions have been related to
inequalities and convergence properties of special classes of complex martingales in [DGT],
as well as by Bourgain and Davis [BD], Garling [G1], Haagerup and Pisier [HP] and
Xu [X1], [X2]. Other applications of complex uniform convexity are contained in [D],
[G2] and [M]. There are many further results linking properties of vector-valued martin-
gales to the geometry of Banach spaces, see for instance [DU, chapter V], [B2], [B3], [Ed1],
[Ed2] and [P].

Let E be a complex locally PL-convex quasi-Banach space with a quasi-norm || - || that
is uniformly continuous on bounded subsets. This note studies some boundedness prop-
erties of the g-mean-square operator S® on E-valued analytic martingales (the relevant
concepts are introduced below in Section 1). Among other things we establish that a.s.
finiteness of S@(x) for every uniformly bounded E-valued analytic martingale x implies
strong (p, p)-type estimates for S® with arbitrary p € (0, 00) (we refer to Theorems 3
and 5 for further equivalent reformulations). These results provide an analogue for the
g-mean-square operator of the equivalent conditions of Burkholder [B2, Thm. 1.1] con-
cerning Banach space-valued martingale transforms (see also [BD, Thm. 1.1]).

Our results are connected with some properties due to Davis et al. [DGT] of the uni-
form versions of complex convexity of quasi-Banach spaces (see Section 1 below for the
definition of g-uniform PL-convexity). They established renorming results connecting the
LP-boundedness of the g-mean-square function on restricted classes of vector-valued com-
plex martingales with the existence of an equivalent g-uniformly PL-convex (quasi-) norm.
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Their results provide analogues for complex uniform convexity of the remarkable renorm-
ing theorems due to Enflo [E] and Pisier [P] for (real) uniformly convex Banach spaces.
Our results yield, in combination with [DGT, Section 5], further characterizations of
the existence of an equivalent g-uniformly PL-convex quasi-norm. For instance, it follows
that E admits such an equivalent quasi-norm if and only if S@(x) < oo almost surely on
the set {x* < oo} for every E-valued analytic martingale x. Theorems 3 and 5 contain
additional equivalent conditions. At the same time we get a vector-valued generalization
(in fact a kind of characterization) to complex quasi-Banach spaces, for the full range of
p, of part of an observation due to Bourgain and Davis [BD, Prop. 4.1] concerning the
LP-boundedness of the usual square-function on scalar-valued analytic martingales. In
addition, our results also yield information related to Problem 6 of [DGT, p. 135] in the
case of continuously quasi-normed spaces E: it follows that the existence of an equivalent
g-uniformly PL-convex norm on E is independent of the integrability exponent p.

Acknowledgements The first-named author is grateful to the Academy of Finland for
financial support and to the Department of Mathematics, University of Helsinki, for its
kind hospitality.

1 Preliminaries and Notation

Let E be a complex continuously quasi-normed (i.e., the quasi-norm is uniformly continu-
ous on bounded subsets of E) quasi-Banach space with quasi-norm || - ||. Thus the triangle
inequality holds in the form ||x + y|| < K(||x|| + ||y]|) for some constant K > 1 and for
all x,y € E. Recall also that for a quasi-norm with constant K > 1 there is an exponent
p = p(K), 0 < p <1, and an equivalent quasi-norm || - || so that ||x + y||% < ||x||Z + ||y
for any x,y € E (see [K, Prop. 1.c.5]). For our purposes we can renorm E by | - ||,
if necessary, and hence we may and will henceforth assume that || - ||* already satisfies
the triangle inequality. It is useful to note that this implies the more general estimate
I exell? < S Il

Recall that a complex continuously quasi-normed quasi-Banach space E is called locally
PL-convex if for any x, y € E thereis 6 = §(x,y) > 05so that

1 2 0
b < 5 [ ey o

forall 0 < r < 4. This is satisfied by complex Banach spaces as as well as by the quasi-
Banach spaces LP(u) with 0 < p < 1 (cf. [DGT, Prop. 2.3])

Uniform PL-convexity and g-uniform PL-convexity strengthen local PL-convexity. To
describe these notions, let 0 < p < oo and define the PL-convexity moduli of E by

(1.1) HE(E) = inf { (% /0277 X+ ei0y|Pd9>

The space E is said to be uniformly PL-convex if there is some p € (0, oo) such that Hg(a) >
0 for all € > 0. Further refinements are obtained in [DGT] by prescribing growth of the

1/p

=1 XIl =1, [lyll =€}~
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type HE(&) > cef near 0 for some 2 < g < oo. Thus E is g-uniformly PL-conve, if there is
p € (0, 00) and a constant d > 0 so that

1/p

1 2m .
1.2 (5 [ Ixreryipas) = e+ dlyioe

holds for all x, y € E. These notions of complex uniform convexity are in fact independent
of the exponent p € (0, c0), see [DGT, 2.4]. As an example, Ly(0, 1) is 2-uniformly PL-
convex for 0 < p < 2and p-uniformly PL-convex for 2 < p < oo (see [DGT, 4.2]).

We next introduce the class of complex E-valued martingales considered in this work.
Let Q = [0,27]N, suppose that X is the product o-field and P the product measure of the
normalized Lebesgue measures. We take the standard filtration () on €2, where %, stand
for the o-field generated by the first n coordinates 6, 0,, ..., 0, of 8 = (k) € Q. We will
say (following [BD, Section 4] and [Ed2]) that a sequence x = (X,) is an E-valued analytic
martingale if

n
(1.3) Xo=Xo+ Y Vj(0r,...,05-1)e",
j=1

where Xg is a constant and the vector-valued functions v,: @ — E are X,_;-measurable
(with the convention that 3y = {@,Q}). Note that (x,) is an E-valued martingale in the
usual sense in the case where E is a Banach space, and that (||xn||) is a submartingale if E
is locally PL-convex (see Lemma 1 below). The additional assumption that v, € LP(E) for
all n leads essentially to the class of H,-shrubs considered in [DGT, Section 5]. We refer
to [DGT] for background and a careful motivation of this notion. Various other classes of
vector-valued analytic martingales have been used for different purposes in (for instance)
[BD], [Ed1], [Ed2], [G1], [G2] and [X2].
The g-mean-square operator S@ is defined by

(14) 5000 = (Il + > wal?)
n=1

for any E-valued analytic martingale x = (x,) as in (1.3). Thus S@(x) is a random variable
on €.

We will employ standard notation related to (quasi-)Banach spaces and probability. Let
X = (Xn) be an E-valued martingale. The corresponding martingale difference sequence of
x is denoted by (dx,), where dx, = xn —Xn—1 forn > Land dxy = Xo. Letx;; = Sup;j <, Il
and x* = sup; ||x;|| stand for the maximal functions. Moreover, set ||x|[, = sup; [|x;][p,
where ||xj|[p = (E||xj||P)*/? is the LP-norm with 0 < p < oo.

2 Boundedness of S@ on Analytic Martingales

In this section E will always stand for a complex continuously quasi-normed, locally PL-
convex quasi-Banach space. We reserve K for the constant and p for the exponent in
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the triangle inequalities for E, respectively. In general considerable care need to be exer-
cised (compared to the Banach case) with martingales taking their values in quasi-normed
spaces. We commence by verifying the following auxiliary results in the quasi-normed case.

Lemma 1l Let E be a complex continuously quasi-normed, locally PL-convex quasi-Banach
space and let x = (Xp) be an E-valued analytic martingale. Then for each p € (0, o) there
exists ¢, > 0 such that

[1X*[lp < cpllX[[p-

Proof By the definition of local PL-convexity, the norm || - || is plurisubharmonic and
equivalently the same holds for || - ||* with arbitrary o > 0. For this fact we refer to [A,
Thm. 1.1, p. 40]. Hence, taking oo with 0 < o« < p we obtain

2m

a1 < [Xn—1 + Vn(B1, - - ., On_1)e'" || % dOy

2 Jo

for any E-valued analytic martingale x = (xn) and n > 1. In other words, (||xn||*) is a
nonnegative submartingale. The desired inequality follows by applying Doob’s inequality
with index p/a. |

Lemma 2 Let E be a complex continuously quasi-normed, locally PL-convex quasi-Banach
space and let X = (x,) be an E-valued analytic martingale with ||x||, < occ. If P(S@(x) =
oo) = a > 0, then there exist an E-valued analytic martingale X = (X;) such that

R0 < 00, P(S@(R) = 00) >a/2.

Proof The argument is similar to that of [B3, Thm. 3.1]. According to Lemma 1 and the
Chebychev inequality we may take A > 0 large enough so that

1 p Cp p
* < Tl < (2P < )
e >0 < (301 < (2ixi,) <ar2

Set ux = xa,, where Ay = {[|xj|| < Afor0 < j <k—1, |dxj|| <2KXfor0 < j <k}
(we may take xo = 0 and Ay = 2), and consider the martingale transform

n
K= ujve.
j=0
Then (u;) is a predictable sequence and X = (X,) is an analytic martingale. It follows from
the definition of A, that §* < 3K2\. Consequently ||X]|., < oo and one checks that
P(S@(X) < 00) < P(S@(x) < 00,% = x) +P(X # X)

< P(SP() < 00) +P(C > ) <1 . n
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We next establish the equivalence of strong LP-boundedness properties and much
weaker “local finiteness” properties of the g-mean-square function considered for all E-
valued analytic martingales. It should be compared with Burkholder’s equivalent charac-
terizations [B2, Thm 1.1] of the boundedness of martingale transforms of Banach-space
valued martingales. There is also a particular quasi-Banach variant for transforms in [BD,
Thm. 1.1]. We discuss below the relevance of these equivalences for the observation con-
cerning scalar-valued analytic martingales in [BD, Prop. 4.1]. The strategy of the argument
below for the g-mean-square function is an appropriate modification of these earlier ones.

Theorem 3 Suppose that E is a complex continuously quasi-normed, locally PL-convex quasi-
Banach space and let 2 < g < oo. Then the following conditions are equivalent.

(i) the condition x* < oo implies a. s. that S@(x) < oo, i.e.,
P({S@(x) = oo} N {x* < o0}) =0,

for all E-valued analytic martingales x.
(i) SW(x) < oo as. for all E-valued analytic martingales x satisfying ||x||, < oo,
(i) thereisc > 0 such that

(2.1) ANP(S@(x) > ) <c|x|?, A>0,

for any E-valued analytic martingale x,
(iv) for any (equivalently, for some) p € (0, o) thereisc, > 0 such that

(2.2) ISP 0p < cpllXllp
for any E-valued analytic martingale x.

Proof (i) = (ii). Letx be an E-valued analytic martingale with ||x||, < co. If P(S®@(x) =
oo) > 0, then Lemma 2 produces an L*°-bounded E-valued analytic martingale X such
that P(S@(X) = co) > 0. This clearly contradicts condition (i).

(i) = (iii). We first claim that for any ¢ > 0 thereis § > 0 so that P(S@(x) > ¢) < ¢
for every E-valued analytic martingale x = (x,) with ||x||, < 6. We argue by contradiction.
Suppose to the contrary that there is eg > 0 and a sequence of E-valued analytic martingales

x0) = (x{) satisfying [x|e- < 271 for all j, but P(Sr(ﬂ)(x(j)) > g9) > e for some
sequence (n;) of indices. We have here denoted

. . N . 1/q
SO = (I 17+ D D)
n=1

where x{ = x{’ + 30, vﬁj)(el, ..., 0% foralln > 0and j > 1. We may assume
that x(()‘) = O forall j and that (n;) increases.
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We construct a new E-valued analytic martingale x = (x,) as follows: for 8 = (6x) € Q

set
n ny+n;
1 i 2 i
Xnpsnghooiny 0) = D V(01,0 )% + 3" VO Onper, -, )+
k=1 k=n;+1

Ny+---+n;j

0) io
D Vemen Onrn e Ben)e ™

k:n1+--~+nj,1+l

with the obvious extension to intermediary indices. Consequently
o0 . o0 .
1[5 = sup Xagsnpam 5 < Y XD <Y 27T =1
j=1 =1

Let (v;) denote the sequence of X;_;-measurable mappings related to x above and set
Aj = {0 Ty DY > eo} for j € N, whereaj = 37/, n.. Observe that
Z‘jﬁl P(A;j) = oo by our assumption. The independence of the coordinates #; guarantees
that the sets A; are also independent, and thus the second Borel-Cantelli lemma yields that

P(Aj,i.0.) = 1. Deduce that S@(x) = oo a.s., which contradicts condition (ii).
We next proceed to establish condition (2.1). Suppose that x = (xy) is an arbitrary E-

valued martingale with ||x||, < co. Letk € N, A = {S,(f)(x) > 2}, 1 = xa and suppose
that P(A) > 0. Introduce X = (X,) so that for any 8 = (6k) € € one has

k 2k
Zok(0) = D> Vi1, -, 01T+ > (61, -, OV kB, - -, 05 1) + -+
j=1 j=k+1

nk
> (O, 00 POkt - - O

j=(n—1)k+1
X Vi -1k (O—1ycets - - - » Oj—1)e"

(with the obvious definition for intermediary indices). Then X is an analytic martingale
and the independence of the coordinates 6; yields that

[Kokll5 < E(L+ (01, ..., 00) + -+ (0,00 - - Y On—2)s1, - - - On—1y)) XI5
< (LHEp+(EY) + -+ (E) ) Ixdlly < (1 —Ew) 7 xllf,
since Eyp = P(A®) < 1. We conclude that
(2.3) PA) il < Il

for all n and k. Consider A; = {6 : ¥(Os—1yk+1,---,0«) = 0} fors € N. Thus P(A;) =
P(A) > O forall s > 1. Observe further that the sets As are independent by definition,
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so that the second Borel-Cantelli lemma implies that P(As,i.0.) = 1. We conclude that
S@(X) > 1as. Our first claim then yields that [|X]|, > ¢’ for some uniform constantc’ > 0.
Finally, by using the fact that (]|%,||*) is a submartingale (see Lemma 1) and replacing x by
2Ax in (2.3), we obtain the desired estimate (2.1).

(iii) = (iv). We commence by verifying a “good A”-type inequality from condition (iii)
for E-valued analytic martingales x. Towards this, let « > 0, 54 > 1+ af%and A > 0. Set

p=inf{n 1S9 () > A}, v = inf{n: SP(x) > BA}, o = inf{n: [Xa|| V [[Vos1|| > @A},

Then p, v, o are stopping times and ux = xa,, Where Ay = {1 < k < v A o}, defines a
predictable sequence. Consider the transformed martingale X = (X,) with dX,, = updx, =
UnVne'n. Clearly X is an analytic martingale.

On the set {¥ = n,c = oo} we have x* < aX and v* < aA. Moreover, note that here

u < vinviewof 89 > 1+ Y and that X+; = ?3“1 vje“’i. Deduce that

S ET > (3 — o — 1A
and hence that
(2.4) {SDX) > B, x* VV* < ad} C {SO®) > (8% — of — 1)YINL

Forw € {u < oo} such that X(w) # Owehavew ¢ Ajforj=1,...,pandw € A 41.
In this case we get that Xx = xx_1 + dxx — X, and hence that ||X||”? < 3a’)? for k €
{p+1,...,v Ao} Deduce that

(2.5) IR]1% < 30 AP (i < c0).

By taking into account (2.4), applying the assumption (2.1) to X and finally using (2.5)
we get that

P(SD(x) > B\) =P(r < 00) < P(v < 00,0 = 0) + P(0 < o0)
=P(SD(x) > BA,X* VV* < ad) +P(X* VV* > a))
<P(SDE) > (8% — ¥ — 1)M9N) +P(X* VV* > a))
< (8% — ot — 1) TOINTR][L + P(X* V VT > a))

< 3ca’ (B — af — 1) 7P (SO(x) > ) + P(X" VV* > a).

This is the “good A-inequality” for the nonnegative functions S@(x) and x* v v*. Hence,
by applying Burkholder’s inequality [B1, Lemma 7.1] with ®(t) = tP for0 < p < oo and
with o > 0 small enough, we find that

(2.6) ISPO)|p < cpllx™ v VF[lp < cp(L+2K)[[X*p.

Above we also used the obvious fact that v < 2Kx*, since ||vp|| < K(||Xa|| + [[Xn=1]])-
Finally, an application of Lemma 1 yields (2.2).
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(iv) = (i). Letx = (x,) be an E-valued analytic martingale. Given A > 0, set
= inf{n [ Xp|| V |[Vasr]] > A}

and consider x™ = (x,,nn). Observe that x(™) is an analytic martingale, since 7, is a
stopping time, and that ||X,, an|| < 2K . Deduce from condition (iv) that S® (x(™)) < oo
a.e. on the set {7, = oo}, where x(™) = x.

Note further that {x* < A\/2K} C {7, = oo}. We obtain (i) for x by a standard
argument letting A — oo. [ ]

Recall that a quasi-Banach space E is said to be g-uniformly PL-convexifiable if there
exists an equivalent quasi-norm such that E is g-uniformly PL-convex under the new quasi-
norm. The following result is a consequence of Theorem 3 combined with [DGT].

Theorem 4 Suppose that E is a continuously quasi-normed, locally PL-convex quasi-Banach
space and that 2 < g < oo. Then E is g-uniformly PL-convexifiable if and only if one
(equivalently any) of the conditions of Theorem 3 hold.

Proof Condition (iv) of Theorem 3 with p = q is equivalent to the g-uniform PL-
convexifiability of E by [DGT, 5.2]. Note that our class of analytic E-valued martingales
is smaller than their E-valued H-shrubs, but the difference does not affect the renorming
result. In fact, one checks that it suffices in [DGT, pp. 131-134] to consider the probabil-
ity space Q = [0,27]N = [0,27] x [0, 27x]N and our analytic martingales. Given a finite

sequence (x,(]”) of analytic martingales as on p. 132, construct a new analytic martingale
x" = (xy) by

X§ = Xo, Xp(t,01,...,0n_1) = (" —¢€'"F)y +X§21(917 ey bnz),

fort e (U=2% 1211 j — 1,... kand n > 1. One may then proceed as in [DGT],
since dx](t) = e''y and dx/(t,01,...,0h_1) = dxfﬂll(al, .o, 0hg) fort € (#, ’ZT’T ,
j=1,...,kandn > 2. [ |

We also record a version of our results, where the exponent p related to the quasi-norm
of E plays no role. Moreover, we replace the L,-norm by a more general Orlicz type ex-
pression. For that end we recall that ®: [0, 00) — [0, co) is an (non-degenerate) Orlicz
function, if (0) = 0and & is strictly increasing and convex on [0, co). Moreover, @ is said
to be moderate, if there is ¢ > 0 such that ®(2t) < c®(t) for allt > 0. One defines || - ||¢
by || f|le = E®(f) for nonnegative random variables f and ||x||s = sup,~,/(|[Xn|[e) |5 fOr
E-valued analytic martingales x = (xy).

Theorem 5 Suppose that E is a continuously quasi-normed, locally PL-convex quasi-Banach
space and let 2 < g < oo. Then the following conditions are equivalent.

(i) Eisg-uniformly PL-convexifiable,
(i) S@(x) < oo as. for all E-valued analytic martingales x satisfying ||x||; < oo,
(i) thereisc > 0such that

AP(S@(x) > \) <c[x[s, A>0,

for any E-valued analytic martingales x,
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(iv) for any (equivalently, for some) moderate Orlicz function @ there is a constant cg so that
the inequality
ISPl < calX]le

holds for every E-valued analytic martingale x.

Proof Lemma 2 yields that condition (ii) is equivalent to (ii) of Theorem 3 and hence The-
orem 4 implies that (i) and (ii) are equivalent. Similarly, using condition (iv) of Theorem 3
with p = 1 we see that (ii) implies (iii) and the converse implication is straightforward.
Moreover, (iv) clearly implies (ii) and towards the converse we observe that condition (i)
leads to a good A-inequality for the functions S (x) and x* \/ v* as in the proof of Theo-
rem 3. Consequently an application of [B1, Lemma 7.1] yields that

ISP e < callx™ Vv [la < ¢'[X*[le < ¢"[IX]la

for suitable constants. The last inequality above follows from a known generalization of

Doob’s inequality, for which [L, Chap. 3] is a general reference. In fact, (||x, Hé %y is a non-
negative submartingale according to Lemma 1 and the desired inequality is seen by apply-
ing [L, Thm. 3.3.3] to the Orlicz function d)(t) = ®O(t?). It is easily checked that  satisfies
the required extra condition q; > 1 of [L, Thm. 3.3.3] (we refer to [L, Sect. 3.3] for the
definition). [ |

Bourgain and Davis [BD, Prop. 4.1] observed using different methods that
@.7) ISP 1o = [1X]lp

for scalar-valued analytic martingales x and 1 < p < oco. The preceding theorems can
be viewed as a (kind of) vector-valued characterization of part of (2.7) in complex quasi-
Banach spaces for the full range of p.

Remark It may be useful to note that the analyticity of our martingales is essentially used
only in Lemma 1. The other results depend only on Lemma 1 together with familiar mar-
tingale properties: closure under stopping, martingale transforms, and the “patching” pro-
cedure used in the proof of Theorem 3.

Note added Wk are grateful to Stefan Geiss for bringing to our attention another approach
to (a part of) Theorem 3. Namely, Geiss developed in a recent interesting paper [Ge]
a general machinery for comparing the L,-norms of operators defined on vector-valued
martingale sequences. He deduces such bounds by extrapolation using as a starting point a
(L, BMO)-estimate, which has to be verified separately in each case. We briefly sketch (as-
suming familiarity with the notation of [Ge]) how to apply the techniques of [Ge] to prove
the implication (iii) = (iv) of our Theorem 3, where E is a Banach space and p > 1. In or-
der to apply [Ge, Thm. 1.7], set Ax = (3_; [|dx; |P)Y/P and Bx = sup; (IIxj—a |l + [|dx;]]) for
E-valued analytic martingales x. The required property (EP) is satisfied by [Ge, Prop. 7.3].
Moreover, it is enough to verify that || (Ax¥)2%,|[smo,.,, < C||BX||so for all such x and some
C > 0. With a certain amount of work one may show that this is in fact equivalent to the
estimate P(S@(x) > c||x*||) < 1/2, which clearly follows from condition (iii) of our
Theorem 3.
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