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Lagrangian-based simulation method using
constrained Stokesian dynamics for particulate
flows in microchannel

Young Jin Lee1, Howon Jin1, Dae Yeon Kim1, Seunghoon Kang1 and
Kyung Hyun Ahn1,†
1School of Chemical and Biological Engineering, Institute of Chemical Processes,
Seoul National University, Seoul 08826, Republic of Korea

(Received 31 October 2023; revised 7 May 2024; accepted 15 May 2024)

A simulation method has been developed to efficiently evaluate the motion of colloidal
particles in a low-Reynolds-number confined microchannel flow using a Lagrangian-based
approach. In this method, the background velocity within the channel, in the absence
of suspended particles, is obtained from a fluid dynamics solver and is used to update
the velocity at the particle centres using the Stokesian dynamics (SD) method, which
incorporates multi-body hydrodynamic interactions. As a result, instead of computing the
momentum of both the fluid and particles throughout the entire computational domain,
the microscopic balance equation is solved only at the particle centres, increasing the
computational efficiency. To accommodate complex boundary conditions within the SD
framework, imaginary particles are placed on the channel walls, allowing the mobility
relation to be reformulated to apply velocity constraints to immobilized wall particles.
By employing this constrained SD approach, global mobility interactions that need
to be computed at each time step are limited to the interior particles, resulting in a
significant reduction in computational cost. The efficiency of this study is demonstrated
through case studies on particulate flows in contraction and cross-flow microchannels. By
using colloidal particles that incorporate Brownian motion and inter-particle attraction,
observations through the entire stages of fouling dynamics are possible, from particle
inflow to channel blockage. The fouling patterns observed in the simulations are consistent
with experiments conducted under the same flow conditions. This study provides an
efficient approach for analysing the effect of hydrodynamic interactions on particle
dynamics in microfluidics and materials processing fields while allowing for predictions
about structural changes over long-time scales, including complex phenomena such as
clogging.
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1. Introduction

The transport of micrometre-sized particles within confined geometries is an active subject
of practical and scientific research, as it is found in everyday life and draws increasing
interest in industrial applications. This phenomenon encompasses various fields, including
the flow of blood in microvessels within our bodies (Poddar, Mondal & Madden 2021),
particle separation through microfiltration (Vernhet, Cartalade & Moutounet 2003; Rayess
et al. 2011), applications in lab-on-a-chip devices (Agastin, King & Jones 2009; Samiei,
Tabrizian & Hoorfar 2016) and material transport in microfluidics (Sharp & Adrian 2005;
Mirani, Fazlali & Rahimi 2021; Kim et al. 2023a,b). Particle dynamics within microscopic
channels, observed across diverse disciplines, shares several common characteristics.
First, due to the small characteristic length scales found in a microchannel, particle
dynamics occurs in the very-low-Reynolds-number regime, approaching zero. Therefore,
to observe noticeable macroscopic structural changes occurring in the microchannel,
analysis over a long-time scale is inevitably required. Second, stochastic fluctuations
induced by Brownian motion or external excitations like background noise can also
influence the dynamics of micro or sub-micro sized particles, which complicates the
analysis (Zuriguel et al. 2014; Sendekie & Bacchin 2016). Lastly, low Reynolds numbers in
confined flow channels correspond to the regime where various factors influencing particle
dynamics, including the background velocity of the fluid, hydrodynamic interactions
between particles and inter-particle interactions, occur with comparable magnitudes. Thus,
the complex interplay among these factors that influences particle dynamics has largely
limited its comprehensive physical understanding, despite the importance of particle
transport within confined microchannels. In these circumstances, numerical simulations
that allow for the convenient and independent control of individual factors and enable easy
comparisons with experimental results across various length scales can serve as valuable
tools for studying particle dynamics in a flow channel.

Various simulation methods have been employed to comprehend the intricate
interactions between particles and fluids within confined flow channels. These methods
can be categorized based on the manner of describing both fluids and particles:
Euler–Euler, Euler–Lagrangian and fully Lagrangian models. We outline the features
of existing methodologies within each category, particularly when they are applied to
simulate particle flow within microchannels.

As the first category, the Euler–Euler model treats the fluid and particles as an
interpenetrating continuum and solves the momentum balance equations for both phases
(Filtvedt el al. 2012). In this approach, rather than seeking a detailed solution to the
Navier–Stokes equation, a reduced description based on spatially or ensemble-averaged
mathematical models is pursued, retaining the fundamental physical processes that
determine the behaviour of the system (Prosperetti & Tryggvason 2009). In the discretized
computational domain, a key characteristic of the Eulerian framework is that the model
equation is solved including the volume occupied by the particles. Specific body forces are
set to make the so-called fictitious fluid inside each particle respond as if it is in rigid-body
motion (Maxey 2017). One of the representative methods used in this category is the lattice
Boltzmann method, where the simulation involves modelling fluid density on a discretized
lattice using streaming and collision processes (Chen & Doolen 1998; Tong et al. 2015;
Johannsmann et al. 2023). Due to its adaptive nature and local dynamics, the lattice
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Constrained Stokesian dynamics for particulate transport

Boltzmann method can accommodate complex particle shapes and intricate confinement
boundaries. Furthermore, the lattice Boltzmann method naturally introduces Brownian
forces by incorporating random forces into fluid particles directly. However, despite being a
linear simulation with respect to the number of colloidal particles, it exhibits a super-linear
computational complexity in overdamped systems (Fiore et al. 2017). As pointed out by
Fiore & Swan (2019), this is due to the characteristic behaviour of the Stokes flow in
overdamped systems, so a sufficiently short simulation time scale must be set to allow
vorticity to diffuse out of the system volume. Also, the need to resolve inertial degrees
of freedom in the solvent results in a loss of efficiency when dealing with overdamped
systems.

In the case of Euler–Lagrangian modelling, the fluid phase is described in a conventional
averaged Eulerian grid, while groups of particles are tracked in a Lagrangian manner,
adapted to Eulerian grids (Prosperetti & Tryggvason 2009). Since each phase can employ
an independent model equation, specific methods differ according to how forces are
determined and how force localization on the particle is achieved. The force-coupling
method is one example in which the particles, modelled by forcing terms spatially
spread out in Gaussian envelopes, are added to the momentum equations of the fluid
(Maxey & Patel 2001). Once the resolution is fine enough to resolve the Gaussian force
envelope, the force-coupling method can accurately reproduce flow perturbations and is
extensively used to study confined particulate flows (Agbangla, Bacchin & Climent 2014a;
Agbangla, Climent & Bacchin 2014b). The force-coupling method offers an advantage
in its ease of adaptation to complex channel boundaries, eliminating the necessity to
compute an expensive Green’s function for each iteration. However, a drawback exists
when resolving particles in the near-contact range under lubrication interaction, where
additional assumptions, such as introducing lubrication force and torque, are required to
account for viscous lubrication (Maxey 2017). Additionally, the coupling of lubrication
correction with Brownian fluctuation remains unclear, despite recent research findings
(Yeo & Maxey 2010). Another example within the Euler–Lagrangian model, widely used
in the study of flow channels, is the discrete element method (DEM) coupled with a
computational fluid dynamics (CFD) solver (Zhu et al. 2007; Yang et al. 2019). The
CFD solver discretizes domains using finite-volume or finite-element approximations, and
nonlinear flow equations are solved iteratively (Wang et al. 2022). The DEM provides
dynamic information, including trajectories and transient forces acting on individual
particles. This method has demonstrated its versatility in accommodating various shapes
of simulated objects, including granular materials and bonded assemblies (Ai et al. 2011;
Ma & Huang 2018). However, there are also limitations, such as the intrinsic reliance on
approximations for determining the magnitude of the drag force applied to each individual
suspended object. Additionally, to obtain a high resolution of accurate fluid flow, fluid
mesh sizes much smaller than the diameters of particles are required, which can become a
significant computational burden as the number of particles increases (Yang et al. 2019).

In the Stokes flow regime, fluid inertia becomes negligible, resulting in linear equations
of motion. Therefore, fully Lagrangian approaches that describe particle dynamics,
especially in microchannels, generate fluid disturbances about given boundaries by
superimposing a fundamental solution to a point force. When incorporating boundary
conditions through surface integrals, an infinite number of multipole terms is required
to provide a spectrally accurate representation (Brady & Bossis 1988; Maxey 2017). As
this is a formidable task, truncated multipole expansions are typically employed based
on the desired level of accuracy. The commonly used method in this category is the
Stokesian dynamics (SD) method, which uses Stokeslet, rotlet and stresslet terms along
with associated degenerate multipoles. Lubrication corrections for viscous forces and
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torques, when particles are in close contact, are included in a pairwise manner to construct
the resistance matrix. The Lagrangian approach offers the advantage of independently
controlling the influence of particle–particle interactions and particle–surface interactions,
facilitating a direct mapping of physical properties such as viscosity and temperature of
the medium. However, obtaining the fundamental solution of fluid for arbitrary geometries
is challenging, making it difficult to handle complex-shaped particles and confinement.
Additionally, considering higher-order terms of far-field flow induced by particles
necessitates the effect of matrix inversion, which can lead to expensive computational
expenses.

Upon reexamining the characteristics of particulate transport in microchannels at
a low-Reynolds-number region, microstructures develop over an extended time scale,
and hydrodynamic forces, along with inter-particle interactions, exert comparable
influences on the particles. Therefore, when evaluating the advantages of the simulation
methodologies discussed earlier, formulating equations of motion for individual
particles and tracking their micro-scale changes appears to be an appropriate choice.
Euler–Lagrangian modelling is an approach widely used in the field of particle transport
because it allows obtaining the velocity of the fluid at all points in the system domain,
and the dynamics of closely located particles can be improved by using appropriate mesh
refinement and sufficiently small time steps. However, this property can also become
a drawback when the particle volume fraction is high or when particle interactions
are predominantly attractive, as computational costs increase significantly due to the
need for mesh refinements. Alternative methods exist, such as using a non-deforming
mesh along the boundaries, as demonstrated by the immersed boundary method (Peskin
2002; Griffith & Patankar 2020) or Brownian dynamics coupled with the finite-element
method (Myung et al. 2011; Jung et al. 2021). In these cases, solving the momentum
balance for the fluid throughout the entire computational domain is still necessary, or
many-body inter-particle hydrodynamic interactions are not taken into consideration, even
in sparse particulate suspensions. This implies that even systems with a small number of
particles do not benefit from cost savings. However, in the fully Lagrangian description,
as the equations of motion are only solved at the centre of particles, a relatively low
computational cost is required when the number of particles is low, which is proportional
to the number of particles, to describe particle dynamics within the channel. However,
while the fully Lagrangian description evaluates velocity disturbances by superimposing
fundamental Green’s solutions of the fluid equation, this Green’s function becomes
increasingly complex even with minor modifications to the boundaries. In some cases, no
explicit solution may be available. Therefore, simulating particle transport in a confined
flow channel using a fully Lagrangian description has been considered an inappropriate
choice. Alternatively, methods incorporating only non-hydrodynamic interactions, such as
Brownian dynamics, have frequently been used to study the interaction between channel
walls and particles (Oberholzer et al. 1997; Chang, Chen & Lee 2003; Brewer, Tsapatsis
& Kumar 2010).

In this study, we propose a novel simulation method to address the challenges associated
with mesh refinement in the Eulerian framework and the complexity of boundary treatment
in the Lagrangian framework, which is particularly applicable in microchannels with low
Reynolds numbers. This new method combines a computational fluid dynamics solver with
the Stokesian dynamics method, creating a multiscale simulation scheme. The advantages
of our simulation methodology for exploring particle dynamics within microscopic
channels can be summarized as follows. Through the Lagrangian framework, it is possible
to simulate particle dynamics that is proportional to the number of particles, even for
complex geometries. Additionally, simulations of particle interactions with high accuracy
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are achievable, especially when a large number of particles is present, by considering
exact lubrication interactions between particles. Furthermore, because hydrodynamic
forces and stresses acting on colloid particles or walls are explicitly obtained during the
simulation process, it allows for an intuitive explanation of agglomerate deformation or
resuspension dynamics at the individual particle scale, even in systems where the particles
form structures and interact vigorously with walls. Therefore, our approach can serve
as a comprehensive way of investigating particle dynamics in confined flow channels,
from the entry of particles into the channel to the occurrence of channel clogging, even
in environments with high areal fractions, without the need for introducing additional
structural kinetic models or parameters.

The developed simulation method has been demonstrated to simulate the transport
of attractive colloid suspensions within a microscopic channel, which is susceptible to
causing particle fouling. Fouling initiates with the deposition of individual particles on
an initially clean surface, and the continuous accumulation of particles can eventually
lead to a complete blockage of the fluid cross-section (Henry, Minier & Lefevre 2012).
Consequently, the dynamics of cluster breakup and resuspension processes until clogging
occurs become highly complex. While many existing simulation methods have been
limited to observing only specific aspects of particle fouling, the proposed simulation
method effectively captures particle and structural dynamics from the initial introduction
of particles to the point of complete channel blocking.

This paper is structured as follows. In § 2, the equation of motion describing overdamped
colloid particle dynamics inside a channel is derived by combining a fluid dynamics
solver and the SD method. In the same section, a constrained SD formulation aimed at
minimizing computational costs when including wall geometry within the SD framework
is suggested and examined in comparison to existing methodologies using SD. In § 3.1,
the established methodology is validated by comparing friction coefficients, rheological
properties and diffusion coefficients to previous exact or numerical studies to assess
how accurately it captures the dynamics of particles within the channel. Additionally,
the efficiency of the constrained formulation is assessed based on the measured wall
time of the simulation time step relative to the number of interior and wall particles.
Furthermore, in § 3.2, the developed methodologies are applied to the contraction and
T-shaped cross-flow channel, and comparisons are made with experimental results under
the same flow conditions and inter-particle potential.

2. Simulation methods

In this section, a Lagrangian formulation is derived that describes the motion of individual
particles when a colloid suspension is transported in a confined flow channel. The
fundamental principle is to treat the boundary effect as a force field by expanding the force
density at the solid boundary using a multipole expansion. This principle is based on the
fact that the background velocity is perturbed by the force density on the particle surface.
Consequently, velocity and force moments are evaluated at the centre of the particle,
without the need to calculate velocity changes at all points within the open channel. This
implies that there is no need to refine the mesh, including the case when new particles are
introduced at the channel inlet.

The flowchart of the overall simulation scheme is presented in figure 1. In the first step,
the fluid dynamics solver computes the Stokes equation and obtains the velocity moments
of the fluid within the confined channel, in the absence of suspended particles. These
velocity fields serve as ambient velocities for the subsequent introduction of a particulate
suspension into the confined channel. Using the positions of the inlet particles, a mobility
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FEM

SD
Influx of particulate suspensions

Solve for the particle velocity (U and Ω)

using mobility formulation U, Ω  = f (u∞, Ω∞, E∞|M)

Solve for the ambient velocity moments (u∞, Ω∞ and E∞)

in a confined geometry with given fluid conditions (μ and q)

This step by mobility formulation includes following two processes

1. Solve for velocity disturbance (u′) at the particle centre via

Green ‘s function

2. Relates particle velocity via Faxen’s law

Solve new particle positions (x) by time marching

and updates mobility matrix (M)

Figure 1. Flowchart of the proposed multiscale simulation method, including the mathematical symbols used
in this study. The blue box represents the process conducted by the fluid dynamics solver, which uses the
finite-element method, while the black box represents the process conducted by the Stokesian dynamics
method.

matrix is constructed, which is then used to calculate the velocity moments at the centre
of the particles located in the ambient velocity field. Based on these particle velocities,
the positions of the particles for the next time step are updated. This process is repeated
iteratively, with each cycle involving the construction of a new mobility matrix from the
altered particle positions and the calculation of particle velocities. In the Stokes flow
regime, the mobility formulation is derived based on the linearity of the forces acting
on particle velocities and is uniquely determined from the properties of the fundamental
solution in this regime (Dhont 1996). This means that the mobility relation represents
the unique response of particles in the suspended flow field, and each simulation step is
essentially independent. As a result, the background velocity is computed only once at the
beginning of the simulation when no particles are present, and each step calculates velocity
disturbances from it. However, addressing the complexity of dealing with boundary
conditions resulting from the channel geometry is achieved by introducing imaginary
particles on the wall. This approach allows for the use of the same Green’s function for
both imaginary wall particles and interior particles within the channel. The concept of
introducing imaginary wall particles to tackle transport problems in confined suspensions
has been explored previously through the suspension balance model by Nott & Brady
(1994). However, it is also recognized that the introduction of wall particles essentially
constitutes the bumpy walls which entail a certain sacrifice in terms of accuracy (Singh &
Nott 2000). In this study, an extension to arbitrary confined geometries is pursued through
the integration of the finite-element method (FEM) with the SD framework, with due
consideration given to additional higher-order terms pertaining to the far-field interaction
between interior and wall particles.

In this section, we detail the simulation methodology presented in figure 1 by
explaining how to obtain ambient velocity moments and establish the equation of motion
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for suspended particles. Since ambient velocity moments are specific to the target
geometry, we describe the FEM part alongside the definition of the target geometry for
conducting case studies. For the equation of motion for particles, we briefly discuss
the principles of conventional Stokesian dynamics simulation in § 2.1.1, which cast
inter-particle hydrodynamic interactions into matrix-vector form. Subsequently, in § 2.1.2,
a constrained Stokesian formulation is derived considering wall particles subject to
velocity constraints. Next, in § 2.1.3, we introduce a way of applying the suggested
approach to further accelerate computation speeds, leveraging the characteristics of
the constrained formulation. Finally, § 2.2 provides a geometric description of the
microchannels on which case studies will be conducted for the transport of attractive
colloidal suspensions.

2.1. Equation of motion for particles

2.1.1. Matrix-vector formulation of hydrodynamic interactions
In the Stokes flow regime, the equations of motion for particles are described by the
Langevin equation, which represents the balance of forces affecting particle motion.
The Stokesian dynamics is one approach that accounts for multibody hydrodynamic
interactions through the effect of matrix inversion pioneered by Brady & Bossis (1988).
The changes in force density within a suspension inevitably lead to fluctuations at
all points, and this, in turn, affects the changes in force density. This infinite sum
of reflections is analogous to the inversion of the mobility matrix, which contains
the information on force density (Durlofsky, Brady & Bossis 1987). Therefore, in this
section, we start from the Langevin equation and briefly describe the conventional
methods for formulating multibody hydrodynamic interactions in particle suspensions
using matrix-based approaches.

The number of N colloid particles suspended in the fluid that have viscosity μ and
density ρ satisfies the following force and torque balance (Brady 1993):

m · dU
dt

= F H + F P + F B, (2.1)

Im · dΩ

dt
= T H + T P + T B. (2.2)

In the above equations, the left-hand sides can be ignored in the overdamped condition
where the mass and relaxation time of the particles are sufficiently small. Here, m and Im
denote mass and moment of inertia, respectively, while U and Ω denote the translational
and rotational velocity of the particle, respectively. Therefore, the forces and torques that
make balances are hydrodynamic contributions denoted by superscript H, deterministic
non-hydrodynamic force or torque with superscript P and stochastic force or torque with
B. Hydrodynamic force acts upon the particle due to the relative motion of the fluid
with respect to the particle, and deterministic non-hydrodynamic force acts between
a pair of particles based on the inter-particle potential. However, stochastic force and
torque describe the thermal motion of particles through Brownian random walk and are
uncorrelated with time.

To obtain the hydrodynamic contributions acting on a particle, a correlation between
the velocity moments and force moments needs to be established. In the Stokes flow
regime, characterized by the negligible fluid inertia, a linear relationship exists between
an infinitude of higher-order velocity derivatives and hydrodynamic traction moments.
Mediating this relationship is the Green’s function J , a fundamental solution of the
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Stokes equation. The point force f ( y), located on the surface element dSy of the particle
suspended in the fluid where y is a position vector, is integrated to determine the fluid
velocity u(x) at point x:

u(x) = u∞(x) − 1
8πμ

N∑
α=1

∫
Sα

[J (x − y) · f ( y)] dSy. (2.3)

The multipole expansion of the Green’s function about the centre xα of each particle
yields

Jij(x − y) = Jij(x − xα) + (xα
k − yk)∇kJij(x − xα) + · · · . (2.4)

The above expansion is substituted into (2.3), and after simplification through some
replacements, it yields

ui(x) = u∞
i (x) − 1

8πμ

N∑
α=1

[Jij(x − xα)FH
j + Rij(x − xα)TH

j − Kijk(x − xα)SH
jk + · · · ].

(2.5)

The replaced terms are equal to (2.6)–(2.10), while ε is the Levi-Civita symbol in three
dimensions. Here, F H and T H are the total force and torque on the particle exerted by the
fluid. The propagator for the torque R is called the rotlet and SH is the stresslet on the
fluid exerted by the particle. In (2.5), each moment of the force density induces a velocity
disturbance of the fluid through propagators. For these moments, F H corresponds to the
monopole or zeroth moment, the asymmetric part of the dipole or first moment becomes
T H , while the symmetric part becomes SH . In this study, terms beyond the first moment are
truncated in subsequent expansions, except for two higher multipole contributions arising
from the finite size of particles. There are two main reasons for this truncation. The first
reason is for computational efficiency. The second reason is that while the force moments
and velocity moments are linearly related by the proportionality tensor with the same
degree of correlation, in this study, background velocity moments are obtained up to the
first moment through a fluid dynamics solver, thus coupling up to this degree of accuracy
is considered. Therefore, higher force moments lose their significance as they would not
introduce additional coupling effects beyond the first moment.

FH
i =

∫
Sα

fi( y) dSy, (2.6)

Rij = −1
2
εijk∇kJil, (2.7)

TH
i =

∫
Sα

εijk( yj − xα
j )fk( y) dSy, (2.8)

Kijk = 1
2
(∇kJij + ∇jJik), (2.9)

SH
ij =

∫
Sα

[
( yi − xα

i )fj + ( yj − xα
j )fi − 2

3
δij( yk − xα

k )fk

]
dSy. (2.10)

Assuming the spherical particles with radius a, each particle generates fluid disturbances
due to its finite size in the fluid. The higher terms of the force moments that are
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added correspond to the quadrupole contribution (1/6)a2∇2Jij and octuplet contribution
(1/10)a2∇2Kijk from straining motion (Durlofsky et al. 1987).

ui(x) = u∞
i (x) − 1

8πμ

N∑
α=1

⎡
⎢⎢⎣
(

1 + 1
6

a2∇2
)

Jij(x − xα)FH
j + Rij(x − xα)TH

j

−
(

1 + 1
10

a2∇2
)

Kijk(x − xα)SH
jk

⎤
⎥⎥⎦. (2.11)

Due to the flow disturbance in the summation of (2.11) without contribution from the
particle α, denoted by u′(xα), the particle velocities at the centre of the particle xα are
given by Faxen’s formulae (2.12)–(2.14). In these equations, Uα and Ωα refer to the
translational and rotational velocities of the particle α, respectively.

Uα
i − u∞

i (xα) = − FH,α
i

6πμaα

+
(

1 + a2
α

6
∇2
)

u′
i(x

α), (2.12)

Ωα
i − Ω∞

i = − TH,α
i

8πμa3
α

+ 1
2
εijk∇ju′

k(x
α), (2.13)

−E∞
ij = 1

2

[
−

SH,α
ij

(10/3)πμa3
α

+
(

1 + a2
α

10
∇2
)

(∇ju′
i(x

α) + ∇iu′
j(x

α))

]
. (2.14)

Using Faxen’s equations, the velocity moments that include particle translational
(U − u∞) and angular velocity against the background flow (Ω − Ω∞), as well as the
rate of strain of the background flow −E∞, are represented by the linear combination of
force moments F H , T H and SH . By representing the corresponding proportionalities in
a matrix-tensor formulation, the far-field mobility matrix M∞ is constructed. However,
to account for lubrication interactions, all terms of the multipole expansion are necessary.
Therefore, for particles within the lubrication cutoff radius, the exact resistivity is reflected
in a pairwise additive manner. In this process, the far-field corrective term is excluded
to prevent double-counting of far-field interactions, resulting in the contribution of the
near-field resistance matrix Rnf (Jeffrey & Onishi 1984; Jeffrey 1992). The near-field and
far-field resistivity are combined to give the grand resistance matrix R = (M∞)−1 +
Rnf . ⎛

⎝F H

T H

SH

⎞
⎠ = −R ·

⎛
⎝U − u∞

Ω − Ω∞
−E∞

⎞
⎠ . (2.15)

The inverse problem is to obtain velocity moments from force moments, and the
proportionality tensor M in this relation is called the grand mobility matrix, which has
a relation M = R−1 with the grand resistance matrix. Each component of the grand
resistance matrix is important for subsequent developments and is given as shown in
(2.16). Another characteristic of the proportionality tensor is their symmetry and positive
definiteness, which arise from the dissipative nature of the system (Kim & Karrila 2005).

R =
⎛
⎝RFU RFΩ RFE

RTU RTΩ RTE
RSU RSΩ RSE

⎞
⎠ . (2.16)

Returning to (2.1) and (2.2), the non-hydrodynamic inter-particle force F P is pairwise
additive and is obtained by taking a derivative of the analytic form of the potential based
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on the inter-particle distance. Though various analytical potentials can be employed to
study fouling dynamics, in our case study in § 3.2, we use a Morse potential due to its
finite-sized derivative, including the potential well. In the definition in (2.17), rd,ij is the
inter-particle distance between particles i and j, equal to |xi − xj|, while ai and aj are the
radius of particles i and j, respectively. However, the attraction range parameter κ controls
the magnitude of attraction and is suggested in accordance with the specific case study.
The potential well depth V0 is represented as 6πμu∞

avga2/V0, signifying the dimensionless
ratio of the characteristic hydrodynamic force 6πμu∞

avga to the attractive force V0/a in the
specific simulation system. In this ratio, u∞

avg is the surface average of the background fluid
velocity at the inlet surface.

ϕMorse(rd,ij) = −V0

[
2 e−κ{rd,ij−(ai+aj)} − e−2κ{rd,ij−(ai+aj)}

]
, (2.17)

FP
ij = −∂ϕMorse(rd,ij)

∂rd,ij
. (2.18)

Despite the singular lubrication forces, a small amount of particle overlap may occur due
to the finite time step of the simulation (Ekiel-Jezewska, Tomasz & Szymczak 2008). The
same Morse potential is also used to prevent unphysical overlap at rd,ij < ai + aj.

Finally, the Brownian random force and torque terms F B and T B originate from the
thermal fluctuation of the fluid and are given by the following equations, with angle
brackets representing an ensemble average over the entire suspension:

〈F B(t)〉 = 〈T B(t)〉 = 0, (2.19)

〈F B(t)F B(t′)〉 = 2kBTRFUδ(t − t′), (2.20)

〈T B(t)T B(t′)〉 = 2kBTRTΩδ(t − t′). (2.21)

In this section, each term that constitutes the force balance in the Langevin equation has
been introduced. However, there are additional considerations when describing particle
dynamics inside a confined channel. For example, as wall particles are immobile, a
constraint must be imposed to fix the hydrodynamic velocity moments to zero. Similarly,
since there are no thermal fluctuations for the wall particles, (2.19)–(2.21) should also
be appropriately modified to account for the Brownian motion of interior particles only
while preserving multi-body hydrodynamic interactions. The derivation of the modified
formulation, including these constraints, is carried out in the next section.

2.1.2. Stokesian dynamics with velocity constraint
In the framework of Stokesian-based methods, various attempts have been made to
incorporate a channel’s confined geometries in describing particle-laden flow. One of
them is constructing a new Green’s function in the presence of wall geometry using
Blake’s solution to obtain images of Stokeslets based on the distance H from the wall
(Blake 1971; Bossis, Meunier & Sherwood 1991; Swan & Brady 2007). This additional
Green’s function induced from wall geometry J wall(x, y; H) is superposed onto the
fundamental function for particles in (2.22) to form the total Green’s function J (x, y; H) =
J non-peri(x, y) + J wall(x, y; H).

J non-peri(x, y)
1

8πμ

(
I
r

+ rr
r3

)
. (2.22)
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Constrained Stokesian dynamics for particulate transport

The above function is also called the Oseen tensor (Oseen 1927), while I denotes the
identity tensor, r = x − y and r2 = r · r. For the fluid velocity at x induced by the periodic
images at y, the Green’s function derived by Hasimoto (1959) is used while k represents
lattice vector on a reciprocal space:

J peri(x, y) = 1
μV

∑
k /=0

eik · (x−y) 1
k2 (I − k̂k̂). (2.23)

When this total Green’s function is integrated through a surface boundary integral that
takes wall geometry into account, it allows for the evaluation of fluid disturbances at
arbitrary points (Ladyzhenskaya 1963). For the extension in the case of multiple wall
geometries, the same method of continuously superposing Green’s functions has been
used for studying the dynamics and rheology of particles placed between the parallel
and perpendicular walls (Swan & Brady 2003, 2011; Staben, Zinchenko & Davis 2003).
While it has the advantage of accurately reflecting the boundary effects where point forces
are located, it also has certain limitations. The rapid increase in complexity with each
superposed boundary makes it challenging to derive an explicit form of the Green function;
an explicit form of the Green function does not already exist in the case of the flow between
parallel slits according to Swan & Brady (2011). Expandability to accommodate changed
boundary conditions is also limited, as the strategies to integrate force densities on each
surface boundary have to be changed.

In this study, to circumvent these difficulties, the confined channel wall is simulated
using a particle-wall scheme, as shown in figure 2. The primary advantage of this
scheme is that it allows for the utilization of the same form of Green’s function for
both interior particles and wall particles, eliminating the need for calculating complex
Green’s functions. The placement of imaginary particles on the wall has been previously
employed in a suspension balance model (Singh & Nott 2000; Nott, Guazzelli & Pouliquen
2011). In our study, we have developed an extension to arbitrary channel geometries by
coupling a fluid dynamic solver to obtain background velocity moments while satisfying
the microscopic force balances on the suspended particles and deriving macroscopic
properties from the overall force balance on the channel. This approach develops into an
efficient method for solving the interior dynamics of particles, leveraging the constraint
properties on wall particles. Furthermore, by analysing the hydrodynamic force moments
applied to the wall particles, it becomes possible to calculate the stress applied to a specific
location on the channel wall, a capability challenging to achieve when using Oseen’s
superposition approach.

However, the accompanying limitations of the particle-wall scheme are examined.
Since it models the boundary using wall particles, and point forces are located on the
surfaces of spherical particles, it practically simulates a rough or bumpy wall. Moreover,
as it considers particles as a patch on the wall approximating the wall resistivity, the
computational cost increases rapidly as the system size becomes larger, in proportion to
the cube of the total number of particles used. To mitigate this cubic dependence on the
total number of particles, the effects from the wall particles are separated and treated as
predetermined hydrodynamic force moments acting on the interior particles, originating
from the properties of the prescribed velocity of wall particles. This treatment allows an
efficient description of particle dynamics inside the channel, especially at the beginning
of the simulation. However, as the volume fraction inside the channel increases in the
late stage of the simulation, hydrodynamics within the channel becomes dominated by
particle–particle interactions, and the influence of the wall on particle motion becomes
less significant (Swan & Brady 2011). The deviatoric effects of the particle-wall scheme

990 A3-11

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

49
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.493


Y.J. Lee, H. Jin, D.Y. Kim, S. Kang and K.H. Ahn

Excluded volume Included volumeTarget boundary

a

(a) (b)

Figure 2. Schematic pictures of boundary treatment methods using wall particles. In panel (a), the excluded
volume scheme is displayed, where the wall particles are entirely excluded from the fluid domain where fluid
and particle velocity are evaluated. In panel (b), the included volume scheme is displayed, where the wall
particles are arranged in a way that removes the excluded volume.

on the transport properties and scaling performance of the constrained SD by the system
size are discussed in § 3.1.

There are two ways of arranging particles to replace the wall boundary, which are the
excluded volume scheme in figure 2(a), where the particles completely retreat from the
target boundary, and the included volume scheme in figure 2(b), where the particles intrude
over the target boundary. The excluded volume scheme has the advantage that macroscopic
properties converge to those of pure fluid when there are no interior particles. However,
the included scheme focuses on filling the place of the wall to the greatest extent. If the
background flow is uniform, or in simulations where both force-rotational velocity and
force-strain rate coupling do not exist (Nott & Brady 1994), there is no practical difference
between the two methods as they do not differ in the hydrodynamic forces experienced
by interior and wall particles. However, in this study, the background velocity within the
channel is calculated through the fluid dynamics solver, allowing for the application of
any form of background flow field within the Stokes flow region. Due to its generality,
force moments up to the dipole term, which corresponds to the same degree of accuracy
as velocity moments, are considered. This increases the accuracy of the mobility relation
governing HI. Thus, as depicted in figure 2(b), if particle centres are located on the target
boundary, additional stresses are exerted on the channel wall even when there are no
suspended particles due to the velocity gradient at the centre of wall particles. Therefore,
in this study, we will proceed with the development according to the excluded volume
scheme in figure 2(a) to avoid this situation.

If we expand the hydrodynamic forces on interior particles I and wall particles W
through the resistance formulation in (2.15), each force can respectively be expressed as
follows:

F I = −RII
FU · (uI − U∞) + RIW

FU · U∞ − RII
FΩ · (ωI − Ω∞)

+ RIW
FΩ · Ω∞ + RII

FE · E∞ + RIW
FE · E∞, (2.24)

F W = RWW
FU · U∞ − RWI

FU · (uI − U∞)

+ RWW
FU · Ω∞ − RWI

FΩ · (ωI − Ω∞) + RWW
FE · E∞ + RWI

FE · E∞. (2.25)

Here, F I and F W denote the hydrodynamic forces on the interior and wall particles
exerted by the fluid, respectively. In subsequent developments, the additional superscript
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Constrained Stokesian dynamics for particulate transport

H will be omitted for the sake of simplicity since the grand resistance formulation
itself is based on the common understanding that it represents relationships involving
hydrodynamic force moments. Regarding the meaning of the proportionalities, RII

FU
corresponds to the resistance matrix, indicating the coupling between the force and
translational velocity among the interior particles, while RIW

FE represents the coupling
between the force and strain rate among the interior and wall particles. The remaining
components of the resistance matrix follow the same fashion of coupling notation. Here, uI

and uW denote the translational velocities of interior and wall particles, respectively, while
ωI and ωW represent the rotational velocities of interior and wall particles. Wall particles
are assumed to be immobile, and velocity constraints are applied as uW = ωW = 0.
Subsequently, as the resistance tensor is independent of the particles’ momentum and is
pre-determined based on the configuration of the particles and the topology of the wall,
the deterministic part of the hydrodynamic forcing term under the background velocity is
substituted, as shown in (2.26) and (2.27), and the velocity moments of interior particles
are reformulated, as in (2.28):

A = (RII
FU + RIW

FU) · U∞ + (RII
FΩ + RIW

FΩ) · Ω∞ + (RII
FE + RIW

FE) · E∞, (2.26)

B = (RII
TU + RIW

TU) · U∞ + (RII
TΩ + RIW

TΩ) · Ω∞ + (RII
TE + RIW

TE) · E∞, (2.27)[
F P + F B + A

T B + B

]
=
[

RII
FU RII

FΩ

RII
TU RII

TΩ

]
·
[

uI

ωI

]
, (2.28)

[
uI

ωI

]
=
⎡
⎣(RII

FU)
−1

(RII
FΩ)

−1

(RII
TU)

−1
(RII

TΩ)
−1

⎤
⎦ ·

[
F P + F B + A

T B + B

]
. (2.29)

In writing (2.28), the governing equation in (2.1) substitutes the hydrodynamic force
on the interior particles. Here, with regards to (RII

FU)−1, it should be noted that it is not
a result of direct inversion of the force-velocity coupling part of the resistance tensor,
but rather the submatrix obtained after inverting the entire resistance matrix between
interior particles in (2.28). The contribution from the inter-particle non-hydrodynamic
interactions F P is calculated in the pairwise additive fashion as in conventional SD, while
the Brownian force and torque terms, represented as F B and T B, can be simplified as
follows:

〈F B(t)〉 = 〈T B(t)〉 = 0, (2.30)

〈F B(t)F B(t′)〉 = 2kBTRII
FUδ(t − t′), (2.31)

〈T B(t)T B(t′)〉 = 2kBTRII
TΩδ(t − t′). (2.32)

While the Brownian random force has been explicitly added in (2.29), it alone does not
fully account for the effects of thermal motion. In concentrated colloid systems, diffusivity
varies depending on the configuration, and particle diffusion can be enhanced by random
walks in structures with high diffusivity (Ermak & McCammon 1978). Therefore, a mean
drift term with equal strength is added to counteract the erroneous particle depletion
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resulting from configurations that have high diffusivity (Brady & Bossis 1988).[
xI(tn+1)

θ I(tn+1)

]
=
[

xI(tn)

θ I(tn)

]
+ (tn+1 − tn)

×

⎛
⎜⎜⎜⎜⎜⎝

[
(RII

FU)
−1

(RII
FΩ)

−1

(RII
TU)−1 (RII

TΩ)
−1

]
·
[

F P + F B + A

T B + B

]

+
[

∇ · (RII
FU)

−1/2

∇ · (RII
TΩ)

−1/2

]
⎞
⎟⎟⎟⎟⎟⎠ . (2.33)

Various algorithms have been proposed to account for the mean drift term
simultaneously during time-stepping (Grassia, Hinch & Nitsche 1995; Delong et al. 2014).
Among these methods, the mid-point algorithm of Fixman (1986) has been widely adopted
and can be readily implemented within the current formalism. Employing this method, the
evolution equations for the particle trajectories become[

xI

θ I

]∣∣∣∣∣
tn+1/2

=
[

xI

θ I

]∣∣∣∣∣
tn

+ (tn+1 − tn)
2

[
(RII

FU)
−1

(RII
FΩ)

−1

(RII
TU)

−1
(RII

TΩ)
−1

]∣∣∣∣∣
tn

·
[
(F P + A)|tn + F B|tn

B|tn + T B|tn

]
, (2.34)

[
xI

θ I

]∣∣∣∣∣
tn+1

=
[

xI

θ I

]∣∣∣∣∣
tn

+ (tn+1 − tn)

[
(RII

FU)
−1

(RII
FΩ)

−1

(RII
TU)

−1
(RII

TΩ)
−1

]∣∣∣∣∣
tn+1/2

·
[
(F P + A)|tn+1/2 + F B|tn

B|tn+1/2 + T B|tn

]
. (2.35)

First, by using (2.34), particle displacement at tn+1/2 is computed, and subsequently,
employing the updated resistance matrix, particle displacement at tn+1 is determined
according to (2.35). This step corresponds to the final phase of the algorithm, as illustrated
in figure 1, which entails determining the new particle positions through time marching.

When drawing an analogy between the present approach and conventional SD, the
grand resistance matrix presented in (2.15) is replaced with the resistance matrix between
interior particles in (2.28). Furthermore, the Brownian motions described by (2.19)–(2.21)
are replaced by those designed for interior particles in (2.30)–(2.32). Consequently, in
constrained SD, the procedure for calculating the square root or inverse of the grand
resistance matrix in conventional SD is replaced with the process of determining the
square root or inverse of the resistance matrix, which accounts for the interactions among
the interior particles. In essence, as the system size increases, primarily due to the
greater number of wall particles, the computational overhead associated with direct matrix
inversion is confined to that from interior particles. This structural advantage ensures that
the number of independent equations is directly proportional to the number of interior
particles, effectively minimizing the computational cost stemming from the number of
wall particles.

However, the influence of wall particles on computational cost is not entirely negligible
throughout the entire algorithm. This is because when obtaining the grand resistance
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Constrained Stokesian dynamics for particulate transport

matrix in (2.16), it is necessary to invert the far-field mobility matrix containing
information about all the particles to account for long-ranged hydrodynamics induced
by wall particles. As a result of this process, the dynamics of particles in accordance
with ambient flow and thermal fluctuation reflect the effects from the channel walls.
However, since hydrodynamic effects from far-field interactions change slowly over time,
this process is performed only once per single diffusional time of a particle 6πμa3/kBT
(Nott & Brady 1994), where kB is the Boltzmann constant and T is the system temperature.
In our study, the time step used for simulations is 10−4 times a single diffusional time, so
the inversion of the grand mobility matrix is performed once every 104 steps, significantly
reducing its computational proportion in the simulation.

However, as (2.29) takes a fully generalized form independent of the number of wall
particles, this formulation can also be applied in conventional SD where wall particles are
not present. Interestingly, Wang & Swan (2019) employed a similar form of the governing
equation to investigate the heterogeneity effect of patched beads on colloid gelation. In
this study, each of the sphere particles comprising the beads is compelled into rigid body
motion through the action of constraint force. Although developed for different systems,
this constraint-containing Stokesian dynamics formulation shares the structural advantages
presented in (2.29) and could find applications in various systems.

Not only essential aspects of particle motion, but also the rheological properties of
interior particles and the hydrodynamic stress SH exerted on the channel wall can be
efficiently calculated. First, obtaining the hydrodynamic force F W on the channel wall is
straightforward, achieved by performing the matrix-vector multiplication in (2.25) using
the velocity vector of interior particles obtained during the time marching. Similarly, the
hydrodynamic stress experienced by the wall and interior particles is determined using
the velocity vector of internal particles and (2.15). More specifically, the particle-phase
stress is divided into non-hydrodynamic and hydrodynamic contributions, as illustrated in
(2.36) (Batchelor 1970, 1977). The first two terms, ideal osmotic pressure and inter-particle
elastic stress, constitute the non-hydrodynamic stress, while the third term, representing
the hydrodynamic component, is elaborated upon in (2.37) for interior particles (〈�〉H =
〈S〉I), and (2.38) for the wall stress simulated by wall particles (〈�〉H = 〈S〉W ).

〈�〉 = −nkTI − n〈rF P〉 + 〈�〉H, (2.36)

SI = −RII
SU · (uI − U∞) + RIW

SU · U∞ − RII
SΩ · (ωI − Ω∞)

+ RIW
SΩ · Ω∞ + RII

SE · E∞ + RIW
SE · E∞, (2.37)

SW = RWW
SU · U∞ − RWI

SU · (uI − U∞) + RWW
SΩ · Ω∞ − RWI

SΩ · (ωI − Ω∞)

+ RWI
SE · E∞ + RWW

SE · E∞. (2.38)

The hydrodynamic part of the stress is further divided into the stress from the
background velocity field, the Brownian stress and the dissipative part of the inter-particle
stress. If relative motion between particles is induced by inter-particle forces and
they are hydrodynamically coupled, this motion induces stresslets (Chu & Zia 2016).
The individual contributions constituting the hydrodynamic part can be calculated by
determining the slip velocity under the influence of the corresponding force using (2.29),
followed by performing matrix-vector multiplications as described in (2.37) and (2.38).

One of the primary interests in fouling dynamics is the observation of
how the deformation of clogs and resuspension kinetics is affected by the
hydrodynamic stress resulting from the combined effects of particle–fluid interaction and
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particle–particle interaction. From a Lagrangian perspective, the inter-particle stress,
which falls under the non-hydrodynamic contribution, has primarily been associated with
the elastic energy stored within the given particle structure (Whittle & Dickinson 1997;
Johnson, Landrum & Zia 2018; Lee et al. 2021). However, a comprehensive understanding
of the effects of hydrodynamics on agglomerate deformation has not yet been fully
established. Therefore, the method developed in this section, which allows for an easy
evaluation of the kinetics of individual particles influenced by the interaction of various
opposing forces within the flow channel, can offer advantages in studying the impact of
hydrodynamics on fouling dynamics.

While the constrained Stokesian dynamics formulation has indeed resulted in a
significant enhancement of computational speed during the initial phases of the
simulation, it fundamentally possesses a time complexity of O((NI)3) when the number
of interior particles is NI . Therefore, as fouling advances to later stages, the computational
workload escalates rapidly. In the subsequent subsection, various acceleration schemes
developed to facilitate efficient calculations for hydrodynamic coupling are presented,
assuming constrained velocity on wall particles.

2.1.3. Acceleration scheme on the constraint Stokesian dynamics
The most time-consuming step in considering many-body hydrodynamics is matrix
inversion, which becomes the rate-determining step in the SD paradigm. Therefore, to
circumvent matrix inversion, a method of dividing hydrodynamic force into near-field
lubrication and far-field contributions and obtaining the desired properties through an
iterative scheme has been considered (Sierou & Brady 2001; Banchio & Brady 2003).
According to this scheme, far-field force F ff , torque T ff and stresslet Sff are defined as
follows: ⎡

⎣F ff

T ff

Sff

⎤
⎦ = −(M∞)−1 ·

⎡
⎣u − U∞

ω − Ω∞

−E∞

⎤
⎦ . (2.39)

Therefore, the action of the grand resistance matrix is divided into contributions from
near-field lubrication and far-field interactions:⎡

⎣ 0
0

SH

⎤
⎦ = −

⎡
⎣
⎡
⎣RFU,nf RFΩ,nf RFE,nf

RTU,nf RTΩ,nf RTE,nf
RSU,nf RSΩ,nf RSE,nf

⎤
⎦+ (M∞)

−1

⎤
⎦ ·

⎡
⎣u − U∞

ω − Ω∞
−E∞

⎤
⎦

+
⎡
⎣F P + F B

T B

−xF P

⎤
⎦ . (2.40)

In the above equation, the force balance for interior particles in the first and second rows
is expanded as follows. The superscripts in the resistance matrix denote the submatrix of
the near-field matrix corresponding to interior particle I or wall particle W.

0 = F I
ff − RII

FU,nf · (uI − U∞) + RIW
FU,nf · U∞ − RII

FΩ,nf · (ωI − Ω∞) + RIW
FΩ,nf · Ω∞

+ RII
FE,nf · E∞ + RIW

FE,nf · E∞ + F P + F B, (2.41)

0 = T I
ff − RII

TU,nf · (uI − U∞) + RIW
TU,nf · U∞ − RII

TΩ,nf · (ωI − Ω∞) + RIW
TΩ,nf · Ω∞

+ RII
TE,nf · E∞ + RIW

TE,nf · E∞ + T B. (2.42)
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Constrained Stokesian dynamics for particulate transport

Similar to the previous subsection, since the resistance tensor is independent of the
particle’s momentum and determined solely by the particle’s configuration and the
topology of the wall, the predetermined hydrodynamic force from the wall can be
substituted, as illustrated in (2.43) and (2.44). The remaining terms are then restructured
into a matrix formulation, as presented in (2.45).

A′ = RIW
FU,nf · U∞ + RIW

FΩ,nf · Ω∞ + RII
FE,nf · E∞ + RIW

FE,nf · E∞, (2.43)

B′ = RIW
TU,nf · U∞ + RIW

TΩ,nf · Ω∞ + RII
TE,nf · E∞ + RIW

TE,nf · E∞, (2.44)[
uI − U∞
ωI − Ω∞

]
=
[
(RII

FU,nf )
−1

(RII
FΩ,nf )

−1

(RII
TU,nf )

−1
(RII

TΩ,nf )
−1

][
F I

ff + F P + F B + A′

T I
ff + T B + B′

]
. (2.45)

While (2.45) serves as an analogy to (2.29), the acceleration scheme includes the
additional separation of far-field components into a force vector. This separation results
in a sparse near-field matrix that, in most cases, becomes singular as contributions from
the particles that have not entered the lubrication boundary layer become zero. To ensure
positive definiteness and enhance convergence, the introduction of an isotropic tensor on
the right-hand side leads to the transformation of the near-field resistance to RII

FU,nf +
βI = R̃II

FU,nf and the far-field force on the interior particles to F I
ff + β(uI − U∞) = F̃ I

ff ,
where β is a positive scalar. This treatment changes (2.45) into (2.46), making it a suitable
form for practical implementation:

[
F̃ I

ff + F P + F B + A′

T̃ I
ff + T B + B′

]
=
[

R̃II
FU,nf R̃II

FΩ,nf
R̃II

TU,nf R̃II
TΩ,nf

]
·
[

uI − U∞
ωI − Ω∞

]
. (2.46)

As the far-field mobility remains undetermined, the translational and rotational
velocities of the interior particles are expressed as functions of the far-field force and
subsequently substituted into (2.40). Following several steps of rearrangement, it takes the
form

⎛
⎜⎜⎜⎜⎜⎜⎝
M∞ ·

⎛
⎜⎜⎜⎜⎜⎜⎝

I − β

⎡
⎢⎢⎢⎢⎢⎢⎣

(R̃II
FU,nf )

−1
0 (R̃II

FΩ,nf )
−1

0 0
0 0 0 0 0

(R̃II
TU,nf )

−1
0 (R̃II

TΩ,nf )
−1

0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎠

+

⎡
⎢⎢⎢⎢⎢⎢⎣

(R̃II
FU,nf )

−1
0 (R̃II

FΩ,nf )
−1

0 0
0 0 0 0 0

(R̃II
TU,nf )

−1
0 (R̃II

TΩ,nf )
−1

0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎠

·

⎡
⎢⎢⎢⎢⎢⎢⎣

F̃ I
ff

F̃ W
ff

T̃ I
ff

T̃ W
ff

Sff

⎤
⎥⎥⎥⎥⎥⎥⎦
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= −

⎡
⎢⎢⎢⎢⎢⎢⎣

(R̃II
FU,nf )

−1 · (F P + F B + A′) + (R̃II
FΩ,nf )

−1 · (T B + B′)
−U∞

(R̃II
TU,nf )

−1 · (F P + F B + A′) + (R̃II
TΩ,nf )

−1 · (T B + B′)
−Ω∞

−E∞

⎤
⎥⎥⎥⎥⎥⎥⎦

+ βM∞ ·

⎡
⎢⎢⎢⎢⎢⎢⎣

(R̃II
FU,nf )

−1 · (F P + F B + A′) + (R̃II
FΩ,nf )

−1 · (T B + B′)
0

(R̃II
TU,nf )

−1 · (F P + F B + A′) + (R̃II
FΩ,nf )

−1 · (T B + B′)
0
0

⎤
⎥⎥⎥⎥⎥⎥⎦

. (2.47)

The iterative form of the equation presented above includes velocity constraints for wall
particles but remains in a fully generalized form. Consequently, it can be immediately
reduced to the form used in the accelerated Stokesian dynamics scheme (ASD) for
studying the systems such as dispersion between parallel plates or colloidal gels (Swan &
Brady 2011; Ouaknin, Su & Zia 2021), even when the number of wall particles NW is zero.
This adaptive nature does not require any changes to the governing equation. Alternatively,
in systems where thermal motion is not significant, as indicated by F B = T B = 0, it
can be reduced into a form for obtaining deterministic force moments. In the presence
of thermal motion, the relationships below replace (2.30)–(2.32), as thermal motion can
also be divided into contributions from the near- and far-field parts. To avoid unnecessary
repetition, only the force term is represented since torque is conventionally included in the
force vector (Brady & Bossis 1988).

〈F B
nf (t)〉 = 〈F B

ff (t)〉 = 0, (2.48)

〈F B
nf (t)F

B
nf (t

′)〉 = 2kBTRII
FU,nf δ(t − t′), (2.49)

〈F B
ff (t)F

B
ff (t

′)〉 = 2kBT(M∞)−1
FUδ(t − t′). (2.50)

The near-field contribution, which encompasses the limited contributions from each
particle pair γ within the cutoff radius of 4a, results in a sparse resistance matrix. Due to
its pairwise additive nature, it can be factorized by Cholesky decomposition (Banchio &
Brady 2003).

FB
nf ,i =

∑
(i,j)∈S(γ )

(Lγ

ii · Ψnf ,i + Lγ

ij · Ψnf ,j). (2.51)

In this context, L represents the lower triangular matrix of RII
FU,nf , while Ψ nf is

a stochastic vector with zero mean and unit variance. It is important to clarify that
the superscript II in the factorized resistance matrix does not imply that lubrication
contributions are exclusively between the interior particles; rather, it denotes the submatrix
corresponding to interior particles in the matrix. Indeed, while the near-field thermal
motion of interior particles is influenced by contributions from the wall particles within the
cutoff radius, the computational advantage lies in the fact that only the matrix components
corresponding to interior particles undergo Cholesky decomposition.

In the next part, the far-field contribution unavoidably involves considering the far-field
effects from all the particles, as mentioned in § 2.1.2, but this step needs to be executed only
once per unit diffusion time. Additionally, an approximation of (M∞)

−1/2
FU Ψ ff using the
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Lanczos process, a type of Krylov subspace method, can circumvent the direct inversion
of the far-field mobility matrix. Since this process uses mobility components from all
particles, this part aligns with conventional ASD, and the detailed procedure for the
Lanczos process is omitted here but can be found in its pioneering works (Ando et al.
2012; Chow & Saad 2014; Ouaknin et al. 2021).

Returning to the governing equation, (2.47) can be solved using an iterative method
such as the generalized minimum residual method (Saad & Schultz 1986). By substituting
the obtained far-field force back into (2.46), the particle velocity can be obtained. When
expressed in a form that incorporates drift velocity, similar to those in (2.34) and (2.35), it
takes the following form:

xI|tn+1/2 = xI|tn + (tn+1 − tn)
2

⎛
⎝U∞|tn + (R̃II

FU,nf )
−1|tn · (F̃ I

ff + F P + F B + A′)|tn
+ (R̃II

FΩ,nf )
−1|tn · (T̃ I

ff + T B + B′)|tn

⎞
⎠ ,

(2.52)

xI|tn+1 = xI|tn + (tn+1 − tn)

×
⎛
⎝U∞|tn+1/2 + (R̃II

FU,nf )
−1|tn+1/2 · {(F̃ I

ff + F P + A′)|tn+1/2 + F B|tn}
+ (R̃II

FΩ,nf )
−1|tn+1/2 · {(T̃ I

ff + B′)|tn+1/2 + T B|tn}

⎞
⎠ .

(2.53)

The theoretical time complexity of the algorithm outlined above corresponds to
O(N log N). Recently, Fiore & Swan (2019) reported that the SD scheme can be accelerated
up to O(N) through a reformulation using the property of a saddle-point matrix.
Appendix A demonstrates how to reformulate the constrained SD in a manner that exploits
the properties of the saddle-point formulation. This is grounded in the common idea that
both the saddle-point formulation and ASD share the concept of dividing hydrodynamic
force moments into far-field and near-field interactions. This approach also enables the
formation of the Schur complement required for the saddle-point formulation, even when
there is a strong constraint on the velocity vector.

In summary, the algorithm developed in our study offers an advantage in terms of
efficiency compared with Euler-based methods for systems with thousands of particles,
as it does not require the process of remeshing after the application of new boundary
conditions. While this study only implements the formulation in § 2.1.3 for the subsequent
results, there are potential opportunities for future improvements for systems involving
tens of thousands or more particles through GPU parallelization, as suggested by Fiore &
Swan (2019).

However, the process described in (2.52) and (2.53) corresponds to solving for the
new particle positions through time marching, as depicted in the final step of figure 1.
Before proceeding to the next section, in which we define the case system for fouling
studies, we would like to provide a brief review of the coupling relationship between
FEM and constraint SD. Obtaining the ambient velocity through FEM at the algorithm’s
outset and subsequently evaluating the velocity disturbance appears to be a one-way
coupling, according to the form of the flowchart in figure 1. However, fluid and particles
inherently interact through a two-way coupling. This is due to the continuous feedback
loop that occurs between the fluid and particles through a series of processes: initially,
the velocity disturbance is calculated at the centre of the particles, corresponding to
the influence from the particles; subsequently, the changed positions of the particles are
determined, corresponding to the influence from the fluid. Given the boundary conditions
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(a) (b)

Figure 3. Schematic pictures of confined flow channels correspond to (a) a T-shaped cross-flow channel and
(b) a 4:1 contraction channel used in the particulate fouling simulations. The relative magnitude of translational
velocity |u∞| is indicated using RGB colouring, with maximum velocity represented by red and minimum
velocity by blue. Additionally, finite element meshes that resolve background velocity moments are depicted as
black lines.

of the channel, FEM provides a steady-state solution of pure fluid as a reference in this
feedback process. In the following section, the target geometry and boundary conditions
are introduced, allowing for the acquisition of a unique FEM solution for the
time-marching process.

2.2. Geometrical descriptions for flow channels
Using the simulation scheme developed in § 2.1, the simulations of the transport of
particulate suspension have been conducted in the two confined geometries shown in
figure 3 to observe fouling phenomena. Figure 3(a) depicts a T-shaped cross-flow channel
with a side stream perpendicular to the main flow direction, while figure 3(b) illustrates
a 4:1 contraction channel where a bottleneck occurs in the same direction as the main
flow. One of the industrial processes in which particle fouling is a significant concern is
membrane separation processes. The structures shown in figure 3 have been chosen as
representative configurations for the case study because they simplify the unit structures
of cross-end filtration and dead-end filtration, which are representative classifications
in membrane separation processes (Kim et al. 2023a,b). In § 3.2, a comparison with
experimental results under the same flow conditions is made to examine fouling behaviours
based on the influences of inter-particle potential and hydrodynamic stress in the respective
structures.

In fouling simulations, this study configures a three-dimensional channel with periodic
boundary conditions applied to the vorticity direction. However, the particles are input
with the same vorticity coordinate to practically form a monolayer of clogs, allowing
for the investigation of structural changes that occur over an extended period. Since it is
expected that larger variations would occur in the velocity and velocity gradient directions
rather than the width of the channel, the analysis of the particle dynamics is more focused
on these two directions, aligning with the results of fluid visualization (Kim et al. 2022;
2023a,b).

When obtaining solutions from the FEM part, we employed the commercial software
COMSOL Multiphysics 4.2 as a fluid dynamics solver. After constructing the geometry,
computational domains were discretized into physics-controlled meshes, as illustrated in
figure 3. The cross-flow channel used 9619 elements, while the contraction channel used
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Cross-flow channel Contraction channel

Discretization
Number of
elements

Average velocity
(relative velocity) Discretization

Number of
elements

Average velocity
(relative velocity)

Type-1 24 534 1.1681a/s (1) Type-1 3381 0.8767a/s (1)
Type-2 9619 1.1667a/s

(0.9988)
Type-2 2228 0.8750a/s

(0.9981)
Type-3 3457 1.1593a/s

(0.9925)
Type-3 1453 0.8730a/s

(0.9958)
Type-4 2268 1.1589a/s

(0.9921)
Type-4 853 0.8707a/s

(0.9932)

Table 1. Convergence test for average velocity at the inlet surface of the channel: (left) a T-shaped cross-flow
channel and (right) a contraction channel. Relative velocity is calculated by normalizing each velocity
measurement against the results from the finest discretization. The type of discretized mesh shown in boldface
is depicted in figure 3.

2228 elements to resolve the background velocity moments. We have further conducted
a convergence study on mesh refinement and delineated the results in table 1. Although
it does not achieve complete convergence with the finest mesh offered by the software,
it shows that the built-in physics-controlled meshing schemes already represent good
performance relative to the finest one. Therefore, we chose the type-2 scheme from table 1
to compromise between accuracy and efficiency. Concerning the boundary conditions, a
constant flow rate condition with a flow rate per unit width of 70a2/s was assumed at
the inlet surface, where tB = 6πμa3/kBT represents the characteristic time of a single
colloidal particle. However, the zero static pressure condition is applied at the outlet,
where the velocity is assigned based on a zero normal derivative across the boundary.
This results in u∞

avg = 1.167a/s at the inlet of the cross-flow channel and u∞
avg = 0.875a/s

at the contraction channel, with the radius of colloidal particles being a = 1 μm. Given
these average inlet velocities and physical parameters, including μ = 0.15 Pa · s which
resembles the viscosity of the aqueous glycerol solution and system temperature T =
300 K, the Péclet number of the colloidal particles Pe = u∞

avgtB/H corresponds to 13.28
for the cross-flow channel and 9.96 for the contraction channel, while H represents the
height of the channel at the inlet.

3. Results and discussions

In this section, the accuracy of the methodology developed in § 2.1 is verified against
previous studies in § 3.1. In § 3.2, case studies are conducted on a target system where
the particle fouling phenomenon is primarily an issue to confirm the efficiency of
the methodology. Specifically, in the validation section, the sedimentation velocity and
diffusion coefficients of colloid particles are measured in the presence of confined
geometry to assess how accurately the particle-wall scheme captures the motion of
particles near the wall. Next, the stochastic self-diffusion coefficients of particles are
examined by varying distances from the wall and particle concentration. Lastly, the
computational efficiency introduced by the constrained formulation is explored by
measuring processing time when the number of interior and wall particles are adjusted.
In § 3.2, the particle dynamics is observed when attractive colloidal suspensions are
transported in the case systems introduced in § 2.2. The observed fouling patterns
are compared with the experimental studies with the same flow conditions in each
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confined geometry. Through these investigations, we will demonstrate how the Lagrangian
formulation developed in this study can contribute to the understanding of particle
dynamics in fouling phenomena using a unique and intrinsic approach rooted in the
Lagrangian description.

3.1. Validations
The key concept of the methodology in this study is the utilization of imaginary wall
particles and the construction of a constrained velocity formulation when incorporating
confined geometry. Therefore, it was expected that the accuracy would inevitably decrease
when measuring transport properties in confined geometry compared with the methods
that consider an exact wall boundary using the geometry-reflected Green functions or
the explicit solvent method. The primary objective of this section is to ascertain how
closely the results obtained through the combination of FEM with constraint SD align
with those from previous studies. The validations of the rheological properties, which
reflect hydrodynamic interactions in an infinite suspension are available in Appendix B.

First, the transport properties of colloid particles in a parallel slit channel employing
the excluded volume scheme are compared with previous studies using the fluctuating
immersed boundary method (IBM) by Delong et al. (2014) and a modified Green function
by Swan & Brady (2011). In figure 4(a), the velocity of a single particle is depicted when
placed at a distance h from the channel wall, and subjected to an external force F in parallel
and perpendicular directions to the wall. The gap between the parallel walls was h/a = 32,
and the values were measured from h/a = 0, where the particles come into contact with
the target boundary, up to h/a = 13, where the mobility becomes nearly constant. The
mobility obtained through (2.26) to (2.29) shows qualitatively similar behaviour to the
fluctuating IBM by Delong et al. (2014) that reflects a flat geometry, but quantitatively,
systematic deviations are observed, especially in the contact range with the wall. Though
the particle-wall scheme aimed to simulate point forces on the surface of the wall by
placing imaginary particles, as the spherical particles cannot tessellate the flat surface,
the simulated wall boundary practically exhibits porous, bumpy characteristics, leading
to deviations from the result that accurately reflects the topology of a flat wall. The
effect of the averaged mobility over the surface parallel to the target boundary due to
the bumpy wall is manifested as inconsistent changes in mobility observed at h/a < 2.
Results from BD are also plotted for reference, which is the free-draining simulation
without HI.

In figure 4(b), the sedimentation velocity of the particles arranged at square lattice
points on the central plane of the channel is measured when subjected to an external force.
The gap between parallel walls H and the spacing of the lattice array L are prescribed in
dimensionless units with respect to the particle radius. This example aims to investigate
the rationality of the particle-wall scheme based on the number density of suspended
particles. The sedimentation velocities obtained through (2.26) to (2.29) show reduced
deviations when compared with the results obtained from the simulations that reflect
flat wall geometry through the modified Green function by Swan & Brady (2011). This
decrease in deviation is more pronounced when referencing figure 4(a). As suggested
by Swan & Brady (2011) in the phase diagram considering the dynamical behaviour
of the particles, the hydrodynamic influence of the wall decreases significantly as the
concentration of suspended particles increases. Furthermore, as the gap between parallel
walls increases, the influence of the wall on the sedimentation velocity of particles also
decreases. Therefore, the smaller gap, the larger deviation, and vice versa. Therefore,
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Figure 4. (a) Mobility of a single sphere inside a slit channel in the directions parallel (blue) and perpendicular
(green) to the no-slip wall as a function of the distance from the wall. Mobility results from the fluctuating IBM
by Delong et al. (2014) and BD simulation are also plotted for comparison purposes. (b) The sedimentation
velocity of spherical particles residing on a square lattice falling parallel to the channel walls. The velocities for
square lattices, with lattice dimension L, residing in the middle of the channel, are compared with the results
of Swan & Brady (2011) who used a corrected form of Green’s function in a parallel channel.

although our study does not reproduce results that reflect flat geometry precisely, it is
able to reproduce more accurate results, especially when the suspension is confined by a
wall with a large gap or the concentration of particles is high.

Next, we measure the short-time self-diffusivity of a single colloid particle in a slit
channel. The short-time self-diffusivity, defined by mean square displacement, is given as
follows:

DS = lim
t→0

1
2

d
dt

〈x(t) · x(t)〉. (3.2)

According to the fluctuation-dissipation theorem, the short-time self-diffusivity
represents the instantaneous velocity a particle acquires due to a force proportional to
thermal energy kT . To illustrate both situations in which a particle approaches the channel
wall and diffuses in the main flow direction, we measure short-time self-diffusivity in
both parallel and perpendicular directions to the wall. Additionally, the results obtained at
various volume fractions are plotted in figure 5 to investigate the changes in accuracy as
the particles continuously enter the channel. Compared with the results of Swan & Brady
(2011), relatively high accuracy at a volume fraction of 0.40 is observed, while significant
deviation becomes apparent as the volume fraction decreases to 0.10. Furthermore, when
the volume fraction is 0.25 or higher, the diffusivity in the direction perpendicular to
the wall consistently shows lower values than that in the horizontal direction, whereas
at a volume fraction of 0.10, the diffusivity in both directions tend to be comparable,
especially at the centre of the channel. The increase in accuracy at higher volume fraction
is due to the interaction between the interior particles, which shield the wall effect, as
observed in deterministic results. The lower accuracy observed at lower volume fractions,
even larger than the deterministic results, indicates the challenges of accurately simulating
the diffusion of particles towards the wall due to thermal motion during the early stage
of fouling. However, as can be observed in the upcoming case study in the next section,
the primary role in particle fouling, involving the creation and destruction of clogs, is
played by the hydrodynamic stress which is orders of magnitude larger than the Brownian
stress. Therefore, when studying the kinetics of particle deposition on a clean surface,
more accurate methods, such as molecular dynamics or the method of reflection, should
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Figure 5. Short-time self-diffusion coefficients of a single particle between a parallel slit channel with channel
gap H/a = 6. The scattered data points are obtained from the constrained SD, and the scatter-line plots are
reproduced from the results of Swan & Brady (2011), who used a modified Green function in ASD simulation.

be considered, but short-time self-diffusivity does not have a decisive impact on the overall
pattern when observed over a long period of time.

The final test is the efficiency of the constrained SD formulation. This is accomplished
by measuring the processing time, or wall time, for a single time step of simulation
when applying the constrained formulation to both conventional SD and ASD schemes.
It is assumed that the number of NI interior particles, which undergo Brownian motion,
is randomly dispersed with a volume fraction of 0.2, and there are no inter-particle
non-hydrodynamic interactions. The number of NW particles constrained to have a velocity
of 0 is varied, and the ratio of the particles subjected to this constraint is adjusted to 0 %,
90 % and 99 %. The total number of N = NW + NI particles ranges from 102 to 104.

Given that structural changes in colloidal particles occur over very long times in
low-Reynolds-number conditions, the required total time steps during simulation can
become much larger than a million. Therefore, if the wall time exceeds 1 s, the
corresponding system may not be suitable for practical applications. When examining
the data points in figure 6, it appears that conventional SD without constrained particles
NI/N = 1 satisfies this time condition for up to 102 particles. The time complexity of
conventional SD was O(N1.99), indicating that the critical step determining the processing
time was the construction of the mobility matrix rather than matrix inversion. This
is likely attributed to the utilization of LAPACK (Linear Algebra PACKage) built-in
functions, which make use of multiple threads from our Intel Xeon Gold 6246R Processor
CPU for matrix calculations under the default settings. Significant improvements in wall
time are observed when the constrained formulation is applied, resulting in a reduction
in wall time by more than an order of magnitude, while keeping the time complexity
unchanged. In other words, the constrained formulation enables efficient calculations with
conventional SD for up to 103 particles, notably alleviating the known speed limitations
of the conventional SD framework. In the case of ASD, it exhibits a scaling performance
indicated by O(N1.15). The cost reduction achieved through the constraint formulation
is not as pronounced as in conventional SD, being just slightly less than half an order.
This is primarily because, as shown in (2.47), the force moments of wall particles are
regressed every time step, even though it is unnecessary for obtaining the trajectory
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Figure 6. The average wall time for randomly dispersed particles at a volume fraction of 0.2 under shear rate
Pe = 1. In each dataset, the particles with a ratio of NI/N = 1 (red), NI/N = 0.1 (green) and NI/N = 0.01
(purple) are free to move, while the others are subject to velocity constraints. The scatter and line plots depict
the results of constrained SD, while the scatter and dashed line plots represent the results of constrained ASD.

of interior particles. Consequently, even with an increased ratio of particles subjected
to velocity constraints, the dimension of the force vector remains unchanged. However,
as illustrated in figure 6, the constrained formulation extends the practical applicability
of ASD, accommodating a total number of 103 to 104 particles within its framework.
However, employing the fast Stokesian dynamics framework outlined in Appendix A could
further reduce the size of the regression vector, contingent upon the ratio of wall particles.
This, in turn, could yield additional enhancements in speed, a topic that may be explored
in future work.

In this section, we examined how well the colloid dispersion simulated by constrained
SD reproduces the transport properties in confined geometries. As a result, we confirmed
that more accurate results are obtained when there is a larger number of particles, and
when the particles interact with each other rather than directly interacting with a bumpy
wall. Summarizing this relationship between time complexity and the characteristics of
Lagrangian simulation, our methodology has the advantage in speed when the number of
particles is low, while it has the advantage in accuracy when the number of particles is
high. In the next section, we will conduct simulations in more complex geometries and
explain the mechanism of particle fouling using a Lagrangian perspective on the scale of
particle dynamics.

3.2. Case study: particulate fouling in a T-shaped cross-flow and contraction channel
When an attractive colloidal suspension is transported through a channel, some particles
diffuse towards the channel wall through Brownian random motion and adhere to it by
wall–particle interactions. However, particle adhesion to the wall is often temporary. When
the attractive force between an adsorbed particle and the aggregate in the main flow
exceeds the force between the particle and the wall, these particles can detach from the wall
and exhibit resuspension behaviour. Consequently, comprehending the dynamic growth of
clogs necessitates prolonged observation periods. To characterize this temporal evolution,
the pressure drop and areal fraction within a channel is quantified, which can be served
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Figure 7. (a) The pressure drop inside the main (red) and side channels (purple) over time, and (b) the areal
fractions inside the main (solid line) and side channel (dotted line) when V0/6πμu∞

avga2 = 10 and κa = 5.

as an indicator that reveals critical moments during the evolution of fouling patterns. The
channel pressure drop is calculated by adding the hydrodynamic force received by the
imaginary wall to the pressure drop of the pure fluid P = Pfluid + Pparticle. While the
microscopic balance on the interior particles is satisfied by the governing equation given
in (2.1), the pressure gradient is established through an overall momentum balance for
wall particles Pparticle = nw〈F W〉, as presented by Nott & Brady (1994), where nw is the
number density of the wall particles. Up to the point of channel blockage, the simulation
snapshots are compared with experimental images captured using an inverted microscope
at similar fouling stages. The experimental data are derived from the studies conducted
by Kim et al. (2022, 2023a,b), using non-reactive polystyrene particles dispersed in a
glycerol solution, which exhibits Newtonian behaviour. Although our simulations employ
the same dimensionless flow conditions as the experiments, not all the conditions are
identical, including the conversion of volume fraction of the particles to areal fraction
and the modelling scheme for inter-particle potential. In our simulations, a Newtonian
suspension containing an areal fraction of 0.1 no-slip particles is employed. Particle inputs
have been randomized by the Monte Carlo algorithm in a way that the locations with
high inlet velocity have a higher chance of particle inflow. The inter-particle potential is
modelled as the Morse potential, in contrast to experiments in which attractive particles
were modelled to have an infinite well depth using the DLVO potential.

The first case study is conducted in the T-shaped cross-flow channel, where the
macroscopic properties are illustrated over time in figure 7. Microscopic snapshots and
corresponding experimental images are presented in figure 8. The individual particles in
the channel are coloured in RGB according to the magnitude of the applied hydrodynamic
stress. For the inter-particle interactions, the Morse potential with attraction coefficient
κa = 5 is employed, while well depth is set to V0/6πμu∞

avga2 = 10.
Leveraging the advantages of the Lagrangian approach, the stress distribution within

the channel can be analysed, revealing distinct behaviours of particles depending on
their positions within the channel. The particles forming clogs that adhere to the wall
of the main channel do not develop into relatively large structures, even when subjected
to relatively weak hydrodynamic stress. This repeated deposition and resuspension are
reflected in the continuous pressure drop fluctuations illustrated in figure 7(a). However,
the clogs formed at locations where the main stream and side stream meet experience
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Figure 8. Particle snapshots from the simulation (left) and the images from experiments (right) within the
crossflow channel when V0/6πμu∞

avga2 = 10 and κa = 5. In the simulation, the particles are RGB coloured to
represent the amount of hydrodynamic stress applied on them.

stress in the perpendicular direction to the channel wall, leading to their compression
and solidification. The simulation and experimental snapshots exhibit similar shapes of
protruding particle clogs formed in the same region. As more particles accumulate on
the clogs and channel wall, flow blockage occurs at point t/(6πμa3/kBT) = 2450. Still,
this blockage was temporary due to the strong hydrodynamic stress within the clog. The
accumulated stress inside the cluster at time t/(6πμa3/kBT) = 2450 was higher than
SI

xy = 800kBT/a3, which deforms the cluster in the direction of velocity, rendering the
cluster unstable and ultimately leading to its subsequent breakup. Conversely, as observed
at time t/(6πμa3/kBT) = 2869, if the hydrodynamic stress within the clog is weak, the
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Figure 9. (a) The pressure drop and (b) areal fraction inside the contraction channel over time when
V0/6πμu∞

avga2 = 10 and κa = 5.

clog remains stable with minimal deformation, ultimately resulting in the permanent
blockage of the channel. This complete blockage of the channel is related to the sudden
increase in areal fraction inside the side channel which is depicted in figure 7(b). In
summary, the compression at the junction of the main and side channels, followed by
an influx into the entrance of the side channel with low hydrodynamic stress, leads to
clogging in the cross-flow channel.

The next case study is conducted in the two separate contraction channels, with only
the magnitude of attraction varied by the well depth parameter V0/6πμu∞

avga2. In the case
which uses more attractive particles, where V0/6πμu∞

avga2 is set to 10, the macroscopic
properties over time are presented in figure 9. Microscopic snapshots and corresponding
experimental images can be found in figure 10. For the case using weakly attractive
particles, where V0/6πμu∞

avga2 is set to 2, the macroscopic properties over time are plotted
in figure 11, with microscopic snapshots and corresponding experimental images shown
in figure 12.

In figure 10, the particles predominantly deposit at the entrance of the contraction due
to strong attractive interactions. However, in figure 12, the particles predominantly deposit
on the channel wall after passing through the contraction. The significant difference in
pressure changes between these two conditions also indicates that the clogging pattern,
triggered by the difference in particle property, which is the magnitude of inter-particle
attraction, has a substantial effect on the flow history.

In the early stages of fouling, both simulations exhibit a similar pattern, as shown
in figures 10(a) and 12(a). During this phase, occasional particle contact occurs at the
edge of the contraction entrance. Only the particles with strong attractive forces remain
in contact and resist resuspension. Subsequent depositions in this area, as illustrated in
figure 10(b), increase the available surface area and, consequently, the likelihood of further
particle contacts. However, these clogs are not immune to partial breakup and ongoing
deposition, resulting in pressure fluctuations observed in figure 9(a). The continuous
deposition has secondary effects, as shown in figure 10(c), where the velocity of particles
and agglomerates is reduced near the wall due to the clogs formed earlier. This leads to
agglomerates depositing on the side wall of the main channel. As seen in figure 10(d),
the hydrodynamic stress on these clogs is very low, allowing these agglomerates to form
permanent deposits.
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Figure 10. Particle snapshots from the simulation (left) and images from experiments (right) within the
contraction channel when V0/6πμu∞

avga2 = 10 and κa = 5. In the simulation, the particles are RGB coloured
to represent the amount of hydrodynamic stress applied on them.

Subsequently, a more detailed investigation is carried out to understand the behaviour of
deposited particles in weakly attractive suspensions after passing through the contraction
channel. Initially, the particles tend to form a single-layer deposit, causing the channel
to be narrow. Although the narrowed channel increases the chances of particles coming
into contact with the contraction wall, abrupt channel blockage is not observed due to
the high hydrodynamic stress on the particles, as indicated in the legend in figure 12.
As the single-particle deposit accumulates, it grows beyond a double layer and merges
with clusters that form when multiple particles pass through the narrowed channel
simultaneously, ultimately leading to clogging. An intriguing observation is that when
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Figure 11. (a) The pressure drop and (b) areal fraction inside the contraction channel over time when
V0/6πμu∞

avga2 = 2 and κa = 5.

analysing the stress distribution within the clog structure during clogging, the highest
stress is concentrated at the clog edges, rather than at the centre of the channel or on
the wall particles, as shown in figure 12(c). Consequently, the deformation is primarily
localized in this area, and during channel reopening, only the edges of the clog collapse,
while the rest remains in the form of aggregates until exiting the channel. It is also
noteworthy that the hydrodynamic stress on the channel wall at the moment of clogging is
rather evenly distributed throughout the channel.

However, in contrast to the side stream in the T-shaped cross-flow channel, permanent
blockage does not occur in the one-way contraction channel. The constant flow rate
provided at the inlet, continuously delivering fluid and particles, occasionally leads to
the reopening of the channel due to the influence of strong hydrodynamic pressure. This,
in turn, results in notable fluctuations in pressure drop and areal fraction, as evident in
figure 11. In the context of fouling, which reaches a clogging limit, the particle cakes
obstruct fluid flow, causing a reduction in velocity. Therefore, the Lagrangian description
of colloid particles provides a more intrinsic understanding of the structure formation
and breakup dynamics of fouling, complementing the insights gained from Eulerian
approaches. Additionally, the Lagrangian description can be used to analyse alterations
in fluid flow for interpreting fouling dynamics, which will be elaborated in the subsequent
work.

In this section, we explained the deposition dynamics within a confined channel using
the Lagrangian formulation developed in § 2. Consequently, we were able to harness the
advantages of the Lagrangian approach, which enables efficient modelling that scales
proportionally with the number of particles. This greatly facilitates the observation of
particle dynamics over extended time periods. In previous fouling studies, the focus
was primarily on explaining particle dynamics, clog break-up and clogging, with a
predominant emphasis on fluid flow. Nonetheless, inferring the characteristics of clogs
and forecasting their future behaviour based on the internal stress distribution within the
fluid perspective proved to be a challenging task. This challenge was primarily due to the
presence of the no-slip condition, which resulted in a reduction of fluid velocity around
the clogs. This reduction made it difficult to describe structural changes or break-up within
the clogs using fluid kinetics as the sole tool. However, when we analysed fouling dynamics
from a particle-centred perspective, a more fundamental and comprehensive approach
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Figure 12. Particle snapshots from the simulation (left) and images from experiments (right) within the
contraction channel when V0/6πμu∞

avga2 = 2 and κa = 5. In the simulation, the particles are RGB coloured
to represent the amount of hydrodynamic stress applied on them.

became feasible. This approach allowed for a detailed examination of agglomerate collapse
and the underlying factors contributing to clog formation. Moreover, even for agglomerates
with identical structures, stress distribution could vary significantly based on their location
within the channel. In such scenarios, the Lagrangian description clarified clog properties
and revealed their preferred locations. Predicting the changes based on the stress direction
provided an efficient and thorough approach to fouling prevention, thus highlighting one
of the key advantages of the Lagrangian method. Furthermore, our simulation retains the
capability to analyse fluid properties, similar to the Euler-based framework, by updating
fluid velocity at any desired points within the system before applying Faxen’s law.
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In summary, our simulation underscores the importance of particle-centric analysis in
understanding deposition kinetics, and presents a more efficient and direct approach to
addressing clogging issues.

4. Conclusion

In this study, we have proposed a new simulation scheme that combines FEM and SD to
observe the transport of colloid suspensions within confined microchannels. The proposed
simulation method offers advantages in efficiency even when dealing with situations where
particle spacing is narrow or particle concentration is high, achieved by evaluating velocity
disturbances caused by the given force field only at the centre of the particle, in contrast
to the Eulerian framework, which computes velocity distributions at all mesh points.
Consequently, this methodology enables the exploration of transport properties from the
influx of particles into a channel to the formation of particle structures over extended
periods of time. The geometry of the confined channel is emulated using a particle
wall scheme. This approach enhances efficiency through the application of a constrained
formulation and leverages the computational advantage of using the same form of Green’s
function used for interior particles. However, the inherent roughness of the emulated wall
sacrifices a certain degree of accuracy when the distance between the wall and particles is
small. Nonetheless, as the particle concentration increases, this effect is masked, resulting
in enhanced accuracy. Additionally, the precise modelling of near-field lubrication allows
our simulation method to offer a competitive approach to analysing clogging dynamics
with particles in close proximity.

Traditional simulations focused more on the flow of surrounding fluid rather than
the mechanics of particles in deposition studies. Our simulation, however, allows to
interpret the deposition dynamics from the perspective of particles by considering the
hydrodynamic stress and forces experienced by the particles. This approach enables
to quantitatively measure the point at which a certain level of hydrodynamic stress
causes structural collapse or deformation within a specific cake structure, or when
channel blocking occurs. Importantly, this method offers a quantitative way to measure
these phenomena. Notably, the focus on particles does not compromise the information
regarding the fluid, allowing us to obtain information about velocity disturbances
from a fluid-centred perspective similar to conventional Eulerian-based simulations. In
conclusion, this study not only proposes a more efficient simulation method for studying
deposition dynamics but also introduces a new paradigm for interpreting deposition
dynamics from a particle-centred perspective.
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Appendix A. Saddle point formulation of particulate flow with velocity constraint

It was reported by Fiore & Swan (2019) that the general SD-based approach can
be reformulated as follows to use the property of saddle point matrix on matrix
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inversion:

⎡
⎣M∞ B

BT −
[

RFU,nf RFΩ,nf

RTU,nf RTΩ,nf

]⎤⎦ ·

⎡
⎢⎢⎢⎢⎣

⎡
⎣F ff

T ff
Sff

⎤
⎦

[
U − U∞
ω − Ω∞

]

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

[
0

E∞
]

−
[

F P + RFE,nf : E∞ + F B

F P + RTE,nf : E∞ + F B

]
⎤
⎥⎥⎥⎦ . (A1)

This arises from the property that the Schur complement of the upper left block S in the
saddle point matrix in (A1) coincides with the grand resistance matrix:

S = −
(
BT · (M∞)

−1 · B +
[

RFU,nf RFΩ,nf

RTU,nf RTΩ,nf

])
= −

[
RFU RFΩ

RTU RTΩ

]
. (A2)

Meanwhile, projection matrices B and BT possess the following properties:[
U
0

]
= B · U, F = BT ·

[
F
S

]
. (A3a,b)

In this case, if particles are divided into two groups, interior particles and wall particles,
(A1) can be explicitly written as follows:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

M∞ B

BT −

⎡
⎢⎢⎢⎢⎢⎢⎣

RII
FU,nf RIW

FU,nf RII
FΩ,nf RIW

FΩ,nf

RWI
FU,nf RWW

FU,nf RWI
FΩ,nf RWW

FΩ,nf

RII
TU,nf RIW

TU,nf RII
TΩ,nf RIW

TΩ,nf

RWI
TU,nf RWW

TU,nf RWI
TΩ,nf RWW

TΩ,nf

⎤
⎥⎥⎥⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F I
ff

F W
ff

T I
ff

T W
ff

SI
ff

SW
ff

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

U I − U∞
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ωI − Ω∞

ωW − Ω∞

⎤
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⎤
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=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[
0

E∞
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−
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(RII
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⎤
⎥⎥⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (A4)
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However, the translational velocity UW and rotational velocity ωW of wall particles
are predetermined value before the regression. Therefore, when applying the velocity
constraint in this case, the far-field force and torque on interior particles can be written
as

0 = F I
ff − RII

FU,nf · (uI − U∞) + RIW
FU,nf · U∞ − RII

FΩ,nf · (ωI − Ω∞) + RIW
FΩ,nf · Ω∞

+ (RII
FE,nf + RIW

FE,nf ) · E∞ + F P + F B, (A5)

0 = T I
ff − RII

TU,nf · (uI − U∞) + RIW
TU,nf · U∞ − RII

TΩ,nf · (ωI − Ω∞) + RIW
TΩ,nf · Ω∞

+ (RII
TE,nf + RIW

TE,nf ) · E∞. (A6)

It should be noted that, except for the Brownian force term, each of these equations has
an analogy to (2.41) and (2.42). This similarity arises because the FSD formulation also
divides hydrodynamic contributions into far-field and near-field, sharing commonalities
with ASD. Applying the constraint form to (A4) using the substitution made in (A5) and
(A6) yields

⎡
⎢⎢⎢⎣
M∞ B′

(B′)T −
⎡
⎣RII

FU,nf RII
FΩ,nf

RII
TU,nf RII

TΩ,nf

⎤
⎦
⎤
⎥⎥⎥⎦ ·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F I
ff

F W
ff

T I
ff

T W
ff

SI
ff

SW
ff

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
U I − U∞

ωI − Ω∞

]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

U∞

0

Ω∞

E∞

E∞

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−
⎡
⎣F P + RIW

FU,nf · U∞ + RIW
FΩ,nf · Ω∞ + (RII

FE,nf + RIW
FE,nf ) : E∞ + F B

RIW
TU,nf · U∞ + RIW

TΩ,nf · Ω∞ + (RII
TE,nf + RIW

TE,nf ) : E∞ + F B

⎤
⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(A7)
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The projection matrix B′ and (B′)T have to be changed to cast the following vector:

⎡
⎢⎢⎢⎢⎢⎣

U I − U∞
0

ωI − Ω∞
0
0
0

⎤
⎥⎥⎥⎥⎥⎦ = B′ ·

[
U I − U∞
ωI − Ω∞

]
,

[
F I

ff

T I
ff

]
= (B′)T ·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F I
ff

F W
ff

T I
ff

T W
ff

SI
ff

SW
ff

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (A8a,b)

The Schur complement of the upper left block S ′ of the matrix in (A7) matches the
grand resistance matrix with only the components related to interior particles. Therefore,
it retains the advantages of the saddle point matrix when conducting matrix inversion.

S ′ = −
(

(B′)T · (M∞)−1 · B′ +
[

RII
FU,nf RII

FΩ,nf

RII
TU,nf RII

TΩ,nf

])
= −

[
RII

FU RII
FΩ

RII
TU RII

TΩ

]
. (A9)

Therefore, instead of computing a solution vector of size 17(NI + NW) containing
far-field force vectors and velocity vectors for all particles, regression is performed on
a smaller total size of a 11(NI + NW) + 6NI vector. Thus, it has been demonstrated that a
formulation satisfying both the velocity constraint and the saddle point formulation exists.

Appendix B. Validation on rheological properties of colloidal suspension in Stokes
regime

The transport properties of particles reflecting HI in an infinite suspension are compared
with the results obtained from conventional SD. In figure 13(a), the sedimentation
velocities uI are shown, resulting from an external force F acting on spherical particles
of the same size arranged at periodically replicated simple cubic (SC) lattice points.
The volume fraction φ of the total particles is adjusted from 0.01 to the maximum
packing fraction of 0.5236. This example allows us to validate the correctness of Green’s
function implemented through (2.23) and the Ewald summation rule. As a result, the
sedimentation velocity at all volume fractions showed no difference from the results
obtained through the ASD simulation by Sierou & Brady (2001). Additionally, the results
using the point-force particle model by Saffman (1973) and the exact results by Zick &
Homsy (1982), which include higher moments beyond the first moment used in SD, are
plotted for comparison purposes. In figure 13(b), relative viscosities of the suspension
are measured using particles arranged in the same SC lattice. For a system of spherical
particles arranged in a cubic lattice, there exists an explicit form of effective viscosity due
to the symmetric nature of the structure according to the study by Nunan & Keller (1984):

ηijkl = 1
2μ(1 + β)(δikδjl + δilδjk − 2

3δijδkl) + μ(α + β)(δijkl − 1
3δijδkl). (B1)

In uniaxial straining flow with an extension rate of ε̇, particle viscosity due to
hydrodynamic stress becomes η∞ = 〈�〉H/ε̇, and the suspension viscosity becomes α =
1 + 2.5φη∞. Similarly, in simple shear flow with a strain rate of γ̇ , particle viscosity due
to hydrodynamic stress becomes η∞ = 〈�〉H/γ̇ and the suspension viscosity becomes
β = 1 + 2.5φη∞. As a result, the suspension viscosity quantitatively matches well with
the exact result by Hofman, Clercx & Schram (2000), with minor deviation at high volume
fractions close to the maximum packing.
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Figure 13. (a) The dependence of sedimentation velocity of spherical particles on the volume fraction. The
particles are located at the simple cubic lattice points. Simulation results in this work (purple dashed line) are
compared with the ASD results of Sierou & Brady (2001) (pink dashed line), exact results of Zick & Homsy
(1982) (orange dashed line) and point-force solution of Saffman (1973) (black dotted line). (b) The dependence
of shear viscosity of a simple cubic array of spheres on the volume fraction. The viscosity function in the case
of uniaxial flow and simple shear flow is compared with the exact results of Hofman et al. (2000).

REFERENCES

AGASTIN, S., KING, M.R. & JONES, T.B. 2009 Rapid enrichment of biomolecules using simultaneous liquid
and particulate dielectrophoresis. Lab on a Chip 9, 2319–2325.

AGBANGLA, G.C., BACCHIN, P. & CLIMENT, E. 2014a Collective dynamics of flowing colloids during pore
clogging. Soft Matt. 10, 6303.

AGBANGLA, G.C., CLIMENT, É. & BACCHIN, P. 2014b Numerical investigation of channel blockage by
flowing microparticles. Comput. Fluids 94, 69–83.

AI, J., CHEN, J., ROTTER, J.M. & OOI, J.Y. 2011 Assessment of rolling resistance models in discrete element
simulations. Power Technol. 206 (3), 269–282.

ANDO, T., CHOW, E., SAAD, Y. & SKOLNICK, J. 2012 Krylov subspace methods for computing
hydrodynamic interactions in Brownian dynamics simulations. J. Chem. Phys. 137 (6), 064106.

BATCHELOR, G.K. 1970 The stress system in a suspension of force-free particles. J. Fluid Mech. 41, 545–570.
BATCHELOR, G.K. 1977 The effect of Brownian motion on the bulk stress in a suspension of spherical

particles. J. Fluid Mech. 83, 97–117.
BANCHIO, A.J. & BRADY, J.F. 2003 Accelerated Stokesian dynamics: Brownian motion. J. Chem. Phys. 118,

10323–10332.
BLAKE, J.R. 1971 A note on the image system for a stokeslet in a no-slip boundary. Math. Proc. Camb. Phil.

Soc. 70, 303–310.
BOSSIS, G., MEUNIER, A. & SHERWOOD, J.D. 1991 Stokesian dynamics simulations of particle trajectories

near a plane. Phys. Fluids A 3, 1853–1858.
BRADY, J.F. 1993 Brownian motion, hydrodynamics, and the osmotic pressure. J. Chem. Phys. 98, 3335–3341.
BRADY, J.F. & BOSSIS, G. 1988 Stokesian dynamics. Annu. Rev. Fluid Mech. 20, 111–157.
BREWER, D.D., TSAPATSIS, M. & KUMAR, S. 2010 Dynamics of surface structure evolution in colloidal

adsorption: charge patterning and polydispersity. J. Chem. Phys. 133 (3), 034709.
CHANG, Y., CHEN, S.-C. & LEE, E. 2003 Prediction of Brownian particle deposition in porous media using

the constricted tube model. J. Colloid Interface Sci. 266 (1), 48–59.
CHEN, S. & DOOLEN, G.D. 1998 Lattice Boltzmann method for fluid flows. Annu. Rev. Fluid Mech. 30 (1),

329–364.
CHOW, E. & SAAD, Y. 2014 Preconditioned Krylov subspace methods for sampling multivariate Gaussian

distributions. SIAM J. Sci. Comput. 36, A588–A608.
CHU, H.C.W. & ZIA, R.N. 2016 Active microrheology of hydrodynamically ineracting colloids: normal

stresses and entropic energy density. J. Rheol. 60, 755–781.
DELONG, S., USABIAGA, F.B., BUSCALIONI, R.D., GRIFFITH, B.E. & DONEV, A. 2014 Brownian

dynamics without Green’s functions. J. Chem. Phys. 140, 134110.

990 A3-36

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

49
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.493


Constrained Stokesian dynamics for particulate transport

DHONT, J.K.G. 1996 An Introduction to Dynamics of Colloids. Elsevier Science.
DURLOFSKY, L., BRADY, J.F. & BOSSIS, G. 1987 Dynamic simulation of hydrodynamically interacting

particles. J. Fluid Mech. 180, 21–49.
EKIEL-JEZEWSKA, M.L., TOMASZ, G. & SZYMCZAK, P. 2008 Stokesian dynamics of close particles. Phys.

Fluids 20 (6), 063102.
ERMAK, D.L. & MCCAMMON, J.A. 1978 Brownian dynamics with hydrodynamic interaction. J. Chem. Phys.

69 (4), 1352–1360.
FILTVEDT, W.O., HOLT, A., RAMACHANDRAN, P.A. & MELAAEN, M.C. 2012 Chemical vapor deposition

of silicon from silane: review of growth mechanisms and modeling/scaleup of fluidized bed reactors. Sol.
Energy Mater. Sol. Cells 107, 188–200.

FIORE, A.M. & SWAN, J.W. 2019 Fast Stokesian dynamics. J. Fluid Mech. 878, 544–597.
FIORE, A.M., USABIAGA, F.B., DONEV, A. & SWAN, J.W. 2017 Rapid sampling of stochastic displacements

in Brownian dynamics simulations. J. Chem. Phys. 146 (12), 124116.
FIXMAN, M. 1986 Construction of Langevin forces in simulations of hydrodynamic interactions.

Macromolecules 19, 1204–1207.
GRASSIA, P.S., HINCH, E.J. & NITSCHE, L.C. 1995 Computer simulations of Brownian motion of complex

systems. J. Fluid Mech. 282, 373–403.
GRIFFITH, B.E. & PATANKAR, N.A. 2020 Immersed methods for fluid-structure interaction. Annu. Rev. Fluid

Mech. 52, 421–448.
HOFMAN, J.M.A., CLERCX, H.J.H. & SCHRAM, P.P.J.M. 2000 Effective viscosity of dense colloidal

crystals. Phys. Rev. E 62, 8212.
HENRY, C., MINIER, J.-P. & LEFEVRE, G. 2012 Towards a description of particulate fouling: from single

particle deposition to clogging. Adv. Colloid Interface Sci. 34, 185–186.
HASIMOTO, H. 1959 On the periodic fundamental solutions of the Stokes equations and their application to

viscous flow past a cubic array of spheres. J. Fluid Mech. 5 (2), 317–328.
JEFFREY, D.J. 1992 The calculation of the low Reynolds number resistance functions for two unequal spheres.

Phys. Fluids A 4 (1), 16–29.
JEFFREY, D.J. & ONISHI, Y. 1984 Calculation of the resistance and mobility functions for two unequal rigid

spheres in low-Reynolds-number flow. J. Fluid Mech. 139, 261–290.
JOHANNSMANN, D., PETRI, J., LEPPIN, C., LANGHOFF, A. & IBRAHIM, H. 2023 Particle fouling at hot

reactor walls monitored in situ with a QCM-D and modeled with the frequency-domain lattice Boltzmann
method. Results Phys. 45, 106219.

JOHNSON, L.C., LANDRUM, B.J. & ZIA, R.N. 2018 Yield of reversible colloidal gels during flow start-up:
release from kinetic arrest. Soft Matt. 14, 5048–5068.

JUNG, S.Y., JEONG, J., PARK, J.D. & AHN, K.H. 2021 Interplay between particulate fouling and its flow
disturbance: numerical and experimental studies. J. Membr. Sci. 635, 119497.

KIM, D.Y., JUNG, S.Y., LEE, Y.J. & AHN, K.H. 2022 Effect of colloidal interactions and hydrodynamic
stress on particle deposition in a single micropore. Langmuir 38, 6013.

KIM, D.Y., JUNG, S.Y., LEE, Y.J., JIN, H. & AHN, K.H. 2023a From successive deposition to clogging of
poly(styrene) particles in the cross-flow through a T-shaped microchannel. Sep. Purif. 322, 124263.

KIM, J., KIM, J., PARK, H.-J., JEON, E.J. & CHO, S.-W. 2023b A microfluidic platform for simulating stem
cell migration using in vivo-like gradients of stem cell mobilizer. Korean J. Chem. Engng 40, 903–909.

KIM, S. & KARRILA, S.J. 2005 Microhydrodynamics: Principles and Selected Application. Dover.
LADYZHENSKAYA, O.A. 1963 The Mathematical Theory of Incompressible Viscous Flows. Gordon and

Breach.
LEE, Y.J., JIN, H., KIM, S., MYUNG, J.S. & AHN, K.H. 2021 Brownian dynamics simulation on orthogonal

superposition rheology: time–shear rate superposition of colloidal gel. J. Rheol. 65, 337–354.
MA, Y. & HUANG, H. 2018 A displacement-softening contact model for discrete element modeling of

quasi-brittle materials. Intl J. Rock Mech. Mining Sci. 104, 9–19.
MAXEY, M. 2017 Simulation methods for particulate flows and concentrated suspensions. Annu. Rev. Fluid

Mech. 49, 171–193.
MAXEY, M.R. & PATEL, B.K. 2001 Localized force representations for particles sedimenting in Stokes flow.

Intl J. Multiphase Flow 27, 1603–1626.
MIRANI, M. R., FAZLALI, A. & RAHIMI, M. 2021 Experimental and modeling studies for intensification of

mercaptans extraction from LSRN using a microfluidic system. Korean J. Chem. Engng 38, 1023–1031.
MYUNG, J.S., SONG, S., AHN, K.H. & LEE, S.J. 2011 Self-consistent particle simulation of model-stabilized

colloidal suspensions. J. Non-Newtonian Fluid Mech. 166, 1183–1189.
NOTT, P.R. & BRADY, J.F. 1994 Pressure-driven flow of suspensions: simulation and theory. J. Fluid Mech.

275, 157–199.

990 A3-37

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

49
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.493


Y.J. Lee, H. Jin, D.Y. Kim, S. Kang and K.H. Ahn

NOTT, P.R., GUAZZELLI, E. & POULIQUEN, O. 2011 The suspension balance model revisited. Phys. Fluids
23, 043304.

NUNAN, K.C. & KELLER, J.B. 1984 Effective viscosity of a periodic suspension. J. Fluid Mech. 142, 269.
OBERHOLZER, M., STANKOVICH, J., CARNIE, S., CHAN, D. & LENHOFF, A. 1997 2-D and 3-D interactions

in random sequential adsorption of charged particles. J. Colloid Interface Sci. 194 (1), 138–153.
OSEEN, C.W. 1927 Neuere Methoden und Ergebnisse in der Hydrodynamik. Akademische Verlagsgesellschaft.
OUAKNIN, G.Y., SU, Y. & ZIA, R.N. 2021 Parallel accelerated Stokesian dynamics with Brownian motion.

J. Comput. Phys. 442, 110447.
PESKIN, C.S. 2002 The immersed boundary method. Acta Numer. 11, 479–517.
PODDAR, N., MONDAL, K.K. & MADDEN, N. 2021 Layer-adapted meshes for solute dispersion in a steady

flow through an annulus with wall absorption: application to a catheterized artery. Korea Aust. Rheol. J.
33 (1), 11–24.

PROSPERETTI, A. & TRYGGVASON, G. 2009 Computational Methods for Multiphase Flow. Cambridge
University Press.

RAYESS, Y.E., ALBASI, C., BACCHIN, P., TAILLANDIER, P., RAYNAL, J. & MIETTON-PEUCHOT, M. 2011
Cross-flow microfiltration applied to oenology: a review. J. Membr. Sci. 382, 1–19.

SAAD, Y. & SCHULTZ, M. 1986 GMRES: a generalized minimal residual algorithm for solving nonsymmetric
linear systems. SIAM J. Sci. Stat. Comput. 7 (3), 856–869.

SAFFMAN, P.G. 1973 On the settling speed of free and fixed suspensions. Stud. Appl. Math. 52, 115–127.
SAMIEI, E., TABRIZIAN, M. & HOORFAR, M. 2016 A review of digital microfluidics as portable platforms

for lab-on a-chip applications. Lab on a Chip 16, 2376–2396.
SENDEKIE, Z.B. & BACCHIN, P. 2016 Colloidal jamming dynamics in microchannel bottlenecks. Langmuir

32, 1478–1488.
SHARP, K.V. & ADRIAN, R.J. 2005 On flow-blocking particle structures in microtubes. Microfluid Nanofluid

1, 376–380.
SIEROU, A. & BRADY, J.F. 2001 Accelerated Stokesian dynamics simulations. J. Fluid Mech. 448, 115–146.
SINGH, A. & NOTT, P.R. 2000 Normal stresses and microstructure in bounded sheared suspensions via

Stokesian Dynamics simulations. J. Fluid Mech. 412, 279–301.
STABEN, M.E., ZINCHENKO, A.Z. & DAVIS, R.H. 2003 Motion of a particle between two parallel plane

walls in low-Reynolds-number Poiseuille flow. Phys. Fluids 15, 1711–1733.
SWAN, J.W. & BRADY, J.F. 2003 Particle motion between parallel walls: hydrodynamics and simulation.

Phys. Fluids 22, 103301.
SWAN, J.W. & BRADY, J.F. 2007 Simulation of hydrodynamically interacting particles near a no-slip

boundary. Phys. Fluids 19, 113306.
SWAN, J.W. & BRADY, J.F. 2011 The hydrodynamics of confined dispersions. J. Fluid Mech. 687, 254–299.
TONG, Z.-X., LI, M.-J., HE, Y.-L. & LI, Y.-S. 2015 Numerical simulation of the particle deposition on a

tube with coupled lattice Boltzmann method and finite volume method. Energy Procedia 75, 3207–3212.
VERNHET, A., CARTALADE, D. & MOUTOUNET, M. 2003 Contribution to the understanding of fouling

build-up during microfiltration of wines. J. Membr. Sci. 211, 357–370.
WANG, G. & SWAN, J.W. 2019 Surface heterogeneity affects percolation and gelation of colloids: dynamic

simulations with random patchy spheres. Soft Matt. 15, 5094–5108.
WANG, T., ZHANG, F., FURTNEY, J. & DAMJANAC, B. 2022 A review of methods, applications and

limitations for incorporating fluid flow in the discrete element method. J. Rock Mech. Geotech. Engng
14, 1005–1024.

WHITTLE, M. & DICKINSON, E. 1997 Stress overshoot in a model particle gel. J. Chem. Phys. 107,
10191–10200.

YANG, Q., CHENG, K., WANG, Y. & AHMAD, M. 2019 Improvement of semi-resolved CFD-DEM model for
seepage-induced fineparticle migration: eliminate limitation on mesh refinement. Comput. Geotech. 110,
1–18.

YEO, K. & MAXEY, M.R. 2010 Simulation of concentrated suspensions using the force-coupling method.
J. Comput. Phys. 229 (6), 2401–2421.

ZHU, H.P., ZHOU, Z.Y., YANG, R.Y. & YU, A.B. 2007 Discrete particle simulation of particulate systems:
theoretical developments. Chem. Engng Sci. 62 (13), 3378–3396.

ZICK, A.A. & HOMSY, G.M. 1982 Stokes flow through periodic arrays of spheres. J. Fluid Mech. 115, 13–22.
ZURIGUEL, I., et al. 2014 Clogging transition of many-particle systems flowing through bottlenecks. Sci. Rep.

4, 7324.

990 A3-38

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

49
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.493

	1 Introduction
	2 Simulation methods
	2.1 Equation of motion for particles
	2.1.1 Matrix-vector formulation of hydrodynamic interactions
	2.1.2 Stokesian dynamics with velocity constraint
	2.1.3 Acceleration scheme on the constraint Stokesian dynamics

	2.2 Geometrical descriptions for flow channels

	3 Results and discussions
	3.1 Validations
	3.2 Case study: particulate fouling in a T-shaped cross-flow and contraction channel

	4 Conclusion
	Appendix A. Saddle point formulation of particulate flow with velocity constraint
	Appendix B. Validation on rheological properties of colloidal suspension in Stokes regime
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


