SYMMETRIC EXTERIOR DIFFERENTIATION
AND FLAT FORMS

VICTOR L. SHAPIRO

1. Introduction. Let w be a continuous differential r-form defined in a
bounded domain R of Euclidean n-space, E*, wheren = land0 = » £ n — 1.
w is called a flat form in R, (3, p. 263), if there exists a constant N such that
[[o,w| £ N |o| for every (r + 1)-simplex o contained in R, where |o| desig-
nates the (r 4 1)-volume of ¢. For n = 1 and » a zero form, flatness is the
same thing as the usual Lip 1 condition. As is well known, a necessary and
sufficient condition that a continuous real-valued function of one variable
f(x) satisfy a Lip 1 condition over an interval (a, b) is that its upper and
lower symmetric derivatives be bounded in (a, ) (4, pp. 22, 327). We intend
to prove the analogue of this result for r-forms. In particular, we shall prove
the following theorem:

THEOREM. Let w be a continuous differential r-form defined in a bounded
domain R of E*. A necessary and sufficient condition that » be flat in R 1is that
its upper and lower symmetric exterior derivatives be bounded in R.

For a theorem similar to the above, using a different notion of generalized
exterior differentiation than that to be given here, we refer the reader to
(3, p- 268, Theorem 9A). The result given in the present paper is in a certain
sense an improvement over the result in (3) where the hypothesis is a bounded-
ness assumption for the integral over the boundaries of ( + 1)-dimensional
intervals parallel to a co-ordinate plane. Here, a much more restricted set of
geometric figures is used, namely, r-spheres (and the form is assumed con-
tinuous).

2. Symmetric exterior differentiation. We shall suppose that E* is
endowed with the usual Cartesian co-ordinate system, and we shall define
the symmetric exterior derivative of w in terms of this co-ordinate system.
Since flatness is defined independently of the co-ordinate system, it will follow
from the above theorem that if the upper and lower symmetric exterior
derivatives of w are bounded in one Cartesian co-ordinate system of E", they
are bounded in all Cartesian co-ordinate systems of E” and possess a bound
which is independent of the co-ordinate system.
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Letting x = (x',...,x") and g = (u1, ..., trp1) With gy < ... < p,p1, we
define the upper symmetric exterior derivative of w at the point x in R, Dw(x),
as follows:

First define D,w(x) to be

D,w(x) = lim sup |B,(x, t)|_1f @,
150 Su(z,t)

where S, (x, t) is the r-sphere with centre x and radius ¢ lying in the (r 4+ 1)-
plane parallel to the «x*t...x#t+r-plane, B,(x,f) is the closed (r 4+ 1)-ball
bounded by S, (x, t), |Bu(x, t)| is the volume of B,(x, {) and S,(x, t) is oriented
as usual with respect to the outer normal. Then, using the notation of (3,
p, 64), define Dw (x) to be

(1) Do(x) = 2, Dwx)ds"V..vd* -

p1<e-<ppt1
It is to be noticed that in case w(x) is a zero form, D,,w(x) is the usual upper
symmetric derivative of w in the x*!-direction.

Similarly, using lim inf in place of lim sup above, we define D,w(x), and
then we define the lower symmetric exterior derivative of w, Dw(x), to be
the (r + 1)-form whose uth component is D,w(x).

If Dyw(x) is finite and Dyw(x) = D,w(x), we call the common value D,w(x).
If D,w(x) exists for every (r 4+ 1)-tuple g, we say that the symmetric exterior
derivative of w, Dw (x), exists at the point x and we set Dw(x) = Dw(x) = Do (x).
It is clear that if w is in class C' in a neighbourhood of the point x, Dw(x)
exists and equals dw(x), the usual exterior derivative of w at the point x.

We say that the upper and lower symmetric exterior derivatives of w are
bounded in R if there exists a number N such that — ¥V £ D,w(x) £ Dw(x) £ N
for all x in R and (r + 1)-tuples p.

3. Proof of theorem. Since the proof of the necessity is fairly easy, we
shall prove the sufficiency first. We shall suppose that w is an r-form with
0 =7 =n— 2, the case r = n — 1 being covered essentially in (2, Theorem
2). In particular, we state the following #-dimensional analogue of (2, Theorem
2) as a lemma, the proof being the same for #n-dimensions as two dimensions:

LeMMA 1. Let R be a bounded domain in E", n = 1, and let n be a continuous
differential (n — 1)-form defined in R. Suppose that
(i) D1...m(x) and D, ,n(x) are finite in R.

(ii) Di...m(x) = L(x) where L(x) is in L' on R.
Then Dy .m(x) exists almost everywhere in R, is in L' on every closed subdomain
of R, and Stokes’ Theorem holds with respect to n and Dy for every n-simplex
and n-ball contained in the interior of R. In particular, for every By ,(x,t)
contained 1n R,

@ [ =) Dbt
S1...n(z,0 By...an(z, 1)
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With Dw(x) and Dw(x) defined as above, see (1), and — N £ D,w(x)
= Dyw(x) = Nforxin Rand all (r + 1)-tuples u, we shall prove the theorem
by showing that for every (r 4+ 1)-simplex ¢ contained in R,

n
J;aw = (7 + 1>Nlal'

In order to do this, let ¢ be a fixed (» 4+ 1)-simplex contained in R, and
let ¢y be the distance from ¢ to the boundary of R. Then with U;(o) = {x,
dist(x, 0) < ¢} and 0 < &2 < {1 < §o, construct a localizing function v (x)
which is non-negative, in class C®, and takes the value one in U, (s) and
the value zero outside of Uy, (¢). Next, set o' (x) = v(x)w(x) for x in R. Then
w'(x) is a continuous differential 7-form which is equal to w(x) in Ug, (o).
Consequently, in order to establish the theorem it is sufficient to show that

®) U;“’ = (r Z 1>N|"I‘

In order to establish (3), we need the following lemma:

LEMMA 2. There exists a constant Ny such that for x in Uy, (a), | Dy’ (x)| S N3
and |D,' (x)| £ Nj for all (r + 1)-tuples p.

To prove the lemma, we define Ny and N, as follows:

n

Ny= sup |[y(x)|+ 2 sup [9y(x) /0x.

z in R j=1 z in
If w(x) is a zero form, define

Ny= sup Jo(x)|

z in Un (o)

If w(x)is an r-form with 1 £ 7 £ #n — 2 and wx(x) is its Ath component,
set

N, = Z sup ) |oa (%) |.

M<...<Ar 7z in Ty, (o

We next set N3 = NN + (r + l)sz\_fl and shall establish the lemma by
showing that for any fixed point xo in Uy, (¢) and any fixed (r + 1)-tuple g,

(4) ]D,,w’(xo)| = N3 and [ﬁ“w’(xo)] = Ns.
Observing that ¢S, (%o, )] = (r 4+ 1)|Bu(x0, £)|, we obtain that

(5)

f () — ah)en(x)dx™ V...V d |
Sy(zo, 1)

(r + D)[Bu(xo, )| sup )wa(x)l-

z on S, (zo0.¢
Next, we set

@) = (o) + 2 oy (o) /057 (" — xd) + v (%)
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where v/ (x) = o(Jx — xo|) and observe that

(6) ' (x) = v(xo) w(x)
Sy (zo, 1) Sy(z0,1)
+leuomﬁf (ﬁ—%wu%tf Y (¥)e).
j=1 Sy(zo, 1) Sy(zo, 1)
It follows from (5) and (6) that if w is an r-form with 1 £ 7 £ n — 2,
then
@ B[ S ENBEn o+
S, (z0,0) Sy(zo, 1)

[Ni(r + 1) +o(1)] D> sup loon (x) |
M<...<Mr zon Sy(z0, 1)

(4) follows immediately from (7) and the continuity of w in case w is not
a zero form and an obvious modification of (7) in case it is a zero form, and
the lemma is established.

To prove the theorem, with no loss in generality since we shall establish
the result via Fourier analysis, we can assume that R is contained in the
interior of the n-dimensional torus, T" = {x, — 7 < x; = m,j=1,...,n}.
We next define o’ (x) throughout 7" by setting it equal to zero in 7" — R,
thus losing none of its continuity properties since it is already equal to zero
in R — U (6). We can consequently consider ' as a periodic continuous
differential 7-form defined throughout all of E™.

We next define the periodic bounded differential (r 4+ 1)-form &(x) with
components £,(x) where

(8) £u(x) = lim sup [By(x, k‘1>l‘1f N
koo Sylzk™h

Since ' is a continuous periodic differential 7-form, we see from Lemma 2
that £,(x) is a periodic bounded Borel function in E" for every (r + 1)-tuple
w. Furthermore, since

for x in Ui, (0), o' (x) = w(x)

we see from the hypotheses of the theorem that

9) |£.(x)] < N for x in Ug, (o) and every (r + 1)-tuple u.
We next introduce the Fourier series

(10) Wi(x) ~ 2 ame'™?

(11) £a(x) ~ 20 b

where a,, = (21r)—"fTe—"(’”'”w’x(x)dx and b,* = (2m)™" pe~ "¢, (x)dx with m
designating an integral lattice point in E” and (m, x) designating the usual
scalar product. (If ' (x) is a zero form, it is understood that w)\'(x) = o’ (x).
Otherwise, w\'(x) represents the Ath component of w’(x).)
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We next propose to show that
r+1

(12) bl;zl Mr-v-l_lZ( 1)71 “j m Bk 21

where u;. .. ,fzj ... Mr41 is an r-tuple with u; missing.

Let u be fixed, and let P,(xo) designate the plane parallel to the x#t . ., x#r+1-
plane going through the point xo. Then by Lemma 2 and the fact that o’ (x)
is zero in T — Uy, (o), we have that both |D,w’(x)| £ N; and | Dy’ (@) = N;
for all x on P,(xo). Observing that for x on P.(xo), S.(x, t) and B,(x, t) are
both point sets on P,(x¢), we see that Lemma 1 also applies to «’. Conse-
quently, for almost every x on P,(x,), D.w’(x) exists. Furthermore, D, (x)
is in L! on every bounded domain of P,(x¢), and for every x on P,(x),

f o = J D, (y)dy* ... dy*'" .
Sulz, ) Bu(z, 1)

But from the definition of D,w’ (x) and from (8), we see that wherever D,o’ (x)
exists, it must equal £,(x). We conclude that

(13) fs ( :)w’ - fa ( I)E“(y)dy’” S dyt for x on Py(x0)
ull, ulr,

and ¢ > 0.

Now wy\(x) and £, (x) are periodic functions on P,(x). Consequently, letting
T, (x0) be the (r 4 1)-dimensional torus obtained by intersecting P,(xo) with
T, that is, Tu(xe) = {x;x on Pu(xe) and — 7w <x*i = m, j=1,...,r+1},
we can expand w\'(x) and £,(x) in a Fourier series on P,(xo) as follows:

(14) Wh(x) ~ 2 au(at)e
Eu(x) Z me(XO i(mH,zH)

apu(x) = (2 r)'“(’“)f wh(x)e™ = gt
Tu(zo)

b;‘,,u (x‘é’)

Il

(27r)~(7+1) [' 5“<x)e-i(m".x“)dx“
)

7 Tyu(zo
where p' is the complementary [# — (r 4+ 1)]-tuple to p with
W< < ey X = (L Dy

and
1 1
dx* = dx"' . dx"T

We next notice that both sides of (13) are periodic functions on P, (x)
and that by (14)

(2m)~ D fT

"

]
— i (mM,zH) ’ N K1
( )L’~ [J wi‘l.~.ﬂj...ﬂlr+l(y)dy Voo
To

Sulx,1)

dA 1 d pr+1 d _ f(rlz“,y")d 11 3 Wi

Iy LV X = e yo.dy V...V
Sul0K(z0), 1]

dgﬂri»lal:"l T Tl(x )
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where 0#(x) is the point on P,(xo) whose w;-co-ordinate is zero, £ = 1,. ..,
r + 1. But

Bl Ay
J‘ ei(m WY )dyul VA dyﬁ‘] Y dy#rﬂ
Sul0k(zg), 1]

=1 pj- By
— (_1)7 m#%f ei(m Y )dy".
Bu[0H(z),1]

Consequently, the m#th Fourier coefficient of the left side of (13) is given

by
! ; . A . $(mb
(15) i Z (_l)Jvlm#JaF;nl”:..#]...ﬂr +1 (x‘(; )f ez(m W )dy".
= Bu[0K(z0), 1]

Similar considerations show that the m*th Fourier coefficient of the right
side of (13) is given by

(16) Bra(t) oM g,
Bul[0k(zq, )]

If m* is not the zero integral lattice point, then for every ¢ > 0, the integral
in (15) and (16) by (1, p. 177) is a non-zero multiple of J,,1) o[ (m*, m*)¢]
where J(,41),2(f) is the Bessel function of the first kind of order (r 4+ 1)/2.
Since this function has only a countable number of zeros, we conclude from
(13), (15), and (16) that

r+1

(17) b”mﬂ(x'(‘)’) =4 Z (—l)j_lm“ja',:n"ﬁjmm“(x‘(;’).
=1

Since the integral in (15) and (16) is clearly not equal to zero if m* is the
zero integral lattice point, we see that (17) also holds in this case.

We are now in a position to establish (12). Let m be any integral lattice
point in E". Designate by m* the ordered (r + 1)-tuple corresponding to the
u-components of m and by m* the ordered [# — (r 4+ 1)]-tuple corresponding
to the u'-components of m. Then from (10), (11), and (14) it follows that

(18) b‘;n, — (zﬂ_)—[n—(r+l)]f . f b:tn”(x;a')e—i(ml",zo"')dxonl’. . dxolt'n—(rﬂ)

and
™ ™

(19) ay = (27r)"["*“+1)]f . f a:‘,,u(x'a')e_i(m“"“w) dx't .. da e,
— —r

But then (12) follows immediately from (17), (18), and (19).
We say that &,(x) is mean-continuous at the point x,, if

Bralin 0 [

B1...n(zg

£.(x)dx — £.(x0) as t— 0.
)
Let Z, = {x, x in E" and £, is not mean continuous at x}. Then, as is well

known, Z, is of Lebesgue measure zero in E". Let Z = \U,Z, where the sum-
mation is taken over all ordered (r 4+ 1)-tuples.
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Next we introduce the Abel means of the series (10) and (11),
W, 1) = 2 apetm@Imlt t>0,
Eu(x, 1) = D blettmaimlt t > 0.
It follows from (1) that
(20) Eu(x,t) > E(x) as t—0 for x not in Z,
and furthermore since ’(x) is continuous in E” that
(21) wx(x, £) — wn(x) ast—0 uniformly for x in E",

Also, since by Lemma 2, |£,(x)| £ N; for all x in E*, we have from (1)
that

(22) |&:(x, )] = N3 for ¢ > 0 and all x in E"
Furthermore, we observe that the functions w\'(x, £) and £,(x, £) are in class

C® on E" for all (r 4+ 1)-tuples p and r-tuples A. Consequently, we obtain
from (12) on setting

W, f) = Y wh(x )ddt V...V diT
M<. LA
and
£, t) = D E(x, 0)dx" V...V dxtH
p1<. . .<ur 41
that
(23) do' (x,t) = £(x, t) for ¢> 0.

We now prove the theorem, that is, we shall establish (3) for the (» + 1)-
simplex ¢ which has been fixed throughout the discussion.

Let P, represent the (r + 1)-dimensional plane in E, containing ¢. Then
one of two cases arises. Either ¢ M Z is a set of (r 4+ 1)-dimensional Lebesgue
measure zero on P, or it is not. Let us suppose that the latter case prevails,
for the reasoning we are about to use will hold in an obvious manner in the
former case.

By Fubini's theorem there exists a sequence of points in E*, {x,},,°, with
x;— 0 as j =« such that on the translated simplices, ¢ + %, (¢ + x,) N Z
is of (r 4+ 1)-dimensional Lebesgue measure zero on P,,;. Furthermore, on
each such simplex ¢ + x; we have by (23) that for ¢t > 0,

(214) fwwn = swo.
d(o+zj) otz

But then by the Lebesgue dominated convergence theorem, (20), (21), and
(22), we conclude from (24) that

L]
(25) j w = f £
d(o+x;) otz
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Since x; — 0 as j —«, we see that for j sufficiently large, ¢ + x, lies in
Uy, (o). Therefore, it follows from (9) and (25) that for j sufficiently large,

n
"= Nla|.
‘L(a+z,‘)w - <7’ + 1> |0|

But since «’ is a continuous differential r-form,

(27) J w’—)J w as j— o,
d(o+zj) 4

(3) follows immediately from (26) and (27), and the proof to the sufficiency
condition of the theorem is complete.

To establish the necessity condition of the theorem, we need only show
that the condition, |[s,w| £ N o] for every (r + 1)-simplex in R implies that
the following fact holds for a fixed u, x, and ¢ with B,(x, {) contained in R:

(28) ’lfsu(z, z)w

To establish (28) we use the following well-known fact:
There exists a sequence of simplicial (r 4 1)-chains {47} ,.,° such that

(26)

= N[By(x, ).

KJ
(1) A7 =3 ol ¢! non-overlappingfork =1,...,K".
k=1
(ii) 0';{ C B,(x, t)
K.‘f ]
(i) Jo=>] a
47 k=1 do .7
(iv) J‘ w— w asj— o,
947 Su(zyt)
(v) |47 — | Bu(x, £)] as — .

Since
K;

14yl = 2 lail,

k=

it follows from (ii) and (iii) that lfaAwa < N |4,|. But then (28) follows imme-
diately from (iv) and (v), and the proof for the theorem is complete.

—
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