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FINITE SPACES OF SIGNATURES

VICTORIA POWERS

Marshall’s Spaces of Orderings are an abstract setting for the reduced theory
of quadratic forms and Witt rings. A Space of Orderings consists of an abelian
group of exponent 2 and a subset of the character group which satisfies certain
axioms. The axioms are modeled on the case where the group is an ordered
field modulo the sums of squares of the field and the subset of the character
group is the set of orders on the field. There are other examples, arising from
ordered semi-local rings [4, p. 321], ordered skew fields [2, p. 92], and planar
ternary rings [3]. In [4], Marshall showed that a Space of Orderings in which the
group is finite arises from an ordered field. In further papers Marshall used these
abstract techniques to provide new, more elegant proofs of results known for
ordered fields, and to prove theorems previously unknown in the field setting.

In [1], the reduced theory of higher level orders and Witt rings was developed,
and Mulcahy’s Spaces of Signatures [7, 8, 9] are an abstract setting for this
higher level theory, just as Marshall’s Spaces of Orderings are an abstract setting
for the ordinary theory of reduced Witt rings. As in Marshall’s theory, Spaces
of Signatures are modeled on higher level ordered fields, and in addition there
are examples rising from skew fields [11] and rings with many units [6]. In this
paper we generalize Marshall’s results on finite Spaces of Orderings by showing
that a Space of Signatures in which the group is finite of 2-primary order arises
from a preordered field.

I. Preliminaries. We use p to denote the complex roots of unity. Let G be
an abelian group of finite (even) exponent and let X be a nonempty subset of
G* = Hom(G, p). We give G* the usual compact-open topology, where G and
1 have the discrete topology. From [7, 8] we recall the definition of a Space of
Signatures (SOS):

An m-dimensional form f (over (X,G)) is an m-tuple (ay,...,a,), where
each a; € G. We write dim f = m. If o € X, then

m

> o)

i=1

is the value of f at o, denoted o(f). We allow the empty form ( ), with the
convention that o({ )) = 0 for all 0 € X. If f and g are forms we say they are
equivalent (over X), denoted f = g, when o(f) = o(g) forallc € X. If f = ¢
and dim f =dim g we say f and g are isometric (over X), denoted f ~ g. If
f ={ay,...,an) and g = (by,...,b,), we define the sum of f and g, denoted
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f ®g, to be the form (aj,...,am,by,...,b,). We define the product of f and g
to be the form (a;b;). For a nonempty form f and a € G, a is represented by f
if there is some form g such that f & (a) @ g. The set of elements represented
by f is denoted D(f).

(X, G) is a Space of Signatures if the following axioms hold:

So: If o € X then ¢* € X for all odd k € N.

Si: X is closed in G*.

S,: There exists e € G such that o(e) = —1 for all o € X.

S3: If o(x) = 1 for all 0 € X, then x = 1.

S4: If z € D(f @ g) where f and g are nonempty forms, then z € D({x,y))
for some x € D(f) and y € D(g).

Ss: If x € G* and D({1,x)) C ker x for all x € ker x, then x € X.

We write —1 for the unique e of S,. If (X,G) is only known to satisfy
So0, 51,952, and S3, then we say (X, G) is a pre-SOS. In the case where G has
exponent a power of 2, Ss follows from S4 [9, 2.11], thus in this paper we can
exclude Ss since we will only look at SOS’s whose group has exponent a power
of 2.

The smallest SOS is denoted by C,: G is the group of two elements and X
consists of the character that sends —1 to —1. Generalizing this, we use C; to
denote the SOS where the group is cyclic of order 2°, and X is all characters
that send —1 to —1.

Given two SOS’s (X;,G)) and (X»,G»), the direct sum of these is the SOS
with

G=G; xGyand X = (X; X HUX,; x 1),

where U denotes disjoint union. We say (X, G) is a group extension of (X',G’)
if G’ imbeds in G and

X={0c€G : 0|z €X'}

For details and examples, see [8, §2]. A SOS is constructable if it is built up from
C, by group extensions and direct sums. Constructable SOS’s are realizable, i.e.,
they arise from preordered fields. For details, see [10].

We single out two special types of SOS’s, fans and quasifans. Fans are SOS’s
where the X is as large as possible, more precisely, a SOS (X, G) is a fan if

X = {x €G*|x(-1) = —1}.

Thus, for any s,C; is a fan. Fans are the simpliest SOS’s, but are not as useful
here as they are for Spaces of Orderings. A more important type of SOS is a
quasifan: A trivial quasifan is C; for some s, or C; @ C, for some s,t. A SOS
(X, G) is a quasifan if it is a group extension of a trivial quasifan. Quasifans are

https://doi.org/10.4153/CJM-1989-037-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-037-3

810 VICTORIA POWERS

well understood, and play the role of “local objects” for SOS’s. For details, see
[9, §41.

A SOS is finite if X is finite (equivalently, if G is finite). The goal of this
paper is to show that in the case where the order of G is a power of 2, finite
SOS’s are constructable, hence realizable. Our general approach is the same as
Marshall’s: we define an equivalence relation such that a finite SOS is the direct
sum of its connected components, and each connected component is a group
extension.

Definition 1.1. (i) If 7,...,7, € G*, then let S(7|,...,7,) denote the sub-
group of G* generated by the 7;’s.

@) If y,...,7 € X, we let [7},...,7,] denote the subspace of (X,G) gen-
erated by the 7;’s, i.e., the group is G/(ﬂ ker 7;) and the set of signatures is
S(r,...,7,)NX. For details, see [9, §2]. Note that [r,...,7,] is again a SOS.

(iii) for g an element of a finite abelian group, o(g) denotes the order of g.

We will use the following obvious facts frequently:

LemMma 1.2. Let G be an abelian group with order a power of 2, and let
g € G. Then for any g € G and odd k,o0(g) = 0(g*). Hence we have

(i) For an odd integer m, there is some odd k such that g™ = g.

(ii) Suppose 0(g") < 0(g®). Then there is a k such that g" = g**. Further, k
is odd if and only if 0(g") = 0(g®).

Definition 1.3. (i) By S», X generates G*, thus there exist 0;,...,0, € X
such that S(oy,...0,) = G*, and no proper subset of {o},...,d,} generates G*.
We call {o},...,0,} a minimal generating set (MGS) for (X, G). Note that, by

n
S, () kero; = 1.
i=1

(i) For a MGS {o1,...,0,}, let

A,’ = ﬂ keraj.
i#j

Since M ker o; = 1,A; is cyclic and we fix a; a generator of A;. We call
{ai,...,an} a dual set for the MGS. Note that, unlike the case where G has
exponent 2, the g;’s do not necessarily generate G.

(iii) Let S; denote S(oy,...,0;,...,0,). By Pontrayagin duality, S,-L =A.

LemMa 1.4. Fix {o1,...,0,} a MGS for (X,G).

@) If k is an odd integer, then o* & S;. Thus whenever T\ = 1, each r; is
even.

(i1) o{f(ai) =1 if and only lfaf € S;. Thus o(o;) = 0(0;S;) in G*/Si.
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(iii) If 0:(b) = ai(c) for all i, then b = c.
i) If {c1,¢2,...,cn} are odd integers, then {o}',... 0%} is also a MGS for
X,G).

Proof. (i) By [1.2(i)], there is an m such that a{"” = g;. Thus, if o{‘ € S;, we
would have o; € S; which would contradict the minimality of the MGS.
(i) If o (a;) = 1, then

ﬂ kero; C kerot.
i#]

Hence of € S,.
(iii) If o;(b) = o;(c) for all i, then bc™!' € Nkero; = 1.
(iv) follows from [1.2(i)] and §;.

ProrosiTionN 1.5. If (X, G) has a MGS of n elements, then G has exactly 2"
elements of order 2. In particular, the number of elements in a MGS for (X, G)
is unique, called the rank of (X,G).

Proof. Let {o1,...,0,} be a MGS for (X,G) and let {a,...,a,} be a dual
set. By [1.4], gi(a;) # 1, hence there is a ¢; € A; such that g;(c;) = —1. We
want to show that the ¢;’s form a basis for the socle (elements of order 2) of G,
as a vector space over the field of two elements.

Suppose b € G has order 2. Then o;(b) = %1 for all i. Define ¢; as follows:
if o;(b) =1, let ¢; = 0 and if 0;(b) = —1, let ¢, = 1. Now set

n
— €i
C—IICI».
i=1

Then, since 0;(b) = oi(c) for all i, by [1.4(iii)], b = c. Thus the ¢;’s span the
socle of G.

Suppose Ilc;' = 1 for some ¢; € {0,1}. Then applying o;, we see that
(=1)% =1 for all i, and hence ¢; = O for all i. Thus the ¢;’s are independent
and therefore form a basis for the socle of G. This implies that G has exactly
2" elements of order 2.

Definition 1.6. Let {0y,...,0,} be a MGS for (X, G). The set {c1,...,cn}
defined in the proof of [1. 5] is called an S-basis for the MGS. Note that oj(c;) =
1if i#j, and 0;(c;) = —1.

Definition 1.7. Suppose {oy,...,0,} is a MGS for (X,G). We say o; is
strongly independent if o* € S; whenever of # 1.

Lemma 1.8. Suppose {o1,...,0,} is a MGS and o; is strongly independent.
Then

(i) o(a;) generates the image of o;.

(i) If « € S; and a# 1, then kero; ¢ ker a.
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Proof. (i) is clear by [1.4(ii)].
(ii) If kero; C kera, then @ = aff for some integer k, and hence oJ,‘ €S;,a
contradiction.

Lemma 1.9. Suppose zi,z;, 23,24 are elements of p.
(i) If 21+ 2 = 23+ 24 # O, then, as sets, {z1,22} = {z3,24}.
(i) Ifzy # 1 and 23 # 1, then 1 + 2123 # 71 + 25.

Proof. (i) is [8, 3.13], and (ii) follows easily from (i).

Definition 1.10. (i) Following [8], we say x € G is rigid if whenever (1,x) =
<b7d>7{lax} = {bad}’

(ii) Suppose Y C X. We say x € G is Y-rigid if whenever (1,x) = (b,d),
then either o(b) = 1 and o(d) = a(x) forall o € Y, or a(b) = o(x) and o(d) = 1
foralloeY.

Remarks 1.11. (i) Suppose x is Y -rigid, then x is [Y ]-rigid.

(ii) If x € G and o € X with a(x) # —1, then o({1,x)) # 0. Hence, by
[1.9()],x is {o}-rigid.

(iii) If x is {01, ..., 0,}-rigid for some MGS {o,...,0,}, then, by [1.4(iii)],
x is rigid.

We make use of the following powerful theorem from [8], which gives a
characterization of group extensions in terms of rigid elements:

THEOREM 1.12 [8,5.5]. Suppose there is some x € G such that both x and
—x are rigid. Then (X, G) is a group extension.

Definition 1.13. Suppose {o71,...,0,} is a subset of a fixed MGS for (X, G).
We call a product

m

Ti
H g;
i=1

an m-product with respect to the given MGS. (We assume no product of a proper
subset of {0} is 1.)

The following proposition gives us a useful criterion for when a SOS is a
direct sum:

PRrOPOSITION 1.14. Suppose {01,...,04,T1,...,Tm} is a MGS for (X, G) such
that whenever o8 € X with o € S(o1,...,0,) and B € S(11,...,Tm), then either
a=1or=1.Then

X,G)=lo1,...,0,) D [T1,...,Tml-
Proof. Define

n m
A = ﬂ kero; and A = n kerT;.
i=1

i=1
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Since, by assumption, X = X;UX, where X; = [0y,...,0,] and X, =
[T1,...,7Tm], we need only show that the canonical map

G —G/A xG/A

is an isomorphism. It is clear that A; N A, = 1 and hence the map is injective.
To show the map is onto it is enough to show that

G* = (G/A) X (G/Ay)*

since this would imply that |G| = |G /A||G /02|

Any x € G* can be written as y = or, where 0 € S(0y,...,0,) and T €
S(71,...,Tm). By our hypothesis, this decomposition is unique and thus we can
map x — (o, 7). This map is clearly an isomorphism, and we are done.

LemMA 1.15. Suppose x1,x2 € G*\{1}. Then there is some x € G such that
Xi(x)# 1,i=1,2.

Proof. Since x; # 1, there exist x;,x2, € G such that x;(x;) # 1. Then x =
X1,X = Xp Or x = x|Xx, satisfies the lemma.
The following lemma has the flavor of Marshall’s “Basic Lemma” [4, 3.1].

Lemma 1.16. Suppose {a1,...,0,} is a MGS for (X,G), {ay,...,a,} is a
dual set, and {cy,...,c,} is an S-basis. Further suppose X contains o = 0,00,
where a € S(02,...,0,—1) and t is even, and there is some a € ker oy N ...N
kero,_, such that o'(a) # 1. Let f be the form (1,c\c3...Cn—1,€2C3...Cho10).
Then for any x € G such that o1(x) # 1 and 0,(x) # 1,f cannot represent x.

Proof. Let g be the form (cic;...cu—1,€2C3. ..Cn—1a). Suppose f represents
x, then by Axiom Sy, there is y € G such that g represents y and (1, y) represents
X.

Suppose (c1,a) = (b,d). By [1.9(1)], since 0j({c1,a)) =2forj =2,...,n—1,
we must have o;(b) = 0j(d) = 1 forj = 2,...,n—1. Since t is even, 0,(a) # —1
and so

’

a.({c1,a)) # 0.

Thus, by [1.9(1)], wlog we can assume o,(b) = 1 and 0,(d) = o,(a). Since
Ul((’)a d)) = 0'1(<C|,a>) = Oaal(d) = —oy(b). Then

o((b,d)) = 01(b) — 01(b)o,(a),
while
o({c1,a)) = —1+dl(a).

Hence o1(b) = —1, and so b =c; and d = a.
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We have shown that (ci,a) represents only ¢, and a, and therefore g =
03 .. .c,,_l(cl,a> represents only 7 = ¢j¢p...cp— and s = ¢r¢3...cp—1a. Thus
y must be r or s. But since 0,((1,7)) = 2 and o,(x) # 1, by [1.9()] (1,r)
cannot represent x. Similarly, since o((1,s)) = 2,(1,s) cannot represent x.
Thus y cannot be r or s, a contradiction. Hence f cannot represent x.

2. Spaces of small rank. In this section we will show that if rank (X,G) < 3,
then (X, G) is constructable. By [1.14], we know that if (X, G) is not a direct
sum, then X does not “break up” into a disjoint union of smaller pieces. We
will use this fact to find x € G such that £x is rigid in the case where (X, G)
is not a direct sum proving, by [1.12], that (X, G) is a group extension.

Remarks 2.1. The only SOS that is both a direct sum and a group extension
is Cy ® C,, by [7.4.8(i1)]. By [9, 3.7], any SOS of rank 1 is a fan and hence is
constructable.

LEMMA 2.2. Suppose {o1,...,0n,T1,...,Tm} C X, and X contains ¥ = af3
where a € S(o1,...,0,) and 3 € S(T1,...,Tm). Given x € G such that x is
{o1,...,0,}-rigid and {7y,...,Tn}-rigid, a(x) # 1 and B(x) # 1. Then x is

{01y ey OnyT1y oo oy T }- rigid.

Proof. Suppose (1,x) = (b,d) for b,d € G. Then, since x is {o1,...,0,}-
rigid, interchanging b and d if necessary, we can assume ¢(b) = 1 and o;(d) =
oi(x) fori = 1,...,n. Hence a(b) = 1 and a(d) = a(x). Since x is {Ty,...,Tm}-

rigid, either ;(b) = 1 fori = 1,...,m or 7;(x) = 1;(x) for i = 1,...,m. If the
latter case occurs, then we have

Y(b,d)) = alx) + B(x),

while

Y(1,x)) = 1+ a(x)Bx) # ax) + Bx)

by [1.9(ii)], a contradiction. Hence we must have 7;(b) = 1 fori = 1,...,m and
thus b = 1. Therefore, x is rigid.

COROLLARY 2.3 Suppose {01,0,} C X, and there is an even integer s such
that o5 # 1 and 050, € X. If x € G such that o3(x) # 1, then tx are {o},0,}-
rigid.

Proof. Since s is even, o1(x) # %1, hence by [1.11(ii)], x are {o }-rigid.
If 02(x) # 1,x is {01, 02}-rigid by [2.2]. If 02(x) = 1, then by [1.9(i)], o2(b) =
o2(d) = 1 whenever (1,x) = (b,d) and hence x is {o},0;}-rigid. A similar
proof works for —x.

We begin with the classification of small SOS’s by showing that a rank 2
SOS is a group extension or a direct sum.
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THeoREM 2.4. Let (X,G) be a SOS of rank 2 and let {o,,0,} be a MGS.
Suppose (X,G) # C, & C,. Then (X,G) is a group extension if and only if X
contains a 2-product. (See 1. 13] for the definition of m-products.) Furthermore,
any SOS of rank 2 is a direct sum or a group extension.

Proof. If X doesn’t contain a 2-product, then by [1.14] (X, G) is a direct sum
and since (X,G) # C; @ C,, by the remark above (X,G) cannot be a group
extension. Thus if (X, G) is a group extension, X must contain a 2-product.

Since X contains a 2-product, renumbering if necessary and taking an odd
power of the 2-product, we can assume ojo, € X for some even s. Then, by
[2.3], there is an x € G such that +x are rigid, and so (X, G) is a group extension
by [1.12].

The classification of rank 3 SOS’s is much more complicated than the rank 2
case. We will break it up into several different cases. For the rest of this section
we fix a rank 3 SOS, a MGS {0}, 02,03}, a dual set {a;,az, a3}, and an S-basis
{Cl 3 €2, C3}-

ProposITION 2.5. Suppose [01,02] is a group extension and X contains a
3-product. Then (X,G) is a group extension.

Proof. As in [2.4], we can assume o}0, € X for some even s with o} # 1.
By assumption, there is a 3-product Yo% € X, where ¥ € S(0,0,) with v # 1
and 04 # 1.

Case 1. Suppose ¢ is odd. By [1.4(iv)], we can replace o3 by 0% and thus
we can assume T = Yo3. By [1.15], there is some x € G such that Y(x) /
= 1 and oj(x) # 1. Then, by [2.3], £x are {0}, 0, }-rigid. If o3(x) = 1, then
a3(b) = 03(d) = 1 whenever (1,x) = (b,d), by [1.9(1)], and hence x is rigid. If
o3(x) # 1, then x is rigid by [2.2]. A similar proof shows —x is rigid.

Case 2. Suppose o3 is not strongly independent. Then we have o{o303 = 1
for some integers u,v, and w with ¢§ # 1. By [1.4(1)], w is even and so
o)™ = g40%03 € X. Hence we are done by Case 1.

Case 3. Suppose o3 is strongly independent and oo} € X where o €
S(01,02),0% # 1,a# 7, and a # 1. By [1.8] and [1. 15], there exists y € keros
such that o5(y) # 1 and Yo !(y) # 1. Let x = yas, then, since o3 is strongly
independent, ¢%(x) and ¢% (x) are not 1. Since a(x) # Y(x), one of these is not
1, hence by [2.2] and [2. 3], x is rigid. Since t and w are even a(—x) # Y(—x).
Thus a similar proof shows that —x is rigid.

Case 4. If cases 1,2 and 3 don’t hold, then 7 = ofo}05 with g3 strongly
independent and ¢ even. Since case 1 doesn’t hold, the only 3-products in X
are of the form o%c%0%, where k is even. Since case 3 doesn’t hold, the only
2-products in X are in [07, 02] and, since ° € X, we must have (040%)* = o%a}
and hence (0%0%)* = 1.

Suppose u is odd and v is even. By [1.8], we can find y € keros; such
that o%(y) = —1. Since (0405)? = 1, choosing x = y or x = c;y we have
oj(x) = o3(x) = —1 and o3(x) = 1.
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Let f be the form (1, cicy, c2a3) and let g be the form (xas, ¢icz,¢2). An easy
check shows that o(f) = o(g) for all ¢ € [0y, 02], and any 1-product. The only
other elements of X are of the form ¢ = ¢%0%0%, and an easy check shows in
this case o(f) = o(g). Thus f = g, but by [1.16], f cannot represent xa3, a

contradiction.
If u is even and v is odd, then there is some y € keros such that of(y) =
—1, and thus, as above, we have x such that of(x) = o3(x) = —1. Let f =

(1,c1¢2,c1a3) and g = (xas,cica,¢1) and use the same argument as before to
get a contradiction. Therefore this case cannot occur.

LEMMa 2.6. Suppose that X contains a0 where r,s, and t are all odd.
Then (X, G) is a quasifan.

Proof. Since r,s, and t are odd, by [1.4(iv)] we can replace {o|,02,03}
by {o},03,0%}. Thus we can assume r = s = ¢ = 1. For x € G, let Y, be
{0 € X : a(x) # 1}. By [8,3.10] and [9,4.5], if Y} is cyclic for every x of
order 2 in G \ {—1}, then (X,G) is a quasifan. From the proof of [1.5] we
know that the elements of order 2 in G are of the form [] ¢}’ where ¢; € {0,1}.
For x = ¢, Y, contains o, and o3, hence c; is the only element of order 2 YXL
contains, and thus YxL is cyclic. A similar argument works for x = ¢, or ¢3. For
X = cjca, Y, contains o3 and o0,0,03, hence YxL is cyclic. A similar argument
works for cic3 and c¢c3, and we are done.

In the next few lemmas we take care of the case where X contains a 3-
product with two even exponents. We start with the case where the MGS is
strongly independent.

LemMma 2.7. Suppose o = 0’0505 € X for some integers r,s, and t, where s
is even. Given x € G such that o3(x) = 1,01(x) # —1,07(x) # 1 and o5(x) # 1.
Then x is rigid.

Proof. Suppose (1,x) = (b,d) for some b,d € G. Since o;(x) # —1 for each
i, by [1.11(iD)], x is {o;}-rigid for i = 1,2,3 and so if b € {1,x},

a(b) € {0} (x),53(0)}.
Then
a((b,d)) = o (x) + o5(x),
but
o((1,x)) = 1+ 003(x) # 0 (x) + 05 (x)

by [1.9(ii)], a contradiction. Hence b € {1,x} and so x is rigid.

Lemma 2.8. Suppose each o; is strongly independent, and there are even
integers {r,s,k,m} such that o(c%) > 2,0(035) > 2,0 # 1,05 # 1, and X
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contains 011‘0’2”03 and d'0503. (These do not have to be distinct.) Then (X, G) is
a group extension.

Proof. Let x = ajay, then by [2.7] x is rigid. Suppose (1, —x) = (b,d) for
b,d € G. Then, by [1.11(ii)], we can assume

o1(b) = 1,01(d) = —01(x) and {o2(b), o2(d)} = {1, ~02(x)}.

Since o3({b,d)) = 03({1,—x)) = 0, we have o3(d) = —o3(b).
Suppose g2(b) = —o(x) and o2(d) = 1, then

ok a%a3((b,d)) = a3(b) — o3(b)ok (x).
Then, since
oto5os((1,—x)) = 1+0k(x) # 0,
o3(b) = —1 and 03(d) = 1. But then
010503((b,d)) # a10303((1, —x)),
a contradiction. Hence o,(x) = 1 and 0,(d) = —(x). Then
oto5a3((b, d)) = 03(b) + 03(b)d} (x)

and hence o3(b) = 1. Thus b =1 and so —x is rigid. Therefore, by [1. 12], (X, G)
is a group extension.

LEMMA 2.9. Suppose each o; is strongly independent and there are even
integers {k,m,r,s} such that X contains the 3-products oo%os and 010203.
Then (X, G) is a group extension.

Proof. Let x = ajc;. Suppose (1,x) = (b,d), then by [1.9(1)], o3(b) =
o3(d) = 1. Since o(oy) > 2 and o is strongly independent, by [1.8] o,(x) #
+1. Thus, by [1.11(ii)], we can assume o;(b) = 1 and o,(d) = o1(a;). Since
a2({1,x)) = 0,02(d) = —a2(b). Then

Fh0aa§((1,x)) = 1 — ol(@) #0
while
010203((b, d)) = 02(b) — 2(b)a}(ay).
Thus o,(b) = 1 and hence b = 1. Therefore x is rigid.

Note that —x = c;a;c3, and hence a similar argument as above, using a’{ 0503,
shows that —x is rigid. Therefore, by [1. 12], (X, G) is a group extension.
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ProposiTioN 2.10. Suppose each o; is strongly independent and X contains a
3-product. Then (X, G) is a group extension.

Proof. Since all elements of X send —1 to —1, renumbering and taking an
odd power if necessary, we can assume o}o303 € X where o} # 1,05 # 1. If
r,s are odd, we are done by [2.6]. Assume one is even, then they both are even.

Let f be the form (1, ¢ c3, c1a,) and let g be the form (ajazcs, c1ay, ¢1). Then
by [1.16], f cannot represent a;a,c3 hence f # g, and so there is some 7 € X
such that 7(f) # 1(g). An easy check shows that 7 is not a 1-product, and if 7
is a 2-product we are done by [2.5]. Thus we can assume 7 is a 3-product, say
7= oXaho¥. If the exponent are odd, we are done by [2.6]. If {k,m} are both
even or {/,m} are both even, we are done by [2.9].

Suppose none of the above hold, then {k,/} are even. Since 7(f) # 7(g), an
easy check shows that o(o%) > 2. If 0(a%)) > 2 we are done by [2.8]. If o(c}) = 2,
then repeat the argument with the forms (1,cyc3, c2a1) and (a1ax¢3, c2a2, ¢2),
and use [2.5], [2.6], [2.7], or [2.8].

Now we look at the case where the MGS is not strongly independent.

LeEmMA 2.11. Suppose there are integers r; such that [[o} = 1. Further,
suppose there are no relations among any two of the o;’s. Then

(i) The order of o} is constant over all i.

(ii) For i # j, there is an x € G such that Uf’(x) = a;’(x) = —landoyix) =1,
where k = {1,2,3}\ {i,j}.

Proof. (i) Suppose (o7)" # 1 and (Ujr-j Y" =1 for some m. Then

(Mex)" =1,

which gives us a shorter relation among the o;’s, a contradiction.
(ii) If keroy C kero}, then we would have a relation among {0, 0;}, a

contradiction. Hence there is an x € keroy such that o}'(x) = —1. Since
H o7(x) = 1,
we must have ajr-f ) =—1.

LEmMA 2.12.  Given the hypotheses and notation of [2.11]. Suppose
o(gj(a;)) = r; for each j. Then for each i # j, and any {z,q} C C with
2/l = q" = —1, there exists x € G such that 0;(x) = z,0;(x) = q and ox(x) = 1,
where k = {1,2,3}\ {i,j}.

Proof. Replacing o;’s by odd powers if necessary, we can assume each r; is
a power of 2. By [1.8] and [1.15], there exists y € keroy such that o} (y) =
a;f(y) = —1. Then, by [1. 1], there exists odd m such that ¢;(y™) = z. Then

0@} (Y™ = o(g),
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and since o(a;) = r;, we have
U
aj(ajy,,,) = q for some u.

Thus afy™ satisfies the lemma.

ProposiTiON 2.13. Suppose

e
L
Hai =1 for some r;,

i=1
where each o} # 1. Then (X, G) is a group extension.

Proof. If X contains a 2-product, then we are done by [2.5], so assume that
X contains no 2-products. Hence, by [2.12],0(0}') is constant over i.

Suppose o(0)') > 2. Fix z, a complex square root of —1, then by [2. 11], there
exists x € G such that o7'(x) = z for i = 1,2. Hence 05'(x) = —1. Using an
argument similar to that in the proof of [2.8], we can show that +x are rigid,
and we are done.

Now suppose 0(0,’.’) = 2 for all j and there is no relation as in the first case,
then the relation given must be the only one. Hence, by [1.4(ii)], o(g;(a))) = ;.
Fix complex numbers z; such that zi"' = —1, then by [2. 12], there exist x; € G
such that o;(x;) = 1 and 0j(x;) = z; if j # i.

Let f be the form (1, cicy,c1x)) and let g be the form (coxz, c1x3,¢1). As in
[1.16], we can easily show that f cannot represent c,x, and thus there is some
7 € X such that 7(f) # 7(g). An easy check shows that 7 is not a 1-product and
we assumed X contains no 2-products, hence 7 is a 3-product. Hence

3
T=HT‘;"

i=1

for some s;’s, and by [1.4(i)], 0¥ & S; for each i. Thus o}'(x;) # 1 for each i.

Renumbering and replacing 7 by an odd power of 7 if necessary, we can
assume T = o%o%o3 where 0%(a;) # 1 and 05 (ay) # 1. Let x3 be as above. If
0¥ (x3) = 1, letx = ayx3 and if 0¥ 0%'(x3) # 1, let x = x3. Then, since o’ (a;) =
1 by [1.4(ii)], we have o3(x) = 1,07 (x) = 05:(x) = —1 and o%o%'(x) = 1. Also,
since of & S; and o} € S),0(0}') < o(0}) and so oy(x) # *1. Similarly,
o2(x) # %1. Using 7 and an argument similar to that in the proof of [2. 8], we
can show that +x are rigid. Therefore, (X, G) is a group extension.

Finally we have the main theorem of this section:

THEOREM 2.14. Any SOS of rank 3 is a group extension or a direct sum.
Therefore, any SOS of rank = 3 is constructable, and hence realizable.

Proof. Assume (X, G) is not a direct sum. Suppose X contains a 3-product,
then if the MGS is strongly independent, by [2. 10], (X, G) is a group extension.
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If some o; is not strongly independent, then we have a relation among 2 or 3 of
{o1,02,03}. If there is a relation among 3, then by [2. 13] we are done. If there
is a relation among 2, then X contains a 2-product and we are done by [2. 5].

Suppose (X, G) does not contain a 3-product. Since (X, G) is not a direct sum,
by [1.14], renumbering if necessary X must contain two 2-products oo’ and
a504. If t is even, then u must be odd and as in case 1 of [2.5] we can find x
such that +x are rigid. A similar argument works if s is even. If # and s are both
odd, taking odd powers we have T = oto, and 0,075 in X. Clearly {01, 03,7} is
a MGS, and

0207 = o, ‘10 € X.

Hence X contains a 3-product and we are done.

CoroLLARY 2.15. If rank X = 3 and X contains a 3-product, then X is a
group extension.

3. The connected case. We define an equivalence relation on SOS’s such
that the group extensions are precisely the connected SOS’s. It will take most
of the work of this section to show that the relation is in fact an equivalence
relation.

Definition 3.1. We define ~ on X as follows: If (X,G) = & or G ® G, then
o ~ 7 for all o,7 € X. For all other X, 0 ~ 7 if there is some ¥ € X such that
Y¢ {07!, 77!} and o7y € X.

Lemma 3.2 For any o € X and odd k,o ~ o*. In particular, ~ is reflexive.

Proof. We can assume (X,G) is not G or G @ G- Then |X| > 2, so there is
some 7 € X such that 7# 0. If 0® = 1, then ooT = 7 € X, and thus 0 ~ ¢ = o*.
Suppose 0 # 1, then 0~! # o. If 0 # 07!, we have oo*c = ¢**? and so
o~ ak. If o* = 07!, since |X| > 2, there is some T € X such that 7 ¢ {g,07'}.
Then oo*T = 7 € X and we are done.

Lemma 3.3. Suppose rank (X,G) < 3 and {a,...,0,} is a MGS such that
oy ~o; for all i. Then (X, G) is a group extension.

Proof. If X has rank 3 and contains a 3-product then we are done by [2.15], so
assume not. By assumption there is some a & {07 ',05'} such that 00,0 € X.
If X has rank 2 we are done by [2.4]. Suppose X has rank 3, since X contains
no 3- products we get a 2-product oo € X. Similarly, we have oo} € X, and
then by [2.14] we are done.

Definition 3.4. (cf. [8,5.1]). Let (X,G) be a SOS. The translation group of
X is

{d €G*: aX C X},
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and is denoted gr(X). For € G*, define X, to be

{o€X : o €X for all k}.

Lemma 3.5. (i) gr(X) = {x € G* : X, = X}.

(ii) If &> = 1, then X, = {0 € X : a0 € X}, and 0 € X, if and only if
o* € X, for all odd k if and only if a* € X, for some odd k.

(iii) If Xo # 0, then (Xo, G/XY) is a subspace.

(iv) If &® = 1 and {0}, ...,0,} C Xq, then [o1,...,0,] C Xq.

Proof. (i) is proven by an easy induction argument, since if aX = X, then
X = o NaX) C X

(ii) is easy, and (iii) and (iv) follow from [8,5.4] and [8, 5.5].

ProposiTioN 3.6. A SOS (X, G) is a group extension if and only if gr(X) =
{1}. Hence if a # 1, then X, is a group extension.

Proof. This follows from [8],5.4] and [8], 5. 5].

ProposiTiON 3.7. Suppose o(a) = 2. Then for any x € G such that o(x) =
—1,%x is Xq-rigid.

Proof. Since a(—x) = a(x), it is enough to show that x is rigid. Note that
if o(x) = 1 for all 0 € X,, then x is trivially X,-rigid, so assume o(x) # 1 for
some o € X,. Suppose (1,x) = (b,d), we first show that

{a(b), (d)} = {1,—1}.

If o(x) # %1, then by [1. 10] interchanging b and d if necessary, we can assume
o(b) = 1 and o(d) = o(x). By assumption, o € X, hence we have

Ua(<l’x>) = Ua((”a d))
Thus

a(b) + a(d)o(x) =1 —ox) # 0,
hence by [1.9(1)], a(b) = 1 and a(d) = —1. If o(x) = —1, then we have
oca(x) = 1, hence oca(b) = oca(d) = 1. Since a(b) = 1, we must have
a(b) = £1. Because o({1,x)) = 0,0(d) = —o(b) and therefore o(d) = —a(b),
proving

{a(®), a(d)} = {1,-1}.

By the above, interchanging b and d if necessary, can assume a(b) = 1 and
a(d) = —1. We will show that g(b) = 1 for all ¢ € X,, which will clearly
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imply x is X,-rigid. If o(x) = 1, then by [1.9(1)] o(b) = 1. If o(x) # %1, then
by [1.11]

{o(b),a(d)} = {1,0(x)}.

Suppose a(b) = o(x), then ca(b) = o(x), while
oa((1,x)) = 1 —a(x) # 0,

which is a contradiction of [1.9]. Hence o(b) = 1. Finally, if o(x) = —1, then
ca(x) =1 and so o(b) = ca(b) = 1.

Our goal is to show that a connected SOS is a group extension. We will do
this by showing that gr(X) # {1}. Thus we need to take a closer look at the
subspaces Xq.

PROPOSITION 3.8. Suppose o(a) = o(B) = 2 and Xo N X5 N Xeg # 0, and
o€ Xy \Xﬁ. Then o ¢Xa5.

Proof. Assume 0, € Xo N XM Xqs, and ocaf € X. Then, since {01,010,
oa} C Xg, by [3.5(iv)], [01, 010, 0] C Xg. But this implies
o= (o7 ") o1a)(0a) € X,

a contradiction. Hence oa3 € X and so 0 € Xqg3.

ProposITION 3.9. (cf. [4,4.4]). Suppose a and (3 are elements of G* of exact
order 2. If Xo N X5 N Xap # 0, then Xo C X5 or X5 C Xa.

Proof. Suppose not, then there exists 01 € X, N X3 M Xe3,02 € Xo \XB and
03 € Xp \ Xo- Replace X by the subspace of X generated by {oa,07'3,02,
05 '@, 03}. Note that

o1 = (010)(02)(0; ' @) and 010 = (07" B) " (02)(0; ' @)
are both in X. Also note that
028 = (012)(07 ' B)(02) and 030 = (3)(02)(05 ' @)

are both in G*.

We first show that X is a group extension. Pick x € G such that a(x) # 1 and
B(x) # 1. We will show +x are rigid, and clearly it is enough to show x is rigid,
since a(—x) = a(x) and B(—x) = [(x). By [3.7], x is X,-rigid and Xp-rigid.

Suppose (1,x) = (b, d) for some b,d € G, then we can assume o(b) = 1 and
o(d) = o(x) for all 0 € X,. If 01(x) # 1, then 0,(d) # 1. Since o, € X5 and x
is Xg-rigid, we then must have o(b) = 1 for all o € X3. Hence o(b) = 1 for all
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o € X and so b = 1. Therefore, x is rigid. If o|(x) = 1, then oja(x) # 1. Since
o1a € Xg, replace o by o« and use the same argument to show that x is rigid.

By [1.12], X is a group extension. We can assume X is a group extension of
some SOS (X’,G’) which is not a group extension. For o € X, let & denote o
restricted to G'. If @ # 1 and 3 # 1, the same argument as for X shows that X’ is
a group extension, but we assumed not. Hence we have either @ = 1 or g = 1.
If @ = 1, then 63&¢ = 63 € X’ and so, by the definition of group extension,
o3a € X, a contradiction. Similarly, if 3 = 1, then 0,8 € X, a contradiction.
Therefore we must have X, C X3 or X3 C X,.

Lemma 3.10. (c¢f.[4,4.6]). Suppose o(a) = o(B) = 2 and |Xq N X5| > 2.
Then there is some Y € G* such that o(Y) = 2 and Xq, X C Xy.

Proof. If X, C X3 or X3 C X4, we are done, so assume not.
Case 1. Suppose o € X, M X3 such that o(c) > 2. Then pick r such that o”
has exact order 2, and let ¥ = ¢”. Since r is even, clearly

S X(X mX'y ﬂXm.

Then, by [3.9], Xy C Xy or Xy C X,.
Suppose Xy C X,. Then o8 € Xy C X4, and hence

RS Xa ﬂXB ﬂXaﬁ.

But then, by [3.9], Xo C X or Xg C X,, and we assumed not. Thus we must
have X, C Xy. A similar proof shows that Xz C Xy, and we are done.

Case 2. Suppose all elements of X, M X have order 2, then by assumption
there is 01,0, € Xo N Xp such that 0y # 0,. Let ¥ = 0,07, then

o) € Xa ﬂX’y ﬂXm.

The proof is now the same as in case 1.

PROPOSITION 3.11. Suppose 01,0, € X such that o, & [01] and oy ~ 0. Then
there is some Y € G* with o(Y) = 2 such that o,,0, € Xy.

Proof. 1t is clear that we need only show that 0,0, € X; for some § € G*
such that § # 1. By definition we have o3 € X such that 03 € {o7',05'} and
010203 € X. By [3.5(1)] and [3.6] it is enough to show [0}, 072,03] is a group
extension. If rank [0, 0,,03] = 3, we are done by [2.6].

Assume rank [0}, 07, 03] = 2, then we can assume {0},0,} is a MGS, and so
we have o3 = o' 0, for some r,s. If ot =1, then 03 = 0'1_10‘; and so o} # 1.
Then, by [2.4], we are done. A similar argument works if o3*! = 1. If 07! # 1
and 03! # 1, we have 010203 = o'*'03*! € X and again we are done by [2.4].

We now come to one of the main theorems of this section:
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THEOREM 3.12. (cf. [4, 4.7]). Suppose (X, G) is connected, then there is some
Y € G* of exact order 2 such that X = Xy. Hence, by [3.7], X is a group
extension.

Proof. The case where X has rank 1 is trivial, thus we assume rank X > 2.
If all elements of X have order 2, then (X, G) is a Space of Orderings and we
are done by Marshall’s work [4], thus we assume X contains an element of
order greater than 2. Pick o; € X such that o) has maximal possible order, then
o} # 1. Pick 0, € X such that o, ¢ [07]. By hypothesis, 0; ~ a2, hence by
[3.11] there is some 7Y of exact order 2 such that 0,0, € X,. Pick ¢ € G*
such that o1 € X, and |X,| is maximal. Then, since o, has maximal order and
|Xa| > |X4|, rank X, > 2.

Suppose X, # X, then pick 7 € X \ X,. By assumption T ~ 0y and so, by
[3.11] there is some (3 such that 7,01 € X3. Since 0% # 1, |X, N Xs| > 2, hence
by [3.10] there is some ¥ of exact order 2 such that X, C Xy and X3 C X,. But
this contradicts the maximality of |X,|, since 7 € Xy \ X4. Thus we must have
Xo =X.

It remains only to prove the transitivity of ~. Unlike the case where G> = 1,
we must do a substantial amount of extra work to prove transitivity.

LemmA 3.13. Suppose 01,02 € Xo where o(c) = 2 and |Xo| > 3. Then
gy ~ 0).

Proof. If 0, € [o)], then we are done by [3.2], so assume not. Assume
02 # 01, then o7 'a# 05! and, by assumption, 7' # 05'. We have

alaz(ol_‘a) =0 €X,
hence o, ~ 0,.
Suppose 0, = oy If 0(a1) = 2, then pick 03 € X, such that o3 & {07!, 05'}.
Then
010203 = o3 € X,
hence oy ~ 0,. If o(0y) > 2, then o1 € {07!, 05"} and we have

01020 = U?a eX,

hence o, ~ 0,.

CoroLLARY 3.14. Suppose Y C X such that Y is a group extension, Y #
GDG,and o,y €Y. Then o ~ 1 in X.

Proof. By [3.6],Y =Y, for some a # 1. Since Y # G® G, |Y| > 2. Hence,
by [3.13], 0 ~7in Y, and therefore in X.
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LEmMma 3.15. Suppose a# 1,3 # 1, and there exists 0, € XoNXp, 02 € Xa,
and o3 € Xg. If oy ~ 03 or 038 ~ 07, then o, ~ 03.

Proof. Note that, by [3.6] and [3.14], if 0, € X or 03 € Xq, then 0, ~ 03.
Hence the lemma is true if o, € [02],02 € [03], or 0] € [03], SO assume none
of these hold. If o(o() > 2, then

Xe N Xg| >2

and so, by [3.10], X, C X or Xg C X,, and we are done by the first observation.
Thus we can assume o(o;) = 2. Assume one of {0(07),0(03)} is greater than
2, since if not we are done by Marshall’s work [4, 4.5].

Suppose g, ~ 03, then by [3.11], o,,03 € Xy for some ¥ with o(7) = 2.
Assume o(g;) > 2, then o(o,) > 2. Since o,a € X, M Xy, by [3.10], either
Xa C Xy or Xy C X, If Xy C X, then 03 € X, If Xy C Xy, then 03,03 € X5,
and we are done by [3.6] and [3.14].

Now assume o(oz) = 2, then by assumption o(c3) > 2. Hence, as above,
Xg C Xy or Xy C Xg. If Xy C Xp, then or@ € Xp and so o2, 01 € Xg. Thus

|Xe N Xp| 22

and so, as above, we are done. If X3 C X, then 0,000 C Xq M Xy, and so by
{3.10], Xy C Xy or Xy C X, and proceed as above.
A similar proof works for the case of 033 ~ 0.

PropOSITION 3.16. Suppose o(a) = o(f) = 2,01 € Xo N Xp,07 € X4, and
03 € Xg. Suppose X contains an element of one of the following forms: (a)
0505y where o5 # 1,04 # 1, and ¥ € {1, , 8}, (b) 005047, where r is odd,
oy # 1,0, # 1, and v € {1,a,8}, or (c) o 05048, where r,s and t are odd.
Then gy ~ 03.

Proof. Assume X contains o of type (a). If o = 0305, then ¥ = [03,03] is a
group extension by [2.4] and we are done by [3.14]. Suppose o = gica. If s
is odd, then o,a ~ o3 since [o,a, 03] is a group extension. Hence, by [3.15],
o, ~ o03. If 5 is even,

osaha = (oa)(0y o}

and hence o, ~ 03. Thus 0, ~ o3 by [3.15]. A similar argument works if
o =o5056. If

o = 050500,
then o can be written as either

(020)°(30)(03) " or (d20)(02)* ' (03)'".
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Hence either 0, ~ 030 or o, ~ 03, and we are done by [3.15].
Assume X contains o of type (b). Since r is odd, {07, 02,03] contains a
3-product and thus is a group extension by [2.15]. Hence o, ~ o3 by [3.14].
Assume X contains o of type (c). Then, by [2.15], [o1«, 02, 033] is a group
extension, and we are done by [3.14] and [3.15].

THeOREM 3.17. ~ is an equivalence relation.

Proof. by [3.2], ~ is reflexive, and it is clearly symmetric, thus we need only
show that it is transitive. Suppose o} ~ 0, and o] ~ g3, then we want to show
o, ~ g3. By [3.11], these exists o and (3 of exact order 2 such that ¢,,07 € X,
and 0,03 € Xg. If 0o(01) > 2, then, by [3.10], Xo,X3 C Xy for some Y where
o(7) = 1. Hence, by [3.6] and [3.14], 0o ~ 3. Thus we assume o(o;) = 2.
If 0o € X5 or 03 € X,, then we are done by [3.6] and [3.14]. If 02 € X,
then o,a,03 € Xg. Hence o, ~ o3 and so 0, ~ o3 by [3.15]. By a similar
argument, we are done if 03 € Xqg.

Replace X by the subspace of X generated by

S ={o1a,018,02,05 '@, 03}.

Note that oy ~ o for all o € §, thus if rank X < 3 we are done by [3.3] and
[3.14]. Hence we can assume rank X > 4.

Case 1. Suppose rank X = 5. For ease exposition, set 7, = o, 72 =
018,73 = 03,14 = 0y'a, and 75 = o3. Then {r,72,73,74,75} is a MGS
for X. Let {ai,...,as} be a dual basis and {c|,...,cs} be an S-basis. Since
o(11) = o(ny) = 2,a; = ¢ and a; = ¢;. Note that X contains ¢ = 77372 and
03 = T|THT3T4Ts.

Let f = (1, cac3c405, crcac3cs) and g = (cicacacs, c2c3, ¢3¢5). Renumbering,
we can apply [1.16] (with ¢ = 1y1374,d = ¢}, and x = c¢jcrc4acs). Thus there is
some 7 € X such that 7(f) # 7(g). Suppose

An easy check shows that if only one r; is odd, then 7(f) = 7(g), hence there
must be at least 3 odd r;’s. This means 7 is a 3-, 4-, or 5-product.

Suppose 7 is a 3-product, then 7 = 7/7i7; where r,s and t are odd. Since
() # 1(g), an easy check shows that {i,j, k} is not {1, 3,4},{1,2,3}, {2, 3,4},
or {3,4,5}. Let us look at the remaining 5 possibilities for {7, /, k}. If T = 7177},
then o, € X3, and we’re done. If 7 = 717,75, then 03 € Xq3 and we’re done. If
T = TiT57s, then [1,73,75] is a group extension by [2.15] and contains o, and
03, and thus we are done by [3.14]. A similar proof works for T = 747l If
T = T|T,T§ OF T = 77,75, we are done by [3.16].

Now suppose 7 is a 4-product, then it has 3 odd exponents and 1 even expo-
nents. If 7 = 'rlrszT; , then we are done by [3.16]. If 7 = 7,757)75, then, since
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7(f) # 7(g), we must have ¢ odd and we are done by [3.16]. A similar proof
works for 7 = Ty7iTiTS.

Finally, suppose 7 is a 5-product. Since 7(f) # 7(g), T must have at least one
even exponent, and hence it has exactly 2 even exponents. Since o(1) = o(1;) =
2, the exponents of 7y and 7, are 1. Then 7 is either of the form o%c%a* 3, o503,
or dyc*B. If 7 = aSap, then o33 € X, and so 033 ~ o,. Hence o, ~ o3 by
[3.15]. A similar proof works if 7 = obaB. If T = %033, then o, ~ o3 by
[3.16].

Case 2. Suppose a = 0’2‘ for some (necessarily even) k. Then clearly
{01,018,02,03} is a MGS for X. Since o; and o3 have order 2 they must
be strongly independent. For ease of exposition, let 1y = 01,7 = 018,73 = 03
and 74 = 0. Pick a dual basis {ay,...,as} and an S-basis {c|,...,cq4}. Note X
contains 77,74, and 7.

Let f = (1,cac3¢4, c102¢3) and let g = (cjcacs, c2c3,¢3). By [1.16], there is
some 7 € X such that 7(f) # 7(g). An easy check shows that

has more than one odd exponent, and hence has exactly 3 odd exponents.
Suppose 7 is a 3-product, then since 7(f) # 7(g), 7 & [11,72,7a). f 7= TITY TS,
then o2 € Xg. If 7= 71737}, or if 7= 72757%, then we are done by [3.16].
Finally, suppose 7 is a 4-product, then 7 = 7y7,757; = 05033 and we are done
by [3.16].
Case 3. Suppose « ¢ [07] and rank X = 4. We let 1y = 010,72 = 013,73 =
02,74 = 0, la, and 75 = 3. One of these must be in the span of the others,
hence we have a relation

where at least two of the r;’s are odd. We consider separately the cases where
both 7 and 7, are in this relation, only 7y is in the relation, and only 7, is in
the relation.

Suppose we have 117,757y75 = 1. If 5 is odd, then this gives us

o} = ohoiB € X.

If 05 # 1 and 0% # 1, then we are done by [3.16]. If 05 # 1 or o} # 1, then
o2 € Xg. If 5 is even, then we have

03 = (02) ' (03) 'aB € X,

hence either 0y € Xq3,03 € Xog, Or we are done by [3.16].
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Suppose we have 1;75rj75 = 1. If 75 = 1, then this means
T = (02)’"3030/” eX

where (02)~* # 1, and we’re done by [3.16]. If 75 = 1, then r — s must be odd,
and we have

o1 = (o) ™.

Since oy € X3, this implies either 0, € X3 or 07 € Xqg.
Finally, suppose 757375 = 1. If 75 = 1, then a = (02)"*, but we assumed not.
Hence we have

0y = ohoa™ € X
where 0% # 1 and ¢, # 1, and we are done by [3.16].

4. Classification of finite spaces of signatures. We now know that ~ defines
an equivalence relation, and that each connected component of (X, G) is a group
extension. Thus to show that (X, G) is constructable, we need to show that it is
the direct sum of its connected components. We use the following application
of the Representation Theorem, which is a special case of [S, 3.4]. The author
is grateful to Marshall for suggesting the use of this theorem in this case.

ProposITION 4.1. Suppose (X1,G1), (X2,G>),...,(X,, G,) are the connected
components of (X, G), where

6= [ (kero).

o€X;

Then (X,G) = ®(X,, G;), the direct sum of its connected components.

Proof. Given a € G, we define a : X — u by a(o) = g(a). Then for a form
p={a,...,an), we define p: X — C by p=>3_a;.

If X is connected the result is trivial, so we assume not. Since ~ is an
equivalence relation, X is the disjoint union of the X;’s. Hence it is enough to
show that the cannonical map ¢ : G — [][G; is an isomorphism. It is clearly
injective, thus we must show it is onto.

For each i, fix a; € G;. Define f : X — p by f(0) = o(q;) for 0 € X;. We
want to show that f is represented by a form p over X. By the Representation
theorem [9, 5.8], it is enough to prove it for the case where X is a quasifan.

If X is a group extension, then, by [3.5(1)] and [3.6], X is connected and we
assumed not. Thus X is not a group extension and so, since X is a quasifan,
(X, G) is the direct sum of two fans. But fans are connected, hence X has two
connected components and we have ¢ : G — G X G5 is an isomorphism. Hence
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there is some a € G such that ¢(a) = (ay,a;) and then clearly f = a. Therefore
f is represented by a form over X.

Since f is represented over all quasifans, f = p for some form p over X. Note
that f is a unit since the function defined using a; ' instead of a; is an inverse
for f. Then, by [5, 2.3], f = a for some a € G. Hence ¢(a) = (ay,ay,...,a,)
and therefore ¢ is onto.

We finally come to the main result of this paper:

TueoreM 4.2. Suppose (X,G) is a SOS with G finite of 2-primary order.
Then (X, G) is constructable, hence there is a field K and a preorder T C K
such that (Xr,K /T) = (X, G).

Proof. By [10, 3.5], we are done if we show that (X, G) is constructable, i.e.,
built up from G by group extensions and direct sums. We proceed by induction
on |G]|.

If |G| = 2, then (X,G) = G. If |G| =4, then (X,G) =G G, or (X,G) =
(s, both of which are constructable. Hence we assume |G| > 4.

If (X, G) is connected, then by [3.12] it is a group extension of some SOS
(X', G"). By definition of group extension, |G’| < |G|, hence by induction (X', G")
is constructable. Therefore, (X, G) is constructable.

If (X, G) is not connected, then by [4. 1], (X, G) is the direct sum of its con-
nected components. Since there is more than one component, each one is smaller
than (X, G) and hence by induction is constructable. Therefore (X, G) is con-
structable.
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