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1. L e t f(t) be i n t eg rab l e L( - IT , TT) and p e r i o d i c wi th 
pe r iod 2 TT and le t 

i 
(1 .1) T a + Z ( a cos nt + b s i n n t ) 

2 o . n n 
1 

be i t s F o u r i e r s e r i e s . The s e r i e s 

(1 .2) S n(b c o s n t - a s i n n t ) = S n B (t) 
A n n n 

n=l 1 

obtained by t e r m by t e r m di f ferent ia t ion of the s e r i e s (1 .1) is 
ca l led the de r ived F o u r i e r s e r i e s of f . 

Suppose that ( A) = ( X . ) i s a t r i a n g u l a r m a t r i x , i . e . 
n, k 

X , = 0 for k :> n + 1 , which defines a r e g u l a r sequence to 
n, xC 

sequence t r a n s f o r m a t i o n [cf. 1, page 43, t h e o r e m 2 ] . 

If { s } deno tes the p a r t i a l s u m of the s e r i e s (1 .2) then 
n 

the ( A ) t r a n s f o r m s {t } a r e given by 
n 

n 

n , a n, k k 
k=l 

and the s e r i e s (1 .2) is said to be s u m m a b l e ( A ) to the s u m s 
i f t - * s a s n - * o o . 

n 
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Summ ability (A) of the ser ies (1. 1) has been considered 

by Pe te r sen [2], In this note we consider the summability (A ) 

of the se r i es (1. 2). 

2 . We wr i t e 

i> (t) 
4/ (t) = f (x+ t ) - f ( x - t ) , g(t) = — 2 

x s i n t / 2 

and p r o v e 

THEOREM A. If_ ( A) i s a r e g u l a r s equence to sequence 
t r i a n g u l a r m a t r i x such that 

(2 .1 ) 2 ^ ^ ^ - X 1 = 0 ( 1 ° S n ) 

k=2 

and if 

(2 .2 ) f " l s M l d u _ 0 (log l / t ) ( t - 0 + ) , 
t 

then t = o (log n) . 
_ — - n 

We r e m a r k (as i s r e a d i l y p roved us ing i n t e g r a t i o n by p a r t s ) 
tha t (2 .2 ) i m p l i e s 

(2 .3) ft | g ( u ) | du = o (t log l / t ) ( t - 0 + ) , 

while (2 .2 ) is impl ied by 

(2.4) J1 |g(u) | du = o(t) ( t - 0+) . 

F o r s i m p l i c i t y in the proof of the t h e o r e m , we sha l l d e 
note 
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1 
. . s in ( k + ~ ) t k 

( 2 . 5 ) D k ( t ) g ^ ^ ^ { s i n t % } . V t ) = Z D r ( t ) . 
r = l 

Then we can show that 

2 
T / t\ - s in t / 2 d s in ( k + l ) t / 2 . 

k U " 2TT dt { . 2 ... } f 

s m t / 2 

and m a k i n g u s e of the e l e m e n t a r y inequa l i t i e s 

i s in pu I I d . s in p u , i 2p . a ^ ~ 
. K < p , — • < I » I > (p = 1, 2, 3, . . . , 

s m u ' — ' d u s in u | s m u | r 

2U/TT < s in u < u (0 < u < TT/2) , 

i t is e a s y to p r o v e that 

(2 .6) | D k ( t ) | < | k , | L k ( t ) | < | k 2 (k = 1 , 2 , 3 , . . . ; t r ea l ) ; 

i i 2 k 

(2 .7) | L k ( t ) | < — (k = 1 , 2 , 3 , . . . ; 0 < t < TT) 

3 . P r o o f of T h e o r e m A: It is easy to see that 

r B ( x ) = - H ( f (x + t) - f (x - t)}»r s in r t dt 
r IT JQ 

so that , if {s } denotes the sequence of p a r t i a l s u m s of the 

s e r i e s (1 .2 ) and D (t) i s defined by (2 .5 ) , then 
n 

1 n 

s = - — y v|i (t) 2 r s in r t dt 
0 r = l 

= ~ r + x
( t ) -ft < i + = c o s r t > d t 

0 r = l 

81 

https://doi.org/10.4153/CMB-1967-009-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-009-2


= r g(t)D (t)dt 
0 

(3 .1 ) 

( / i / n 2
 + r 2 ) g ( t )D n ( t )d t 

0 1/n 

P + Q , s a y . 
n n 

T h e r e f o r e , t = S X , 8 , 1 n1 l . . n, k k 
k=l 

n n 
( 3 . 2 ) < J 2 X , p. I + | 2 X , Q. 

k=l n ' k k k= l n ' k k 

5 ( J j + | J 2 | , s ay . 

Now | P | < ~ n . o ( ~ 2 log n) , by (2 .5 ) and (2 .4 ) 
n ù t~> 

n 

= o ( l ) a s n -* oo ; 

thus { P } i s a nu l l s e q u e n c e and h e n c e , s i n c e (X , ) i s r e g u -k nJ n, k 
l a r , 

(3 .3 ) | J | = o ( l ) a s n ^ oo . 

Since (X , ) i s r e g u l a r , we m a y a s s u m e wi thout l o s s of 
n, K. 

g e n e r a l i t y tha t X . = 0 for k = 1,2 » By def in i t ions (2 .5 ) and 
n, k 

( 3 , 1 ) , and applying p a r t i a l s u m m a t i o n , 

n 

' 2 
J . E S X . Q. 

n, k K 
k=3 

n 
2 X J g(t) {L (t) - L (t)} dt 

k=3 n ' k 1/k2 k k"d 
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1 1 .IT 

t V V k ' V k + l > / / t 2 S(t) Lk(t)dt 
k=2 1/k 

- J 2
x - -C 2 8 < t ) v , d t 

5 h+ h ' say 

Now 

U J l j | X n k - X n k + 1 | / |g ( t ) | f dt. by (2.7, 

(3.4) n 
= o{ = | X - X | k . 2 l o g k } ( by (2 .2) 

k=2 

= o( log n) , by ( 2 . 1 ) . 

n 1/k2 

Also | I 2 | < S | Xn k + 1 | / | g ( t ) | | L k ( t ) | dt 
rC— <u 

n 
(3 .5 ) < 2 |x VJ_. | r k 2 o( — 2 log k),by (2 .6 ) and (2 .3) 

k=2 n , k + 1 ù k 2 

= o (log n) , 

s ince the m a t r i x (\ , ) i s r e g u l a r . 
n, k 

It now fol lows, on subs t i tu t ing (3 .3 ) , (3 .4 ) , (3 .5) into (3 .2 ) , 
tha t t = o (log n) , and the proof of the t h e o r e m is c o m p l e t e , 

n 

1 
4 . In p a r t i c u l a r if we choose X , = ~~7 for k < n 

r n, k n+1 — 
and z e r o for k > n , the ( A ) method of s u m m a b i l i t y r e d u c e s 
to the (C, 1) method of s u m m a b i l i t y . Also th is choice of 
(X , ) s a t i s f i e s a l l the condi t ions imposed on the m a t r i x in our 

n , iK 
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theorem, so that the theorem A reduces to 

THEOREM B. If { t } denotes the (C, 1) mean of the 
— n '—' " 

se r ies (1,2) and if 

f 'g^U^' du = o (log 1/t) as t - * 0 + , 
t 

then t = o (log n) as n-*oo , n *— 

The theorem B general izes a theorem due to Mohanty and 
Nanda [3]. 

I am thankful to Professor Q.I. Rahman for his kind help 
and to the referee for some useful suggestions. 
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