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1. Introduction. The question of solvability of the differential equation 

(1) fix) = G(x,f(x)), 

with x ranging over an interval (0, a], and with the boundary condition 
/ ( 0 + ) = 0, can be investigated as an initial-value problem at 0, which may 
be a singular point for the equation. This has been done in (1), where it was 
shown by application of a fixed-point theorem that the problem is solvable 
if G is "restricted in growth somewhere near 0," and where criteria for un-
solvability of the problem also were given. In case G(x, w) is analytic in w, 
that is 

oo 

(2) G(x,w) = 2&,(x)wp , 

somewhat different and more transparent conditions for solvability and for 
unsolvability seem natural. Under these conditions the proofs become more 
elementary, and in addition solutions can be expanded in infinite series of 
integrals which are improper at 0. 

The scheme for finding these expansions seems to have been hit upon first 
by O. Perron (2). First one introduces the equation 

oo 

f'(x) = G(x, zf{x)) = £ gP{x)zT(x), 
p=0 

which reduces to the analytic case of (1) when z = 1; then one supposes that 
/ has a series expansion of the form 

oo 

7 = S CV^ 
p=0 

and seeks to determine recurrently the coefficient functions cv. There is then 
the question of the convergence of this series, consideration of which will be 
facilitated by a piece of notation and a lemma, as follows. 
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1304 HOMER G. ELLIS 

If each term of the sequence {ho, hi, . . .} is a complex number or each 
term is a complex-valued function, the terms all having a common domain 
in the latter case, then for n = 1 , 2 , . . . and p = 0, 1, . . . the symbol hn>p 

stands for the coefficient of zv in the formal expansion of (Z^L0 hq z
q)n into a 

power series in z—which is to say that 

hn,p = hp if w = 1, 
and 

V 

hn,v = z J hq kn-l,p-g if W > 1 . 
<z=o 

An easy consequence of this definition is that if z is a complex number and 
each of m and n is a positive integer, then 

m / m \n 

v=0 \ v=0 f p=0 \ p=0 

(Throughout the paper the inequality / < g, where each of / and g is a real-
valued function, is to be interpreted to mean that f(x) < g(x) for every 
number x common to the domain of / and the domain of g.) I t should be 
noted that if q < p, then the expression for hq,p-q does not involve hP or any 
succeeding term of the sequence {hn}, so that if each of ho, . . . , hv-\ has 
been defined, hQiP-g is fully determined. This fact will be used as a hidden 
justification in some inductive definitions. 

LEMMA. Suppose that each of K0, Ki, . . . is a complex number, r > 0, T is a 
finite non-negative number, and 

(3) E \Kyr < T. 
p=0 

If so-= K0, and, for p = 1, 2, . . . , 

tt) 
V 

^p / v -*^~Q **q,p—qi 

then for each complex number z such that \z\ < r the series X)°°=o
 SP %V converges 

absolutely to a complex number t such that \t\ < T and 

(5) t = Y,Kvz
vf, 

p=0 

the convergence of the latter series also being absolute. 

Proof. Let 

n 

tn = 2 \SP ̂ 1 for ra = 0, 1, . . . . 
p=0 
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Then 

tn= |^o|+E 
p = l 

7 J -&-q $Q,p— 
î - i 

•|*H 

p=l q=l 

Now to = \s0\ = \K0\ < T, and if tv < T for £ = 0, 1 , . . . , n - 1, then 

= i -^oi+zei(^2 5 ) (^- 5^) i 
q=l v=q 

= |x0 |+êl^.«'l(Zk.p«pi) 
« / n~q \Q 

<l^o|+El^z s l(Ek,2p i) 
< 7 = 1 \ p=0 / 

liq+ZlVK-
8 - 1 

<\Ko\+T,\Ka\rQTg 

e=i 

<r . 
Hence the sequence {tn} is bounded above by T, so that the series ]L£L0 ^ sp 

converges absolutely to a complex number t such that |J| < T. I t is not diffi
cult to show that 

oo 

H SQ,P z? = tq for q = 0, 1, . . . , 

and that, by an interchange of order of summation in an absolutely con
vergent iterated sum, 

t = K0 + 1t (Kqz
9)lj:sq,pA 

ç=l \ p=0 / 

8-0 

absolute convergence of the latter series is implied by the inequalities 

ZIV*I<£ \Kyr<T. 
p=0 p=0 

This ends the proof. 
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This lemma is slightly more general than subsequent applications require. 

2. A criterion for solvability. If a > 0 and h is a function whose domain 
includes the interval (0, a], then the statement that h is integrable from 0 + 
to x, x being any number in (0, a], will mean that if 0 < 8 < x, then h is 
Lebesgue-integrable on the interval [8, x] and jx

ô h approaches a finite limit 
as 6—>0; the symbol Jx

0+h will stand for this limit. 
Let P denote the non-compact complex plane and Pœ the compact complex 

plane. Suppose that, for each non-negative integer p, gp : (0, <» ) —> Pœ and 
gp is measurable. 

For the analytic case of the differential equation under consideration the 
following condition upon the coefficients gp will take the place of Hypothesis 
A of (1). 

Hypothesis A/'. There exist a finite positive number a, a finite-valued non-
negative function u on (0, a], and, for each non-negative integer p, a finite 
non-negative number Kp such that 

(i) go is integrable from 0 + to a and 

(6) 1/o+ go\ < K0 u, 

and 
(ii) if p is a positive integer, then \gp\u

p is integrable from 0 + to a and 

(7) J0+\gp\u
p < Kpu. 

The following theorem is almost, but not quite, an existence theorem for 
the initial-value problem. The property of the C7's being ' 'restricted in growth 
somewhere near 0," defined in (1), finds its analogue for the analytic case in 
the conjunction of the hypothesis of this theorem with the hypothesis of (ii) 
of the conclusion of this theorem, with r = 1. 

THEOREM 1. Suppose that Hypothesis A' is true and thatu and {K0} K\, . . .} 
denote a function and a number sequence which jointly verify it. Then each of 
the following statements is true. 

(i) The recurrence formula 

(8) c = 

defines a function sequence {co, Ci, . . .} each term of which includes the interval 
(0, a] in its domain. 

(ii) If r > 0 and there exists a finite non-negative number T such that 

oo 

Y,Kvr
vTv<T, 

p=0 
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then for each complex number z such that \z\ < r the series Yj°=o cv zV converges 
absolutely on the interval (0, a], also uniformly on every set on which u is bounded, 
to a function f which has the property that 

(a) \gvf
v\ is integrable from 0 + to a for p = 1, 2, . . . , 

(b) / = ]L£LoJ o+ £p zPfp> the convergence of this series being absolute, also 
uniform on every set on which u is bounded, and 

(c) |/| < tu> where t satisfies 

t = t,Kv\z\r 

and is the smallest non-negative number which does so. 

Proof. As in the lemma let s0 = K0 and 

V 

SP = X) KQ SQ,P-Q for £ = 1, 2, . . . . 

The fact that the Kp's are all non-negative implies by induction that each 
sp > 0 and each sp>q > 0. 

Let c0 = Jo+ go- Since g0 is integrable from 0 + to a, the domain of c0 includes 
the interval (0, a]. Now, by (6), |c0| < K0 u = s0 u, and therefore 

\Cl,o\ = \Co\ < ^0 U = SitoUl, 

while if n > 0 and |cm,o| < sm>o um for m = 1, . . . , n — 1, then 

kn.ol = |coCn_i,o| < (SoU)(sn-itoU ) = Sn,oUn. 

Hence if p = 0, 

(9) |cp| < sp u 

and, for each positive integer n, 

(10) |cBfJI| < sn,v un. 

An inductive argument will now establish that if d is a positive integer 
and Co, . . . , Q_I is a sequence which satisfies the recurrence formula (8), and 
in addition the inequalities (9) and (10), for 0 < p < d — 1, and each of 
Co, . . . , cd-i includes the interval (0, a] in its domain, then the recurrence 
formula generates a function cd, with (0, a] as a subset of its domain, for which 
(9) and (10) hold when p = d. The argument is as follows. 

Suppose that 1 < q < d. From (10) it follows that \gq cg,d-q\ < sq 
,d—a \go ^ • 

Because each of Co, . . . , cd-i is continuous, cq,d-q is continuous, and since gq 

is measurable, gq cq>d^q is measurable. But this function, being measurable 
and dominated by a function which is integrable from 0 + to a, namely 
sQ,a-q \gq\uQ, must itself be integrable from 0 + to a, along with its absolute 
value, and what is more, 
(H) Lf0+ ëQ Cq,d-q\ < Jo+ \Zt °q,d-q\ < Sq,d~<Z L + I ^ K 
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This being true for q = 1, . . . , d, the recurrence formula is thereby able to 
generate the function cd determined by 

cd 

d p 

= £ J 
Q=l «/ 0-

gq Cq,d—qi 
2=1 «/0+ 

cd is certainly defined at least on the interval (0, a], and 

<E J \gq\uQ < ( YjKQSQ,d-q)u = Sd U. 
0+ \ q=l / \Cd\ ^ 2Lt Sq,d-q 

I t follows as before by induction on n that \cntd\ < sn,d u
n. This completes the 

induction on d and establishes (i). 
Suppose now that \z\ < r. According to the lemma the series 2jL 0

 SP\Z\P 

converges to a number t such that 

t = i,Kp \z\pt*. 

Since in the present instance each sp > 0, so is t. Also, it follows immediately 
from the lemma that t is the smallest non-negative solution of the last equation. 

If n is a non-negative integer, then 

(12) E M < 
p=0 

(tsMp) u < tu, 

and therefore the series SjLo cv z
v converges absolutely on the interval (0, a] 

to a function whose domain is that interval. Call this function / . Since, for 
n = 0, 1, . . . , 

n CO 

/ - - 2 cv^ = ]C cv^ 
p = 0 V=n+1 

< ( ]E sv\z\v)u = ( t — X) l̂*!* )«, 

it follows that the convergence is uniform on every set on which u is bounded. 
Since 

(12) implies that |/| < tu, so that if p is a positive integer, then \gpf
p\ < tv\gv\u

v. 
Because / is a pointwise limit of continuous functions, it is measurable, and 
so, therefore, is gpf

v. Furthermore, in view of the last inequality and (ii) of 
Hypothesis A', gpf

p is dominated by a function which is integrable from 0 + 
to a, and, consequently, is itself integrable from 0 + to a. 

Suppose that x Ç (0, a]. Then 

oo V / /» X \ 

f(x) = Co(x) + X ) 23 V Z*CQ.P-QJ 
p=l q=l \ «/o+ / 
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The double sum converges absolutely, for if M is a positive integer, then, in 
view of (11), (7), and (4), 

n v I / nx \ I n v / nx \ 

E E ( gaCq,v~a)^\ < E E \gaWQ)sq,v^Q\zv\ 
p=\ q=zl | \ « / 0 + / I p=l q=l \ «/0+ / 

n / v \ 

p=l \Q=l / 

= I X sp\z\p)u(x) 

< ( / - i ^ 0 ) ^ ( x ) . 

Therefore the order of summation can be changed to yield 

(i3) /(*) = co(x) + z £ 1 I ^,P_ f f / -*K 
£=1 p=g- \ t / 0+ 

00 œ / cx \ 
X X I J gaCQ,p^qZ

V~q)2 
q=\ p=g \ t / 0+ / 

Co(x) + X I X & C<Z,P ^ K-

Now from the absolute convergence of Z^= 0 cv z
v to / it follows by induc

tion that if g is a positive integer, then 

2^ CQ,P z = J > 
p=0 

with absolute convergence here, also. But from the last equation it follows 
that if n is a non-negative integer, then 

n œ 

/ • 7 J Cq,p % = / j Cq,p ZT 
p=0 p=n+l 

< 6 s - Ê st„ \z\nu
Q, 

\ p=o / 

where use has been made of inequality (10) and the fact, mentioned in the 
proof of the lemma, that 

oo 

/ J $q,p \Z\ = = t . 
p=0 

(Here / = £^= 0 sp\z\v, whereas in the lemma t = Jlp°=0spz
:p.) 

Therefore 

J 2s CQ,P * \ 
p=0 I 

so that 

Ji x n f\ x s* x 

gafQ-H gaCq,p£\ < \gq 
0+ p=0 t / 0+ I «/0+ 

<(?-i,st.,\*r) f'\g,\u: 
\ p=o / */o+ 

oo /» x n x 

X gacq%v^ = gqf
Q; 

p=o */ o+ «/ o+ 
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hence in view of (13) 
oo /» 

/ = E &*r-
p=o «/ o+ 

Now since, according to the lemma, 
oo 

it follows that for each positive integer n, 

I co n n n I oo / /» 

E g^r-Y. g,z'f\ <E ( I 
p=0 t / 0 + p=0 «'04- I p = r o + l \ « / 0 + 

< 

,/Pl 

U-E^lzl^V 
This inequality implies that the convergence of X^LoJo+&> zPfP 1S absolute and 
is uniform on every set on which u is bounded. This completes the proof. 

The preceding theorem will become an existence theorem for the differential 
equation initial-value problem if its hypothesis is strengthened enough to 
allow the conclusion that 

V=Q «/ 04- «̂  04- v=0 p=0 */ 0+ «/ 0+ p=0 

and hence the conclusion that 

/'(*) = Ë&>(*K.T(*) 
p=0 

almost everywhere. The next theorem details such a procedure. 

THEOREM 2. If to the hypothesis of Theorem 1 there were added the assumptions 
that u(Q+) = 0 and that there exists a positive number R such that ^"L^g^R? 
converges uniformly on every interval [d, a) for which 0 < d < a, and the num
ber b were then defined by 

b = supja' e (0, a] | rTu(x) < R if 0 < x < a'}, 

where r and T are the numbers mentioned in statement (ii) of the conclusion of 
Theorem 1, then to statement (ii) of the conclusion could be added the following: 

(d) the series £^ = 0 gv z
vfv converges absolutely on the open interval (0, b) to 

a function which, if 0 < x < b, is integrable from 0 + to x, the convergence 
being uniform on every interval [d, b) for which 0 < d < b, and 

(e) if 0 < x < b, then 

/<*)= ('Eg,*/', 
«/ 0+ p=0 

and 
oo 

/'(*) = E & W (*) 
p=0 

almost everywhere (everywhere, if each gv is continuous). 
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Proof. From the lemma it follows that t < T, and therefore |/| < Tu. Hence, 
if 0 < x < b and p is a non-negative integer, then 

|&(x)s*/*(*)| < \gp(x)\[rTu(x)]* < \gP(x)\Rp. 
The series I ^ = 0 gv z

vfv, being thus majorized on the interval (0, 6) by the 
series Z^Lol&p|^> converges absolutely on (0, b), and, also like the latter series, 
it converges uniformly on every interval [d, b) for which 0 < d < b. 

Let 
CD 

and suppose that x £ (0, b) and 0 < d < x. On the closed interval [d, x], h 
is a uniform limit of functions which are integrable from 0 + to a and, con
sequently, from d to x. Therefore h is integrable from d to x, and 

I n x n f* d n \ 

n^œ \ *J 0+ p=0 «' 0+ p=0 / 

co n x <x> f* d 

= E gp^f'-H g,ff* 
= f(x)-f(d). 

Since «(0 + ) = 0 and |/| < tu,f(0+) is also 0, and it follows, upon letting d 
tend to 0, that h is integrable from 0 + to x, and that 

n x n x co 

«^ 0+ ^ 0+ p=0 

so that 
CO 

almost everywhere in (0, ô). If each gp is continuous, then so is h, so that 
the word ''almost" can be omitted in that case. 

3. A criterion for unsolvability. The final theorem to be presented is 
approximately a converse of Theorems 1 and 2. It is analogous to the last 
theorem in (1) and requires for its formulation an assumption about the gp's 
somewhat antithetical to Hypothesis A', i.e. the following Hypothesis B'. It 
is for the analytic case the counterpart of Hypothesis B in (1). 

Hypothesis B'. There exist a finite positive number a, a non-negative meas
urable function u on (0, a] and, for each non-negative integer p, a non-negative 
number Kv such that 

(i) if b £ (0, a], then there is a number x such that 0 < x < b and 
u(x) 9^ 0, 
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(ii) if x G (0, a] and go is integrable from 0 + to x, then 

I cx I 
(14) go \ > K0u(x), 

I •) o+ I 
and 

(iii) if x G (0, a] and p is a positive integer, then either |gp|w
p is not inte

grable from 0 + to x, or else it is and 

(15) \gp\u
p > Kvu{x). 

THEOREM 3. Suppose that Hypothesis B' is true and that u and {Ko, K\, . . .j 
denote a junction and a number sequence which jointly verify it. If r > 0 and 
there does not exist a finite non-negative number T such that 

CO 

£ Kp rvT» < T, 

then for no complex number z such that \z\ > r do there exist a number b hi the 
interval (0, a] and a function f: (0, b] —> P such that 

I r I r 
(16) ! / | > go + Z |g , s7" l ; 

| «/ o+ I p = i «/ o+ 

m particular if z > r, J"0+go > 0, awd ^ > 0 for p — 1 , 2 , . . . , £/̂ w there do 
not exist a number b in (0, a] and a non-negative function f on (0, b] such that 

/ = 

or even such that 

J* CO 

0+ p=0 

p=0 •/ 0+ 

Proof. Suppose that there do exist such a number b and a function / : 
(0, b] —» P . This implies, among other things, that if 0 < x < b, then g0 is 
integrable from 0 + to x, and that |/| > |/0+go|, so that, according to (14), 
j/j > K0 u. 

Now let to = Ko, and define tu h, . . . inductively by the formula 

CO 

^w = / > J-^p Y tn—\ , 
p=0 

allowing the possibility that tn = oo from some term onward. The sequence 
J20, *i, • • .} is non-decreasing, for clearly t0 < /i, and if tn_x < ^, then 

CO CO 

p=0 p=0 
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Furthermore, l im^^ tn = oo, for if T = l im^^ /„, then 

T = YtKv r"Tp 

and by hypothesis cannot be finite. 
On the other hand, |/| > K0u = t0u, while if n is a positive integer and 

|/| > tn-\ u, then |/| > tn u. This latter comes from the following considera
tions. 

If |/| > 4- i M, and p is a positive integer, then 

|&|r*fo-i*0*< | & a ^ | . 

The function on the right is, by hypothesis, integrable from 0 + to b, and 
since, as may easily be seen, neither r nor tn-\ can be 0, the function \gp\u

p, 
being non-negative, measurable, and dominated by a function which is inte
grable from 0 + to 6, must itself be integrable from 0 + to b. In addition 

J.+I& «"/'l > J o + l & K f e - ! ^ > K, r\-r u, 

in which the last step utilizes (15); therefore it follows from (14) and (16) 
that 

00 

l/l > Ko u + X) ^ A * - i ^ = 4 w. 
P = I 

The fact that |/| > Jre w for » = 0, 1, . . . , coupled with the fact that, for 
at least one number x in the interval (0, b], u(x) 9e 0, leads to a contradiction, 
since lim tn = <x>, while the values of / are supposed to be finite. 

The final part of the conclusion follows without difficulty from the first 
part. 

4. Remarks. In closing, let it be remarked that the foregoing analysis 
can be applied to the equation 

p=0 

with the initial condition / ( 0 + ) = c, where c can be any complex number. 
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