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The Spectrum of an Infinite Graph

Hajime Urakawa

Abstract. In this paper, we consider the (essential) spectrum of the discrete Laplacian of an infinite graph. We
introduce a new quantity for an infinite graph, in terms of which we give new lower bound estimates of the
(essential) spectrum and give also upper bound estimates when the infinite graph is bipartite. We give sharp
estimates of the (essential) spectrum for several examples of infinite graphs.

1 Introduction

An infinite graph G = (V, E) is a collection of a set V of infinite number of vertices and a set
E of edges connecting two vertices. We always assume in this paper that G is connected and
locally finite, that is, for each vertex x, the degree m(x) = #{y € V;y ~ x} is finite. Here
y ~ x means two vertices x and y are connected by an edge. One of important problems
in infinite graph theory is to estimate or determine the spectrum o(G) of the Laplacian
A = I — P for a given infinite graph (c¢f. [7]). Here Af(x) = f(x) — ﬁ > yx f(y), for
x € V and a function f on V with finite support. In this paper, we give lower and upper
estimates of the spectrum of the discrete Laplacian of an infinite graph.

The celebrated Cheeger type inequality says that the spectrum o (G) of the Laplacian A
of an infinite graph is estimated as follows (cf. [1], [2], [4], [6], [7], [8]):

o(G) C [1 =1 -h(G)21++/1-h(G)?] C [0,2].
Here h(G) is the Cheeger constant of an infinite graph G, that is,

#(0A)
my (A)

h(G)inf{ ;ACV,#A<oo},

where 0A = {e = (x,y) € EEx € Aand y ¢ A} and my(A) = ), m(x). Even though
the above estimate is general and sharp, it is not so efficient. Because it is almost impossible
in general, to know the Cheeger constant explicitly for a given infinite graph. It should
be noticed that another sharp estimation of the spectrum in terms of the upper bound of
degrees for an infinite tree has been obtained (cf. [10]).

The aim of this paper is to give new general and sharp estimations of the spectra and
essential ones for an arbitrarily given infinite graph. It should be noticed that these esti-
mates are computable for many infinite regular graphs (c¢f. Section 7). Our approach is
quite different from the above Cheeger type estimations.
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To explain our results, we fix any vertex xy € V, and consider r(x), x € V, the distance
of x from Xy, that is, the length of the shortest path from x; to x. We define m, (x), m_(x)
and my(x) for x # xo € V by

my(x) =#{z € V;z~x, and r(z) = r(x) + 1},
m_(x) =#{z € V;z ~ x, and r(z) = r(x) — 1},
mo(x) = #{z € V;z ~ x, and r(z) = r(x)},

respectively (¢f. [9]). The main ingredient of our approach is to observe the following two
subsets in the real line R:

my(x)

m(x)

e@) = { iz ev - ),

respectively. We put
m; (G) = inf M+ (G), Mi(G) = sup M+ (G),

respectively. Then we obtain the following theorem.

Theorem A Let G = (V, E) be an infinite graph. Assume that two closed intervals [m_(G),
M_(G)] and [m(G), M, (G)] have no intersection. Then we have

info(G) > my(G) + M_(G) — 24/m,(G)M_(G).
Thus, we have info(G) > 0.
Corollary B Let G = (V,E) be an infinite bipartite graph. Assume that two closed inter-

vals [m_(G),M_(G)] and [m,(G),M,(G)] have no intersection. Then the supremum of
spectrum is estimated as follows:

7(G) € [(Vm(G) - VM_(G))’, (Vm(G) + VM_(G))’].

Remark Y. Higuchi pointed out (cf. Proposition 4.1) that for any infinite graph G = (V, E),
M. (G) = m_(G).

The main ingredients to obtain our main results are Theorem 3.8 and Corollary 3.13.
The similar estimations to the essential spectrum o5 (G) of an infinite graph can be also
done in Section 5 (cf. Theorem 5.3 and Corollary 5.4). We give also a discrete analogue of
the estimation of the essential spectrum to Riemannian manifolds (cf. [3], [5]) in Section 6.
We give many examples in Section 7 which show how our estimations are effective.
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suggestions and criticisms.
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2 Preliminaries
In this section, we give the notation that will be needed later.

Let G = (V, E) be a locally finite, infinite graph. Let C(V') be the space of all real valued
functions on V, and C.(V') the space of f in C(V') with finite support. We consider the
inner product on C.(V') defined by

(2.1) (i, ) = 3 m) i) ),

x€V

and the norm || f|| = /(f, f), for f € C.(V), where m(x), x € V, is the degree of x which
is by definition m(x) = #{z € V;z ~ x}. Hereafter we denote by z ~ x, that two vertices z
and x are connected by an edge. The transition operator P acting C.(V') is defined by

(PN = == 3 f2), x€V. fECUV)

and the Laplacian A acting on C.(V) is defined by
1
(2.2) (ADE) = @) = Pflx) = ;(f(x) - @),

forall x € V and f € C.V). The closure of the Laplacian to the L*-space L*(V) =
{f € C(V); || fIl < oo} is also denoted by the same symbol A.

We fix an orientation on G = (V, E), once and for all, and let E be the set of all oriented
edges. Fore = [x,y] € E, x = o(e) and y = t(e), the origin and terminal vertices of e,
respectively, and € = [y, x] € E, the reverse oriented edge of e.

Let C(E) be the space of all real valued function ¢ on E satisfying

ple) = —ple),

forall e € E. Let C.(E) be the space of ¢ € C(E) with finite support.
For f € C(V),letdf € C(E) be the co-boundary operator which is defined by

(2.3) df(e) =df(lx,y]) = f(y) — f(x),
forall e = [x, y] € E. The inner product on C.(E) is defined by

(2.4) M C S CEED SACIAC)

ecE ecE

and the norm is given by ||¢|| = v/ (¢, ).
The co-differential operator 6: C.(E) — C.(V) is defined by

25) G =5 3 o)

ecE,o(e)=x

forall x € V and ¢ € C.(E). Then it is known (see for instance [11]) that

https://doi.org/10.4153/CJM-2000-044-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-044-2

1060 Hajime Urakawa
Proposition 2.6
(a) For f € C.(V) and ¢ € C.(E), we have
(df,¢) = (f,d¢).

(b) For f € C(V), we have
Af =4df.

The following proposition is also useful.

Proposition 2.7

(a) For f,g € C.(V), it holds that
(2.8) A(fg)(x) = (Af)(x)g(x) — 2(df,dg)(x) + f(x)(Ag)(x), x €V,

where (df, dg)(x) is the pointwise norm which is defined by

(2.9) (df,dg)(x) = #(x) D (f@) - f0) (8(2) —gx), x€V,
and satisfies
(2.10) (df,dg) =Y m(x)(df,dg)(x).
xeVv

(b) For f € C(V), define a function, ]?, on E by
~ 1
(2.11) fler=3 (f(o(e)) + f(t(e))), e cE.
Then, forallg € C(V), fdg € C(E), and we have

5(fdg)(x) = —(df,dg)(x) + f()Ag(x), x€ V.

Proof The proof is a straightforward computation, so we omit the proof of (a). For (b),
we show the following two equations:

1

—2(df,dg)(x) + f(x)(Ag)(x) = s

> f(te)dgle),

e€E,o0(e)=x

1
f@Bgw == eew%_xf(o(e))dg(e)’
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which yield (b). The left hand side of the first equation above equals

1
- m Z f(2) = f(0)(g(2) — g) + f(x) (g(x) o Zg(z))

zZrX X

% > state) )
- £(t(0)) dg(e),
m( ) eEEzo(; =x

which shows the first equation. For the second one, it suffices only to recall

(AR == > dgle). m

eGEoe =x

3 Fundamental Formulas

In this section, we preserve the situation in Section 2. For every function v € C(V'), we
define a new operator £ and a new inner product (, ), on C.(V') as follows:

Definition 3.1 For f € C.(V), define Lf € C(V) by
Lf=Af—e{de),df),

that is,
Lf(x) = (Af)(x)—e7 <d(e M, df)(x), xe€V.

Definition 3.2 For fi, f, € C.(V), we define the inner product (fi, f2), by

(fi, £)y = > mx)e ™ fi(x) ).

xeV

Theorem 3.3 The operator L is symmetric with respect to the inner product (, )., that is, it
holds that for fi, f, € C.(V),

(3.4) (Lhi, )y = (i, LAYy = (e df, dfy).

Moreover, the operator L is positive, that is, for all f € C.(V),

(Lf, Py =Y e (edf(e) > 0.

ecE

Proof By Proposition 2.6, we obtain that, for fi, f, € C.(V),

(5(e vdfi), o) = (e~ Vdfl,dﬁ
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By Proposition 2.7 (b),

(5(e=dfi), o) = (€ TAf — (e, dfi), fo)
= (Lf, fa)y
Since - -
(e7vdfi,dfy) = (e7vdfa,df1),
we obtain Theorem 3.3. |
Now we take as v € C(V), v(x) = cr(x), x € V, for every real number ¢ € R, where r(x),
x € V, is the graph distance between x and a fixed vertex p, i.e., the length of a shortest path

from p to x. From now on, we denote by (, )., the above inner product (, ), for v = cr
with ¢ € R. We define the transformation T defined by

(THx) = e fx), xeV,
for f € C(V). Then we have

(TH,TH)e = (fi, £), fi, 2 €Cc(V).

Moreover, we introduce the following operators.

Definition 3.5

(a) The operator Aj and A, are defined by

Bof) = ——— 3 (f(y) - f),

m(x) freerd
r(y)=r(x)

M) === 37 (f) = f0),

yz,

r(y)#r(x)

for x € V with x # xp, and Ag f(xp) = 0and A, f(x9) = Af(xp), respectively.
(b) And define also dy f and d, f in C(E) by

f) = fl), ifr(y) = r(x)

0, otherwise,

dof(e) = dof([x,y]) = {

and
f(y) = fx), ifr(y) # r(x)

0, otherwise.

dif(e) =di f([x,y]) = {
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(c) For ¢ € C.(E), define §p¢ and 6, in C.(V) by

Gl = —ms 3 o)

e€E,0(e)=x,
r(t(e))=r(x)
1
orp(x) = ——— e
1) == s > o),
e€E,o0(e)=x,
r(t(e))#r(x)

respectively.

Then, we have immediately

Proposition 3.6 For f € C.(V) and ¢ € C.(E), we have the following.

(1) Aof(x) = dodof(x), A f(x) = 01d1 f(x), x € V.
(2) (o, f) = (@, dof), (drp, f) = (e, dr f).

(3) (Aof, ) =0, (Af, ) >0.

(4) df = dof‘l’ dlf, (5(,0 = 50(,0 + 51@

(5) d1dof =0, dpdy f = 0.

(6) Af =Aof +Af.

Moreover, we have

Proposition 3.7 For a finite or infinite graph G, the following conditions are equivalent.

(1) Gis bipartite,

(2) mo(x) = 0 for each x € V with x # xo,
(3) r(y) # r(x) foreachx,y € V with y ~ x,
(4) Ay =0.

Proof Recall that G is bipartite if and only if G contains no odd cycle. Assume that mg(x) >
0 for some x € V. Then there exists y € V with y ~ x such that y(y) = r(x). Letz € V be
the last branch point in two shortest paths from x; to x and y. Then we have an odd cycle
in G. Conversely, if we have an odd cycle, my(x) > 0 for some x € V, clearly. The other
equivalence are also clear. ]

We obtain

Theorem 3.8 Forall f € C.(V), we have

T~ (L(T1)) (%)

my(x) . m_(x)

- cosh%{Alf(x) + < g (e —1)+ rr:(x) (ei — 1)) f(x)} + Ag f(x).
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Proof By definition and (2.8),

T LT () = e P A(X f)(x) — e (de™, d(eX" f)) ()

= e FO{(Aet) (0 f(x) — 2(det df)(x) + e T Af(x)}
_ eér(x)<de—cr’ d(éff))(x)

= Af(x) + e Aei"(x) f(x) — 2¢7 "™ (de", df)(x)

(3.9) — "™ (de™, d(e" f)) (x)

= Af(x) + 2™ Ae (x) f (x)
—2e2"((e72")Vde 2" de>") (x) f(x)
— eI (deS df) (x) — €5 (deE, df ) (x)

= Hf(x) — Df(x),

where we used the equation below, for de™ = d(e™37e~17),
(3.10) d(fg)(e) = fle)dg(e) +(e)df (o),
for f,g € C(V) and e € E, and we put

DF(x) = e~ (det”, df) (x) + 579 (de™ 7, df) (x),
(3.11) Hf(x) = Af(x) + e "™ Aea"(x) f(x)
—2e3" W ((e73")~de™ ", de” 3") (x) f(x).

Theorem 3.8 can be obtained immediately by the following lemma.

Lemma 3.12 The operators D and H are calculated as follows:
¢
Df(x) = (1 — cosh E) A f(x),

B c(my(x) o m_(x) .
Hf(x) = Af(x) +C05h§ <W(€ 1)+ —( ) (e 1)> f(x),

for f € C/(V)andx € V.
Proof For Df, we have

Df(x) = e '™ <de§r df)(x) + e ™ (de 5" df)(x)

= S ) — )

+ 2™ 2m(x) y;(efér(y) —e I (f0) - f),
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where
rix) — 1,
r(y) = < r(x), or
r(x) + 1

if y ~ x. Therefore, we obtain

¢ 1 c ¢
Df(x) _ e—ir(x)m Z (ei(r(x)ﬂ) _ €_§r(x))(f()/) _ f(x))

yox,
r(y)=y(x)+1

e 1 S(r(x)— Lr(x
IS Y ) ()~ f)
r()=r(0—1
c 1 ¢ 3
e Z (e 5 _ =570 (£(y) — f(x))
Zm(X) yrox, 1(y)=r(x)+1
Cr(x 1 —£(r(x)— —5r(x
A Tve ; (720070 — ™) (f(y) = f())
) =r(x)—1
1.
= @ ; (f() - f®)
Fy)=r(x)+1
1 .
" 2m(x) e - yZ; Vi - /)
r(y)=r(x)—1
1 .
Fom© Y ; Vo= 1)

r(y)=r(x)+1

o) Y (f) - f)

2m(x) ford
H(y)=r(x)—1

> (f) - f)

2m(x) =
r(y)#r(x)

iy 1
et =g ; (F0) = )
r(1)#r(x)

I
—
Ay
N
|
—
~—

e — 1 [
5 Ay flx) —

- (1 - cosh%) A f(x),

A

by definition of A;. Thus, we have the equation for Df in Lemma 3.12.
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For H f, we calculate

e 2™ Aed"(x)

m(x) o
1 ) . ) .
_ i) { (57 — gty 4 (57 — eg<r<x>—1>)}
ol 2 &
r(y)=r(x)+1 r(y)=r(x)—1
1 . 1 .
= l—e?)+ — l—e
o >« ) >« )
yox, yrx,
r(y)=r(x)+1 r(y)=r(x)—1
c.Mmi(X com_(X
—(1- ¢ +()+(1_e_7) ()7
m(x) m(x)

and we have

2e5((e72) " de " de") (x)

—5r(x) —57(y)
= Zeéf(x)z 1( ) Z €’ -{2—6 : (€720 — =570 (37 _ g37))
mix
yrx

e~ sr(x) +e S (r(x)+1)

c 1
— Dea™™® § ’
2m(x) 2

yoox,
r(y)=r(x)+1

c

x (e—é(r(x)-*—l) _ e—ir(x))(eé(r(xﬂl) _ e%r(x))

557 1 e~ 3 4 p—5(r)—-1)
+ 22" ——
2m(x) }% 2
r(y)=r(x)—1

w (e SN _ g 510 (o5 (=1 _ o5y

1 e*%f(x) + eié(r(x)il) < c
- (e7F = 1)(e? — 1)
m(x) ;N; 2
r(y)=r(x)+1

1 3_5 ) : ) < _c
to > > (2 —1)(e 2 —1)

yx,
r(y)=r(x)—1

my(x) 1+e 2

_ (6_5_1)(eé_l)+m_(x)l+ei c

(e2 —1)(e 2 —1)

m(x) 2 m(x) 2
_omy(x) 1 —e¢ . m_(x)1— e e
T omx) 2 (I—ef)+ m(x) 2 (I—e).
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Therefore, we have

Hf() = Af() + ’”*("){ e%—l_;_c 1=} s

(x)

m(x) { B }f(x)
(())u— ><11 IC
oo (115 o

=Af(x)+ ()(l—e)< )f(x)

m(x)
() _c — €
m(x) (1—e )<1+ >f(x)

_ c(my(x) o o om(x) o
—Af(x)-f—coshE( (e 1)+ ) (e 1)) f(x).

=Af(x) +

m(x)

We have Lemma 3.12. n
Thus, we obtain Theorem 3.8. |
We obtain immediately

Corollary 3.13 Forg; = Tf;, (i = 1,2), we have

D (€)™ (e)dgi (e)dga(e)
ecE
=Y mE T (L(TAH) () )
x€V
= cosh = Z;m(x) {A filx) + ( *((xx)) (5 —1)+ ";;(i’;) (e5 — 1)) fl(x)}fz(x)
+ Y mx) Ao fi(x) folx).
x€V

4 Lower Estimate of the Spectrum

4.1
In this subsection, we show

Proposition 4.1 (Y. Higuchi) For an infinite graph G = (V, E) let m4(G) and M (G) be
the positive numbers as in the introduction. Then M. (G) > m_(G).
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Proof Assume that M, (G) < m_(G). Putting @ = M, (G) and § = m_(G), we have
m_(x) > Pm(x), and my(x) < am(x), (Vx#x).
By the assumption, we have
m(x) —m_(x) < (o — B)m(x) <0 (Vx # xo).
Foranyn =1,2,...,let
B(x0) = {x € V;d(x,x) < n},

and
OB, (x9) = {e € ;e = (x,9),x € By(x0), ¥ & Bu(xo)}

Since forr=10,1,...,

dom =) mo(),

r(x)=r r(x)=r+1

and m_(xy) = 0, we have

#0By(x0) = Y mi(x)

r(x)=n—1

= ni:l > (mi(x) — m_(x))

r=0 r(x)=r

n—1
— Z Z (my(x) — m_(x)) + m(x,)

r=1 r(x)=r

n—1
<(a=P)> Y mlx) +mixo)

r=1 r(x)=r

= (o — B)my (By(x0)) + (1 + 3 — a)m(xp).

Since G is of infinite, we may let # tend to infinity, and we have

#0B,,(xo) (1+ 8 — a)m(x)
— < (a-pPH+———F—FF=— —>a—pF<0, as n— oo,
my (Bn(xo)) g my (By(xo)) g
which is a contradiction. |

4.2

We prove Theorem A in this subsection.
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Let D C V be a finite subset, and consider the Dirichlet eigenvalue problem for D:

Ap = Ap, onD,
=0, on 0D,

where 9D = {y € V;y ¢ Dand y ~ x for some x € D}, the boundary of D. Let Ap be the
first eigenvalue of this problem and ¢p, be the corresponding eigenfunction with ||¢p|| = 1.
Applying Corollary 3.13 and taking f; = ¢p (i = 1,2), we have

0< Y () @d(Tep)e? + (cosh < — 1) (Ao, ¢p)

ecE

= COSh% <AQOD + <m+() (37% — 1) + m_() (eé — 1)) @Da@D) .

m(-) m(-)

Therefore, we have

0 < (App,gp) + ((""*(')(e% ERTLLOVE 1)) @D,¢D> ,
m(-) m(-)

which implies

Ap = (ASOD7<PD)
(4.1) sz(x){rm x)(l_e—g”m_(x)(l_e%)}cpa(x)z

= m(x) m(x)

forallc € R.

Now assume that [m_(G),M_(G)] N [m(G),M;(G)] = &. By Proposition 4.1, we
have M_(G) < m,(G).

Ifc>0,thenl —e % >0and 1 — e? < 0, hence we have

my (x) (1—e )+ m_(x)

(1—e?) >m(G)(1 —e %)+ M_(G)(1 — e?),
m(x) m(x)

for all x € V. Thus, we have

my (x) _ey m_(x) .
sup{ ) (1—e"2)+ ) (1—e ),CZO}

> m,(G) + M_(G) — inf {m,(Ge? + M_(G)e” *;¢ > 0}

=m,(G) +M_(G) — 2/m,(GM, (G)
= (Vm.(G) — YM_(G))’,

where the infimum attains at ¢ = 10g(m+(G) /M_ (G)) > 0. Then we have

Ao > (Vmi(G) — vM_(G)* Y mx)pp(x)?

x€V

= (Vm,(G) — YM_(G))".
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Thus, we obtain

info(G) > (Vm,(G) — vVM_(G))’.
We have Theorem A. [ |

5 The Estimations of the Essential Spectrum (1)

In the sequel, let
B, ={x € V;r(x) <r},

and for 0 < s < t,
Bs,t :Bt\Bs = {XE Vis<r(x) < t}.

Define

m%(G) = lim inf{ mel) o Bw} :

S,f—00 m(x)

M (G) = lim sup { mae (%), Bs,t} )

— X c
5,t—00 m(x)
respectively. By the same way of Proposition 4.1, we have
m>(G) < M{(G).

Let 0 < s < t. Let A, be the first eigenvalue of the Dirichlet eigenvalue problem of A
for B;; and ¢, the corresponding eigenfunction. Then, by making use of Corollary 3.13,
we obtain

)\s,t = (A(ps,n @s,t)

(5.1) . Z () { m+(;C)(1 e+ mf(x)(1 - e%)} @5t (%)%

g m(x) m(x)

Notice that for the essential spectrum o (G),
(5.2) infoe. (G) = lim A,;.
s,;t—o00

Thus, by the same way as the proof of Theorem A, we obtain

Theorem 5.3 Let G = (V,E) be an infinite graph and assume that two closed intervals
[m>°(G),M>(G)] and [m$°(G), M$°(G)] have no intersection. Then we obtain

inf 0ess (G) > (\/M - ,/MgO(G))Z.

(The proof is omitted.)
Therefore, we obtain

Corollary 5.4 Let G = (V,E) be an infinite bipartite graph and assume that two closed
intervals [m>°(G), M*°(G)] and [m$°(G), M$°(G)] have no intersection. Then we have

0@ € [(Vr(©@) - M=), (Ve + M=(@) ].
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6 The Estimations of the Essential Spectrum (Il)
Forc € R, let

(6.1) Uet) = Y m(x)e™ ™™, (0 <t < o0)
XEB;

(possibly U.(0c0) = 00), where B, = {x € V;r(x) < t}. Then we obtain

Theorem 6.2 Assume that there exist positive constants A and B and ¢ € R satisfying the
following two conditions:

(6.3)
lim lim sup v Z mx) <m+(x) B B>2 . <m(x) A)Z e
5200 oo Ue(t) — Ue(s) s m(x) m(x) ’

where ¢¢ = /5;, and either in the case U (00) = oo,

(6.4) tlim Ut)e " =0, (foralle>0),
—00
or in the case U (00) < 00,

1
(6.5) lim

—é€t —
A o — 0.0 Uc(t)e 0, (foralle>0).

Then we have

0es(G) D [(VA— VB)’, (VA+VB)"].

Remark 6.6 (a) This theorem can be regarded as a discrete version of Theorem 1.1 in [3].

(b) The first condition (6.3) in Theorem 6.2 is satisfied if mm*T(;‘)) — Band ";T}(C’;) — A
uniformly as r(x) — oo. The second conditions (6.4) and (6.5) are stronger than the
condition U.(t) and m grow to 0o subexponentially, that is,

limsupt'logU.(t) = 0,

t—o00

lim su t_llo <;> =0
t—)oop 8 UC(OO) - Uc(t)

and

Example 6.7 Let T; (d > 3) be the infinite homogeneous regular tree. For fixed xo, let
r(x) = d(x,xp), (x € Ty). Since m,(x) = d — 1 and m_(x) = 1 for any x # x,, we have

my(x)

m_(x) a1 (Vx # xp)-

d—1
B= d ' mkx) d

m(x)
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For ¢ € R, we have

r—1
Udt) =Y de @ =d s,
r=0

XEB;

where s, = #B, = d(d — 1)"~!. Thus, we have for any ¢ € R,

d2 et(log(d—l)—c) —1

M

Uc(t) = d_ 1 eosdD—c_q

and if we choose ¢ in such a way that ¢ = % =d-—1,

2

Uc(t) = d—1

t.

Therefore, we can apply for the regular homogeneous tree T,;, Theorem 6.2 which implies

that
T a1y (n fao1)
Uess(Td) D) (\/; - d) ; <\/;+ d)

B d d
Together with Theorems A and B, we have the following well-known fact (cf. [7])

24/d—1 2vd—1
— ] , 1+ 3 .

U(Td) = Uess(Td) = |:1

To prove Theorem 6.2, we need some preparations:

Lemma 6.8 Let F(r),r = 0,1,... and f(x) = F(r(x)), x € V, where r(x) is the distance
function from a fixed point p € V. Then the Laplacian Af is given by

m, (x) m_(x)
Af(x) = e (F(r) — F(r+ 1)) + () (F(r) — F(r — 1)).
Proof This follows from by definitions of f and A. ]
We have immediately
Lemma 6.9 Assume that ’:’J(%) = B and mn;(i’)‘) = A for all x € By, where By =

{x € V;r(x) < k}. The eigenvalue problem for By,
Af(x) = Af(x), x€ By

with the eigenvalue X satisfying that (v/A — v/B)?> < A < (VA + V/B)?, has the following
radial solutions f(x), i.e., which is of the form f(x) = F(r(x)), x € V is given by

E(r) = Cifi(r) + G fo(1),
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where Cy and C, are two arbitrary constants, and f(r), i = 1,2 are given by
filr) = e i sin(Ar);  folr) = e 3" cos(A.r).
Heree > = \/g and A, is given by

A—A—B
2V/AB

Proof of Theorem 6.2 Now let us begin the proof of Theorem 6.2. For positive integers
0 <s < t,leth(r) beafunctioninr = 0, 1,... satisfying that

COS A, = —

0<h(r)<1, r=0,1,2,...
h(r) =1, s<r<t—1,
h(r) =0, 0<r<s—1lort<r<oo.

For two positive integers 0 < s < t, let g;; be a function on V defined by

h(r(x) fi(r(x)), if Syt M) sin® (Aer(x)) e~
(%) = > H{U(t = 1) = Uc(9)},
h(r(x)) 2(r(x)), otherwise.
Then we have
Lemma 6.10 The function g, satisfies
1
Igeel? = m(x)gee(x)* > SAULe = 1) = U0)}
x€V
Proof In the case
E: rmmsm%AJu»e*W%z%ﬂﬁuf1)fuxgh
s<r(x)<t—1
we have

2

S mh(r0)” fi ()’

x€V

Z m(x) sin’ ( )\cr(x)) o)

s<r(x)<t—1

151

\

1
= E{Uc(t - 1) - Uc(t)}
In the remained case, that is,

E: 7M@sm%AJuD{ﬂm<:%ﬂhﬁfl)fUA9h

s<r(x)<t—1
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we have
lgse I = 3" m)h(r()* f(r(x))*
xeVvV
— Z m(x)h(r(x))ze*”(") cos? ()\Cr(x))
xeV
= Z m(x)h(r(x))2 - Z m(x)h(r(x))ze_"(x) sin’ ()\Cr(x))
s<r(x)<t—1 s<r(x)<t—1
> Udlt = 1) = Udlo) — 5 {Ut — 1) ~ Uds)}
= UG- ) - U},
we have Lemma 6.10. |

Let A € R satisfy

(VA—VB)’ < A< (VA+VB)".

To show Theorem 6.2, it suffices to prove

1A - Vgl _
2<sH1<t ||g57tH2

Note that
6.11) (A= Ng; =A(hor)(fior)—2(dhor),d(fior))+(hor)A(fior)

' —Xhor)(fior).

We have
Lemma 6.12 We have
(6.13) |A(hor)fior|* <ULs) — Ud(s — 1) + Uc(t) — Ut — 1),

(6.14)  [[{d(hor),d(fior)|* < (eIl + D{UL(s) — Ucls — 1) + Uelt) — Ut — 1)},
and

[(hor)A(fior) = A(hor)(fior)

6.15 2 2
(©19 <4+ > m(x){<r:;(§j))—3> +<”;‘(i’;) —A> }w@

X€B;—B;s

Continued Proof of Theorem 6.2 By Lemma 6.12, we obtain

H(A - )\)gs,t”z el Uc(s) - Uc(5 - 1) + Uc(t) - Uc(t - 1)
P U -1 - U0 '
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By virture of the condition of (6.4) or (6.5), there exist sequences {s,,}°2 | and {#,}32,
which are divergent to infinity as m — oo or n — 00, satisfying that

. Uc(sm) B Uc(sm - 1) _ . Uc(tn) B Uc(tn B 1) _
O e — Uiy > BT e oy T

0.

Because, if U.(c0) = o0, (1) is trivial. We assume that (2) does not hold for any sequence
{t.} divergent to infinity. Then there exists a positive number § > 0 such that

Uc(n) - Uc(n - 1)

> =
Gy 20 (Mm=NN+L)

Then we have
Ufn) > (1+0)U(n—1), (Vn=N,N+1,...),

which implies that there exists a positive constant C; > 0 such that
Ufn) >Ci(1+6)", (Vn=N,N+1,...).
But, if we choose 0 < € < log(1 + 4),
U.(n)e™™ > Cpe"1os149=9 5 5o (n — 00),

which contradicts (6.4).

In the case U .(c0) < 00, (2) is trivial. In order to show (1), we take V.(t) = U.(c0) —
U.(t), which satisfies that V.(¢) converges to 0 when ¢ tends to infinity. The condition (6.5)
is equivalent to the one that

1
lim ——e % =0, (Ve>0).
t—00 Vc(t) ( )
The statement (1) is equivalent to that there exists a sequence {s,, }°, satisfying that

! . Vc(sm - 1) - Vc(sm) o
O BT Ve

0,

which can be shown by a similar way as the first case. We omit its proof.
Hence we have

. . Uc(sm) - Uc(sm - 1) + Uc(tn) - Uc(tn - 1)
Iim lim =0
Mm—ro0 n—00 Uc(t, — 1) — Uslsm)
Therefore, we obtain the desired conclusion:
(A = N)gss |

2<stl<t ||gs,tH2

=0. ]
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We give here the proof of Lemma 6.12.

Proof of (6.13) Ifeitherr(x) <s—1,s < r(x) <t—lort < r(x), we have

(6.16) A(hor)(x)=(hor)(x) — Z(h or)(z) =0.

zrx

Because, if z ~ x, it holds that

h(r(z)) = h(r(x))
h(r(z)) = h(r(x))
h(r(z)) = h(r(x))

Therefore, the left hand side of (6.13) coincides with

0, ifr(x)<s—1,
1, ifs—1<r(x) <t,
0, ift < r(x).

S m@ (Ao n@fior@) + Y me)(Alho () fior(x)’.

r(x)=s—1 r(x)=t—1

Note that
ﬁ(r(x)) = ¢ "Win (>\ r(x)) or e "™ cos (>\ r(x))

andifr(x) =s—1lorr(x) =t —1,
|[A(hor)(x)| <1,

by the same reason of (6.16). Therefore, the left hand side of (6.13) is smaller than or equal

to
> m(x)e” "™ = U.(s) = Uc(s — 1) + Ue(t) — U(t — 1).

r(x)=s—1, or r(x)=t—1

We have (6.13). [ |
Proof of (6.14) By definition of {, ), we have

[{d(hor),d(fi o)

= 3 i (0 (o) =) (5600 = 609)) Y

xeV

< Y D) - sew)r
ity -

< Y {DIh0E) - i)l

r(x)=s—lor z~x
r(x)=t—1

_ Z Z ‘ ) { sin A\.r(2) } p— { sin A\.7(x) }
- cos \.1(z2) cos A.r(x)
r(JE)Ts—l or ~zZrvx
r(x)=t—1

)
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< Z m(x) (el + 1)e= ™

r(x)=s—1 or
r(x)=t—1
< (el + D{U(s) = Uels = 1) + Ue(t) — U (t — 1)}
We have (6.14). [ |
Proof of (6.15) To show (6.15), we put
Ao(for)=B(f(r)— fr+1) +A(f(r) = f(r—1))

for a function f on V. Then we have

[(hoA(fior) —Ahor)(fion|* <2|(hor)A(fior) — (hor)A(fior)|?
+2||(hor)A¢(fior) — Ahor)(fio r)H2.

The first term of the right hand side can be estimated as follows:
[(hon)A(fior) = (horAg(fion]|?
= > m@) (A o NE) — Ao(fi o))’

xEB,—B,
m, (x)
- xe;& m(x){ ( ) B) (fi (r(x)) = fi(r(x) + 1))
+ <m(x) _A) (£(r) ~ £~ 1)) }z
(6.17) i) 1 :

< Z m(x){(rm(x) B)2+ <m_(x) A)Z}
a XEB;—Bs m(x) m(x)

<A (fi(r=) = fireo + 1))2+ (f(r) = fi(ro) 1))2}
<26l +1 (x) m.(x) B 2+ m_(x) A : —erx)
ALY J mls (m(x) - ) (m(x) - > ‘

XEB;—

since, by definition of f;, we have

(fi (r(x)) = fi(r(o) + 1))2 + (ﬁ (r(x)) = fi(r(x) — 1))2 < 2(elel 4 1)eer),

On the other hand, the second term vanishes because of Lemmas 6.8 and 6.9, and definition
of f;. Thus, we have (6.15). [ |

Thus, we obtain Theorem 6.2. |
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7 Examples

Example 1 Let G = (V, E) be an infinite tree satisfying
3<k<m(x)<{, VxeV.
Since my(x) = 0, m_(x) = 1 and m,(x) = m(x) — 1 (x # x),

m_(x)

10 {Bev )< [1] <ot

ML(G) = {m+(x).xe\/—{xo}} C {1—%,1_%} C [% 1]7

and

m(x)’
whence we have

1 1

m(G)> 5m.(G) > 1 1 M(G) < 1, MJ(G) 1.

k k
Since G is bipartite, by virtue of Corollary B, we have

2vVk—1 1_'_2\/k—1
k )

o(G) C |1— p ,

which is known (see for example [7]).

Example 2 Let G = Z¢ be the integer lattice graph in R? (d > 1). In this case, it is known
that
U(G) = oess(G) = [07 2]

and every estimate should collapse. We have to see our estimate in Theorem A is compatible
in this case: Forallx € V — {x0}, m(x) = 2d, and my(x) = 0,

my(x)=2d—2, d, 2d—1, d+1,
m_(x)=2, d, 1, d-—1,
respectively. Thus, we obtain

2d —1
2d

1 1 1
m—(G) = ﬁa M—(G) = E, m+(G) = 57 and M+(G) =

In this case, we have [m_ (G), M_(G)] N [m+(G),M,(G)] = {1/2} and
m,(G) + M_(G) — 2y/m,(GM_(G) = 0.
Example 3 Let G = (V, E) be the triangle lattice in R?. In this case, forallx € V — {x¢},

my(x) = 0, and
my(x) =2,3; m_(x)=2,1,
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respectively. Thus, we have

oo {rtees ) (31)
e = { S -t - {22,

and 1 2 2 3
m_(G) = 6, M—(G) = 87 m+(G) = ga M+(G) = 8

Hence we have [m_(G),M_(G)] N [m,(G),M,(G)] = {2/6} and
m,(G) + M_(G) — 24/m(GIM_(G) = 0.
Indeed, it is known that ;
o(G) = {0, E] .
Example 4 Let G = (V, E) be the Sierpinski gasket (cf. [12]). In this case, m(x;) = 2 and
forallx € V — {xo}, m(x) = 4 and
mo(x) = 1,2 my(x) =2,0, m_(x) =1,2,

respectively. Therefore, we have

2 12
MJr(G):{OaZ}v M—(G):{171}7

hence we have
m_(G) = s _(G) = 5 m, G) = 5 + G)=-.

Thus, we have [m_(G), M_(G)] N [m.(G),M,(G)] = [1/4,2/4], and

m,(G) +M_(G) —24/m(G)M_(G) = %

Indeed, it is known that
info(G) = 0.

Example 5 Let G be a regular infinite graph each vertex of which is the intersection of d
triangles (d > 2). In this case,

m(x) =2d, m_(x)=1, my(x) =2d—2, my(x)=1.
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Thus, we have

+ d—
o= mbheer )~ {257)

M_(G) = {%;xe VvV — {xo}} = {%}

1 1
m. (G) =M.(G) =1—- E» m_(G) =M_(G) = ﬁ’

We have

thus we have

1m@HMJ®—2nM®MJ®:1—$—L&;Q

By Theorem A, we obtain

. 1 V2(d—1)
info(G) ZI_ZZ_T

We can apply Theorem 6.2, which implies that

2 2
1 2d -2 1 2d -2
7es(G) 2 (Vdezd) ’<V2d+\/2d) |

Therefore, we obtain

2
info(G) = inf o (G) = (\/; — 4/ 2dz—;2> .

On the other hand, we do not know the upper estimate of sup o (G) since G is not bipartite.

Example 6 Let G = (V, E) be a regular infinite graph each of vertex which is the intersec-
tion of n 2m—gons (n > 2, m > 2). In this case, m(x) = 2n, and for all x € V — {x,},
my(x) = 0, and

my(x) =2n—2,2n—1,

m_(x) =2,1,
respectively. Thus, we obtain
1 2 2n—2 2n—1
(G ==, M_(G)=— — M, (G) = :
m_(G) o (G) o m, (G) PR +(G) o

Since G is bipartite, by Theorem A and Corollary B, we have

2v/n —1 1_|_2\/n—1
n )

n

o(G)C |1—
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Example 7 Let G = (V, E) be a regular infinite graph each vertex of which is the intersec-
tion of n (2m+1)—gons (n > 2, m > 1). In this case, m(x) = 2n,and forallx € V — {xp},

my(x) =2n—2,2n—1; m_(x) =1,1; my(x) =1,0,

respectively. Then we have

2n—2 2n—1 1
M+(G) :{ n ) n }7 M*(G) = {g} .

Thus, we have

2n— 2 2n—1
M, (G) =

G =
m+( ) 20 ) 27’1

, m_(G) =M_(G) = %

By Theorem A, we obtain

1 2n—2 [12n—2 1 \V2n—2
info(G) > — + " -2 = :1———’17.
2n 2n 2n 2n 2n n

Since G is not bipartite, we do not know the estimate of sup o(G).

Example 8 Let G = (V, E) be the distance regular graph, D, (m,s > 2), i.e., each vertex
is the intersection of m copies of the complete graph K. In this case, forall x € V — {x,},

mx)=(6—1m, m(x)=6—1)m—-1), m_(x)=1.

e ={"2 o= {5}

Le.,we havem,(G) = M. (G) = =L and m_(G) = M_(G) = % By Theorem A,

m s—1)m

2
. m—1 1
info(G) > (\/ i \/(5_ l)m> .

Then we have

By Theorem 6.2,

@) \/m—l \/ 1 ’ \/m—l\/ 1 ’
Tesal5) O m \NG—Um]’ m " (s—1)m

Therefore, we obtain

2
info(G) = infoe(G) = (\/mm 1 o \/(5 —11)m) .
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On the other hand, we do not know the upper estimate of sup o(G) since G is not bipartite.

Example 9 Let G = (V, E) be the free product of K, * K; (r > s > 2) of two complete
graphs K, and K. In this case, m(x) = r+s—2,forallx € V — {x},

mix)=s—1,r—1, m_(x)=1,1; my(x)=r—1,5s—2,

respectively. Thus, we have

s—1 r—1 1
jV[Jr(G)_{r+s—2’r+s—2}’ M_(G)_{m}'

Then, we have

r—1 s—1
@ =y WOy OO =

By Theorem A, we have

2
infa(G)2<\/ ol —\/ ! ) :
r+s—2 r+s—2

In the case r = s, we can apply Theorem 6.2, and we have

5 2
1 1 1 1
i [(i ) (o) |
2
1nfc7(G) = lnfaess(G) = (\/; - \/E) ’

but we do not know the upper bound of ¢(G) since G is not bipartite.

and then

Example 10 Let G = (V, E) be the free product of C, x C, (r > s > 2) of circles C,, C, of
length 7, s, respectively.

Case 1: r > s > 4 and r and s are even. 1In this case, m(x) = 4, and m,(x) = 2,3 and
m_(x) = 1,2, respectively, and mg(x) = 0 for all x € V — {x¢}. Then we have

MJr(G):{%vZ}a M(G):{i7%}7
2

m (G =3 M@= m (@@= M(G=}

and
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Thus, we have [m_(G), M_(G)] N [m,(G),M,(G)] = {2/4}, and
m,(G) + M, (G) — 2v/m,(G)M,(G) = 0.

Case2: r > s = 2 and r, even. In this case, m(x) = 3, my(x) = 2,1, m_(x) = 1,2,
respectively, and my(x) = 0 for all x € V' — {x;}. Then we have

MJr(G):{éa%}a M—(G):{§7§}7

m(@=1 M@= m (@)=} M(@G=2

In this case, [m_(G),M_(G)] N [m,(G),M,(G)] = [1/3,2/3].

and

Case3: v > s > 2, and r and s are odd. 1n this case, m(x) = 4, m(x) = 3,2, m_(x) =
1,1, and my(x) = 0, 1, respectively, for all x € V — {x}. Thus, we have

we={33} wo={i}

m(G)=3, M(G=3 m(G=M(G)=;.

and

Thus, we have

1+2v2
m, (G) + M1 (G) — 24/m (G)M,(G) =1 — 4 )
by Theorem A,
info(G) > 1 — Hjﬁ.

Since G is not bipartite, we do not know the estimation of sup o(G).
We notice here that Proposition 8.4 and its proof in [9] should read as follows: The
Green kernel of the free product C, * C; with r > s > 3 and r, s odd, is estimated by

GT4(3CV7 j\/) S G(x7 J’) S GT3 (35/7 7/)7
for all vertices x, y of G, X, ¥ of Ty and X', y’ of T5, with p(x, y) = p(X, ¥) = p(X’, ¥").

Case 4: r > s > 2, either r even, s odd, or s odd, s even. 1In this case, m(x) = 4, m,(x) =
3,2,2,m_(x) =1,2,1and my(x) = 0,0, 1, respectively.

o -{11} we=-{i}

m (G =2 M@= m (@@= M@G=:.

and

Thus, we have [m_(G),M_(G)] N [m,(G),M,(G)] = {2/4}, and
m,(G) +M,.(G) — 2v/m,(GM,(G) = 0.
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