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OSCILLATION CRITERIA FOR SECOND ORDER 
NEUTRAL DIFFERENTIAL EQUATIONS 

HORNG-JAAN LI AND WEI-LING LIU 

ABSTRACT. Some oscillation criteria are given for the second order neutral delay 
differential equation 

[a(t)(x(t) +p(t)x(t ~ T)Y]' + q(tV(x(t - a)) = 0, 

where r and o are nonnegative constants, a, p, q € C([/o, oo); 9£) and/ € C(3£;9£). 
These results generalize and improve some known results about both neutral and delay 
differential equations. 

1. Introduction. Consider the second order neutral delay differential equation 

(E) [a(t)(x(t) +p(t)x(t - r ) ) 7 + q(ty(x(t - a)) = 0, 

where t > to,r and a are nonnegative constants, a,p, q G C([fo, oo); 3?), / G C(5f;3t). 
Throughout this paper, we assume that 

(a) 0 < p(t) < 1, q(f) > 0, a(t) > 0; 

(c) f-f > 7 > 0 f o r j c ^ 0 . 
Second order neutral delay differential equations have applications in problems deal

ing with vibrating masses attached to an elastic bar and in some variational problems 
(see Hale [3]). 

Let u G C([to — 0,oo);5R), where 0 = max{r,o-}, be a given function and letj>0 

be a given constant. Using the method of steps, equation (E) has a unique solution x G 
C([t0 - 0, oo); 3?) in the sense that both x(t) +p(t)x{t - r) and a(t)(x(f) +p(t)x(t - r)) ' 
are continuously differentiable for t > to, x(t) satisfies equation (E) and 

x(s) = u(s) for s G [to — 0, to], 

[x(f)+p(i)x(t-T%=to=yo. 

For further questions concerning existence and uniqueness of solutions of neutral delay 
differential equations, see Hale [3]. 

A solution of equation (E) is called oscillatory if it has arbitrarily large zeros, and 
otherwise it is nonoscillatory. Equation (E) is oscillatory if all its solutions are oscillatory. 

Received by the editors January 12, 1995. 
AMS subject classification: Primary: 34K15, 34C10 . 
Key words and phrases: Neutral delay differential equation, oscillation, generalized Riccati transformation 
© Canadian Mathematical Society 1996. 

871 

https://doi.org/10.4153/CJM-1996-044-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1996-044-6


872 HORNG-JAAN LI AND WEI-LING LIU 

Special cases of equation (E) are the following delay equation 

(Ei) [a(t)x'(t)]l + q(ty(x(t-a))=0 

and ordinary differential equation 

(El) [a(t)*,(t)]' + q(ty(x(t))=0. 

If a(t) = l,/(x(0) = x(t), then equations (E), (E\) and (£2) become the following linear 
second order neutral delay differential equation 

(£3) [x(t) +p(t)x(t - r)]" + q(t)x(t - a) = 0, 

delay differential equation 

(£4) x"(i) + q(t)x(t -&) = 09 

and ordinary differential equation 

(£5) x"(t) + q(t)x(t) = 0. 

Averaging function method is one of the most important techniques in studying oscil
lation. Using this technique, many oscillation criteria have been found which involve the 
behavior of the integrals of the coefficients. For the linear ordinary differential equation 
(£5), we list some of more important oscillation criteria as follows: 

1. Leighton [6]. (E5) is oscillatory if 

roo 

/ q(s) ds = 00. 

2. Wintner [12]. (E5) is oscillatory if 

1 rt rs 

lim - / / q(u) du ds = 00. 

3. Hartman [4]. (£5) is oscillatory if 

I rt rs 1 rt rs 
—00 < liminf - / / q(u)duds < lim sup - / / q(u)duds < 00. 

/-*00 t JtQ Jto J^QQ t Jto Jto 

4. Kamenev [5]. (E5) is oscillatory if 

1 ^ 
lim sup — I (t — s)nq(s) ds = 00 for some integer n > 1. 

t—•oo tn Jto 

5. Yan [14]. (£5) is oscillatory if there exist a continuous <j> on [to, 00) and an integer 
n > 1 satisfying 

1 rt 
lim sup — / (t — s)nq(s)ds < 00, 

,_^oo tn Jto 

lim sup (t — s)nq(s) ds > cj)(u) for all u > to 
/-»oo ^ 
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and 
TOO 

/ c/)+(u)du = oo, </>+(w) = max{</>(w), 0}. 

6. Philos [9]. Suppose that H:D = {(t,s) : r > 5 > to} —> 5ft is a continuous 
function, which is such that 

H(t,t) = 0 for t>t0, 

H(t,s)>0 fort>s>t0 

and has a continuous and nonpositive partial derivative on D with respect to the 
second variable. Let h: D —> !R be a continuous function with 

If 

- — ( * , s) = h(t, s)y/H(t,s) for all (t, s) G D. 
OS 

lT-^P H(ho) UH(t'sMs) - \H2{US)\dS = °°' 
then (£5) is oscillatory. 

For the oscillation of the nonlinear ordinary differential equation (£2), we refer to the 
recent paper of Wong [13] and the references cited therein. 

In [11], Walrman extended Leighton's criterion to equation (£4) and showed that (£4) 
is oscillatory if q{t) > 0 and 

r ^ ) ds = 00. 

But, Travis [10] showed that Leighton's criterion is not enough to ensure the oscilla
tion of (£4). Hence, the oscillation analysis of the delay differential equations is more 
complicated than that of ordinary differential equations. 

There has recently been an increase in the studying the oscillation for the second or
der neutral delay differential equations. The results of Waltman and Travis have been ex
tended to neutral delay differential equations by Grammatikopoulos, Ladas and Meimari-
dou [2]. They proved that if 

0<p(t)<\, q(t)>0 

and 
/•oo 

/ q(s)[l - p{s - a)] ds = 00, 
J to 

then (£3) is oscillatory. In [8], by using Riccati technique and averaging functions method 
and following the results of Yan and Philos, Ruan [8] established some general oscilla
tion criteria for second order neutral delay differential equation (E). One of which is as 
follows. 
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RUAN'S THEOREM. Suppose conditions (a), (b) and (c) hold. Let H(t, s), h(t, s): D = 
{(t,s): t >s >to} —>§lbe continuous with 

H(t, 0 = 0 for t > t0, 

H(t,s)>0 fort> s> t0, 

^f(t>s) > 0, ^(t,s) nonpositive and continuous, and such that 

-—(t, s) = h(t, s)y/H(t,s) for all (t, s) G D. 
OS 

Assume further that 

l i m s u P u« ,x / \H(t,s)lq(s)[\ -p(s - a)] - -a(s - (r)h2(t,s)\ ds = oo. 
t^oo M(t, to) J*o I 4 J 

Then the nonlinear neutral equation (E) is oscillatory. 

The purpose of this paper is to improve the above mentioned oscillation criteria by 
using a generalized Riccati transformation due to Yu [15]. 

2. Main Results. The following theorem provides sufficient conditions for the os
cillation of the nonlinear neutral delay differential equation (E). 

THEOREM 1. Assume D = {(t,s) \ t > s > t0}. Let H e C(D;$t) satisfy the 
following two conditions: 

(i) H(t,t) = 0 fort>t0, 
H(t,s)>0 fort>s>t0; 

(ii) H has a continuous and nonpositive partial derivative on D with respect to the 
second variable. 

Suppose that h: D —• !R is a continuous function with 

-—(t, s) = h(t9 s)y/H(t,s) for all (t, s)eD. 
OS 

If there exists a function <j> E C1 [to, oo) such that 

( d ) limsup J J L J fjHbsWs) ~ \^(s)a(s - a)h2(t,s)] 

where ®(s) = exp{-2 f 0 ( 0 d^} and 

xl>(s) = ®(s){lq(s)[l -p(s - a)] + a(s - o)<t>2{s) - [a(s - a)<Ks)]'}9 

then the nonlinear neutral equation (E) is oscillatory. 

PROOF. Let x(t) be a nonoscillatory solution of equation (E). Without loss of gener
ality, we may assume that x(t) > 0 on [T0 — r — a, oo), for some 7b > *o. Define 

(1) z(t) = x(t) +p(t)x(t - T) for all t > T0. 

ds = oo, 
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It follows from condition (a) that z(t) > x(t) > 0 for / > To and 

(2) [a(t)z'(t)]'<0 for t>T0. 

Therefore, a(i)z'(t) is a decreasing function. We claim that 

(3) z'(t)>0 for t>T0. 

Otherwise, there is a t\ > T0 such that z'(t\) < 0. It follows from (2) that 

z(t) < z{tx) + a(tx)z\tx) f — ds. 
Jh a(s) 

Hence, by condition (b), we have \\mt^00z{t) = —oo, which contradicts the fact that 
z{t) > 0 for t > To. Now observe that from (E) we have 

(4) [a(t)z,(t)]' + q(ty(x(t-<TJ)=0. 

Using condition (c) and (1) in (4), we get 

[a(t)z'(t)]' + lq(t)[z(t - cr) -p(t - a)x(t - r - a)] < 0, 

which, in view of the fact that z(t) > x(f) and z(t) is increasing, yields 

[ a ( 0 z W + 7?W[1 -Pit - a)]z(' - a) < 0. 

Define 

(5) Mt) = 0(t) { ^ ^ + a(t - oMt)}, 

then 

w'(t) < -2<j>(t)w(t) 

r a(t)z'(t)z'(t — a) ,1 
+ <5(0 j-7?(0[1 -Pit- a)] - ^ _ a ) + W ~ °)<t>it)]'}-

Using the fact that a(t)z!{t) is decreasing, we get 

a(t)z'(t) < a(t - a)z\t - a) for t > T0. 

Thus 

w'(t) < -2<f>(t)w(t) 

= -2<j>(tMt) 

(6) + m{-imi -pit- -)] - -^—) (£$ - * - wo)1 

= -m-

(/-a)V0>(0 

+ [a(t-am)]'\ 

a(t-a)<&(ty 
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where i/>(0 = ®(t){lq(t)[l -pit - a)] + a{t - o)<j>2(i) - [a(t - (?)(f>(t)]'}. Hence, for all 
t > T > To, we have 

fTH(t,sWs)ds 

< H(t, WT) - fT{ ( - f (t,s))W(s) + /*,,,)-^L_} ds 

= Hit, T)w(T) - fc[h(t,s)VmJMs) + H(t,s)a{s ^ ^ } ds 

= H{t,T)wiT) - f'{\ H(f'S^ wis) + y^is)ais-a)hit,s)\ ds 
JT { M a(s — a)<D(s) 2 J 

1 /* 9 

+ - / d>(s)a(s - a)hz(t,s)ds. 

Then, for all f > T > T0 

1 

(7) 

fT[H(t9sMs) ~ ^(s)a(s - a)h2(t,s)] ds 

< H(t, T)w(T) - f ( g f e ^ w(5) + i ^ M J - ' W M ) ) 

This implies that for every t > To 

, 2 

ds. 

fTt {Hit,sMs) - ^is)ais - a)h\t,s) ds<Hit,To)wiTo) 

<Hit,T0)\wiT0)\ 

< Hit,to)\wiT0)\. 

Therefore, 

f'\Hit,s)^is) - -r®is)ais - (T)h2it,s)} ds 

ds 

ds 

= fT°\Hit,s)i>is) - \<$>is)ais - a)h2it,s) 
Jto L 4 

+1^[Hit,sWis) - l-<!>is)ais - a)h\t,s) 

< Hit, to) [T° |Ms)\ ds + Hit, to)\wiT0)\ 
J to 

-//(f,io){/o
r°|^)|* + Kr0)|j 

for all t > To. This gives 

l h n s u P W7T\ I \n(t,s}<Ks) ~ -7®(s)a(s - v)h2(t,s)} ds 
t-too n(t, to) Jt0 l 4 J 

< / r o | ^ ) | * + Kro)|, 
J to 

which contradicts (C\). This completes the proof of the Theorem. 
The following corollary is an extension of Moore's criterion [7] to the second order 

neutral delay differential equation (E). 
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COROLLARY 1. Suppose 

(C2) liminfg(0 riq{s)[\ -p(s - a)]ds > ± 
t—>oo Jt 4 

where 
r< 1 

Jto a(s — a) 

Then the nonlinear neutral equation (E) is oscillatory. 

PROOF. By (C2), there are two numbers T > to and k > \ such that 

/
oo 

lq(s)[\ -p(s - a)] ds>k fort> T. 

Let 

Then 

Thus 

W,s) = [&)-&)? and W)= l 

2a{t-a)g(t) 

h(t,s) = 2gXs) = --l— and «>(*) = g(0-
a(s — a) 

1 - . . . .u2( H(t,s)Ms) - -<D(sHs - a)h%s) 

= m-MfMfaya -Pis - a>] - 4a(,_
1

g)g2(,)} - ^ g(s) 
is-a) 

Define 

^ ) = r ° 7 ^ ) [ i _ / , ( 5 _ < 7 ) ] * -
Then, for all t > T 

fT[H(t,sW{s) - l<b(s)a<s - a)h>(t,S)] ds 

= \sit)-g(T)]2g(T)(R(r) - ^ ) - ifefy) - ^ ( 7 ) ] 

+ jf [*(*)!?(*) - i ] (-4g(/) + 3«(5) + ^)sf(s)ds 

- (*~ \)[{~l ~ ^^^^W+^Wln^o] - \f?<$). 

This implies 

l i m s u P JJFT^ f [//(M)#?) - z<*Ks)a(s - cr)h2(t,s)] ds = 00. 
/—KX) « ( / * 1) Jl I H- J 
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By condition (b), it is equivalent to (C\). It follows from Theorem 1 that equation (E) is 
oscillatory. 

E X A M P L E 1. Consider the following second order neutral delay differential equation 

(E6) (x(t) + -j=x{t - 1))" + rJ—^t - 1) - 0, t > 2. 

Then 

liminft r > X fl - J ) ds = A. 

Hence, by Corollary 1, equation (Ee) is oscillatory if A > \. However, Theorem 1 of 
[2] and Theorem 1 of [8] fail to apply equation (E6). We note that equation (E^) has a 
nonoscillatory solution x(t) = y/iif A = \. 

THEOREM 2. Let H(t,s) and h(t,s) be as in Theorem 1, and let 

(C3) 0 < inf (liminf ^ — } < oo. 

Suppose that there exist two functions <j> G C 1 [to, oo) and A G C[to, oo} satisfying 

1 /* 9 
(C4) limsup — / a(s — a)Q>(s)hz(t,s)ds < oo, 

f_>oo H[t9 to) J to 

T)<S>{S) 

and for every T > to 

^ v f°° Al(s) 
(C5) / , + \ i „ ds = oo 

J to a(s — a) 

(C 6 ) limsup j ^ fT{H{t9sM) ~ \a(s - a)^(s)h2(t,s)} ds > A(T)9 

where <3>(s) = exp{-2 J* <KQd(}, A+(s) = max{A(s), 0} and 

m = ^(s){yq(s)[l -p(s - a)] + a(s - a)<j>\s) - [a(s - a)<f>(s)]'}. 

Then the nonlinear neutral equation (E) is oscillatory. 

PROOF. Without loss of generality, we may assume that there exists a solution x(t) 
of equation (E) such that x(t) > 0 on [To — r — a, oo), for some To > to. Set z(t) = 
x(t) +p(t)x(t — r), as in the proof of Theorem 1, (7) holds for all t > T > T0. Hence, for 
t > T > To, we have 

j ^ £{H(t,sMs) - ±a(s - o)®(s)h2(t,s)\ ds 
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Consequently, 

l h n s u P UF7T{ fT\n{Us)^(s) - -a(s - (i)0(s)h2(t,s)} ds 

1 2 

for all 7 > 7b-Thus, by (C6), 

w(r)>A(T) + l™M—-£ H(t,s) 1 
H(t,T) 

for all T > To. This shows that 

(8) ™{T)>A{T) 

and 

1 

« - f f ) $ ( J ) ^ ) + 2 ^ ) f l ( s - * ' ' s ) tffc 

H(t,s) 
t-lo H(t, T)Jr\^a(s- cr)0(s)rvy"J ' 2 

w(s) + -yfO(s)a(s-a)h(t,s) ds < oo 

for all T> To. Then 

1 /* H(t,s) 
liminf 

1 /•< 
^ T b ) i ^ ^ ^ > * + Wn) k ^'WmJMs)ds\ 

(9) < liminf „ , Jo)k\ 
H(t,s) 

< oo. 

Define 

and 

\ a(s - a)®(s) v ' 2 

1 /* H(t,s) 

w(s) + - y/0(s)a(s - &)h(t, s) 
2 

\ ds 

^ = / ^ / r , * . ; ^ ( # 

1 /* 

liminf[w(0 + v(0] < oo. 

v(0 = ^ - ^ T JTt h(t,sWH(t,s)w(s)ds 

for all ? > T0. Then (9) implies that 

(10) 

Now, we claim that 

(11) r_^L^ < 0 0 . 
JTo a(s-a)d>(s) 

Suppose to the contrary that 

(12) / — TT-7T ds = OO. 

JTo a(s — a) 7)0>(S) 
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By (C3), there is a positive constant Mi satisfying 

(13) inf lliminf 
H(t,s) 

s>t0\ t->oo H(t,to) 
}>M >0 . 

Let M2 be any arbitrary positive number. Then it follows from (12) that there exists a 
T\ > To such that 

JT0 a (
^ — d s > ^ f o r a l H > r , . 

Therefore, 

u(f) = [' H(t,s)d\ f — dA 

1 rt ( 8H \\ I* w2^) \ 

= Wn) k\-afi's)) \k «« - *ym **)ds 

- Wn) k (-& ft5)J \k OG-*YW *}ds 

M2 r< ( dH. x\ , 

= M2H(t,Ti) 

M{H(t9T0) 

for all t > Tx. By (13), there is a T2 > Tx such that 

H(t,Tx) 

this implies 

__, . >MX f o r a lU>7 2 , 

H(t, to) 

u(t)>M2 f o r a i n > 7 2 . Since M2 is arbitrary, 

(14) lim u(t) = co. 
t—>oo 

Next, consider a sequence { f n } ^ in (7b, co) with lim„_+oo tn = co satisfying 

lim [«(*„) + v(tn)] = liminf[w(0 + v(/)]. 

It follows from (10) that there exists a number M such that 

(15) u{tn) + v(tn)<M forw= 1,2,3, . . . . 

It follows from (14) that 

(16) lim u(tn) = co. 
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This and (15) give 

(17) lim v(tn) = -oo . 
n—+00 

Then, by (15) and (16), 

881 

v(t„) M 1 
1 + ——— < ——• < - for n large enough. 

«(/„) - Mfe) 2 e 

Thus, 

This and (17) imply that 

(18) 

—— < — - for all large n. 
u{t„) 2 

lim , , = 00. 
r^oo u(t„) 

On the other hand, by the Schwarz inequality, we have 

Atn) = {H{tn T) £ h(t„,sWH(t„,s)w(s)dsj 

{sos JC « n i f e ) " H I sabs £ * - *>«>**•<>* < 

< u{tn) l M<T~T\ ftna(s-G)<S>(s)h2{tn,s)ds 
\H(tn9T0)Jto 

for any positive integer n. Consequently, 

Atn) 
< 

u(tn) ~ H(t} 

But, (13) guarantees that 

1 fin 9 

—— / a(s — o)Q}(s)h (tn9s)ds for all large n. 

liminf —-—- >M\. 
>-oo H(t,t0) 

This means that there exists a T$ > To such that 

H(t,T0) 

Thus, 

and therefore 

H(t,to) 

H(tH9T0) 

>MX f o r a l l / > r 3 . 

H(tn,t0) 
> M\ for n large enough 

"777 ^ XA ut< ^ T a ^ - ^(s)h2(tn9s)ds for all large n. u(tn) M\H(tn9to)Jt6 

It follows from (18) that 

(19) 
n-+oo H(tn,to) J t0 

1 /*» ? 

/ a(s - o)<&(s)hz(tn9s)ds = oo. 
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This gives 
1 rt J 

limsup — — - / a(s — a)Q)(s)h (t,s)ds = oo, 
t-^oo H(t, to) Jt0 

which contradicts (C4). Then (11) holds. Hence, by (8), 

/•oo A2
+(s) ds< roo _ w2(s) 

JTo a(s — (j)<b(s) ~ JT0 a i(s — cr)<3>(s) 

which contradicts (C5). This completes our proof. 

ds < 00, 

THEOREM 3. Let H(t,s) and h(t,s) be as in Theorem 1, and let (C3) hold. Suppose 
that there exist two functions <j> G Cl[to,oo) and A G C[to,oo) such that (C5) and the 
following conditions hold: 

1 rt 
liminf — / H(t,s)ib(s)ds < 00, 

t-^00 H{t, to) J*o 

(Ci) 

and for every T>to 

liminf -
*-KX> H(t, 

s)il>(s) - -a(s- a)®(s)h2(t,s) ds>A(T), 

where ®(s) = exp{-2 J* </>(0^}, A+(s) = max{A(s), 0} and 

Ms) = ®(s){lq(s)[\ -p(s - a)] + a(s - a)cj>\s) - [a(s - a)(f>(s)]'}. 

Then the nonlinear neutral equation (E) is oscillatory. 

PROOF. Without loss of generality, we may assume that there exists a solution x(t) 
of equation (E) such that x(t) > 0 on [To — r — a, 00) for some To > to. Set z(t) = 
x(t) +p{t)x{t — r), as in the proof of Theorem 1, (7) holds for all f > T > To. Hence, for 
t > T > To, we have 

j ^ £[H(t,sMs) - X-a(s - a)®(s)h2(t,s) ds 

Consequently, 

Hminf j ^ £[w,sm) - ^a(s - <7)<D(s)/*2(M)] ds 

for all T > T0. It follows from (C8) that 
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for all T > T0. Hence, (8) holds and 

H(t,s) f ^2 

w{s) + -y/Q(s)a(s - o)h(t,s) ds < oo 
"m~r H(t,T)h\\a(s-a)®{s) 2 

for all T > T0. This implies that 

limsup[«(0 + v(0] 
t—»00 

(20) - ^T^h\-&%^*«*ni®*A)* 

< oo, 

where u(t) and v(t) are defined as in the proof of Theorem 2. By (Cg), 

,4(16) < liminf —±— / W * W > ( * ) - \a{s - a)Q>(s)h2(t,s)\ ds 

< lim inf * x f ff(/, s ) # 0 ds 
~ /-oo H(t9to)K 

1 1 /•' 7 

— - liminf — / a(s - a)Q>(s)hz{t9s)ds. 
4 /-oo H(t, t0) J*o 

This and (C-j) imply that 
1 rt 0 

liminf-——- / Q>(s)a(s — a)h (t,s)ds < oo. 
/->oo / /(r, *0) Jt0 

Then there exists a sequence {tn}^=\ in (/o, oo) with lim„_+oo t„ = oo satisfying 

lim »/, ^ r ° ( ^ _ (J)h2(tn9s)ds 
I ft 9 

= liminf-— / d>(s)a(s - a)hz(t,s)ds < oo. 
*-»oo //(f, f0) Ĵ o 

(21) 
= liminf 

Now, suppose that (12) holds. Using the procedure of the proof of Theorem 2, we 
conclude that (14) is satisfied. It follows from (20) that there exists a constant M such 
that (15) is fulfilled. Then, as in the proof of Theorem 2, we see that (19) holds, which 
contradicts (21). This contradiction proves that (12) fails. Since the remainder of the 
proof is similar to that of Theorem 2, so we omit the detail. 

Now, let the function //(/, s) be defined by 

H(t,s) = (t-s)n, t>s>t0, 

where n is an integer with n > 1. Then H is continuous on D = {(t, s): t > s > to} and 
satisfies 

H(t,t) = 0 for t>t0, 

H(t,s)>0 fort>s>t0. 
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Moreover, / /has a continuous and nonpositive partial derivative on D with respect to the 
second variable. Clearly, the function 

h(t,s) = n(t-s)$~l, t>s>t0 

is continuous and satisfies 

dH. 
—Z-(t,s) = h(t,s)y/H(t,s)9 t>s>to. 

OS 

We see that (C3) holds because for every s >to 

t-ooH(t9to) t-^ooit-toY 

Then, by Theorems 1 and 2, we have following two corollaries. 

COROLLARY 2. Let n be an integer with n > 1 such that 

limsup - fUt- s)ni)(s) - \(t - sf-2Q>(s)a(s - a)) ds = 00, 
t-^oo tn Jt0{ 4 J 

where 0(s) = exp{-2 f </>(£)<#;} an^ 

Ms) = ®(s){lq(s)[l -p(s - a)] + a(s - &tf(s) - [a(s - a)<t>(s)]'}-

Then the nonlinear neutral equation (E) is oscillatory. 

COROLLARY 3. Let n > 1 be an integer and suppose that there exists two functions 
<f> E C1 [to, 00) and A G C[/o, 00) satisfying (C5) and 

1 rt 9 

limsup — (t — s)n za(s — a)d>(s)ds < 00 
t—>00 tn JtQ 

and for every T >to 

limsup 1 fUt - s)nm - n-(t - s)n-2a(s - a)^(s)\ ds > A(T), 

where 0>(s) = exp{-2 f <f>(OdQ and 

Its) = ®(s){lq(s)[l -p(s - a)] + a(s - a)<t>\s) - [a(s - a)<t>(s)]'}. 

Then the nonlinear neutral equation (E) is oscillatory. 

REMARK 1. Corollary 2 gives an extension of Kamenev's criterion [5] to the second 
order nonlinear neutral differential equation (E). 

REMARK 2. If/(*(/)) = x(t) and a(t) = 1, then Corollary 2 improves Theorem 1 of 
Grammatikopoulos, Ladas and Meimaridou [2]. 

REMARK 3. If p(t) = 0, then Corollary 2 improves the results of Waltman [11] and 
Travis [10]. 

https://doi.org/10.4153/CJM-1996-044-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1996-044-6


OSCILLATION CRITERIA FOR NEUTRAL DIFFERENTIAL EQUATIONS 885 

EXAMPLE 2. Consider the following second order neutral delay differential equation 

(Ei) 
1 / 1 \'l 

— (x(t)+—x(t-2Tr)) 
t + 7T\ t+TT / J 

+ -jX(t - 7T) = 0, t > 27T. 

It is clear that Ruan's theorem cannot be applied to (£7). Let <j>{t) = — -t. Then <D(f) = £ 
and 

iKt) = <Wf){q(W -PH - *)] + a{t - *)<?(?) - [a(t - ir)<t>(t)]'} 

- ' l? ( ' -7) -?}-¥-?-
Choose n — 2. Then we have 

limsup 1 fUt - sfm ~ ^r<Hs}a(s - n)(t - sf'2} ds 

t 
= limsup(A — l ) ln— + constant 

/—>oo 27T 

= 00, if A > 1. 

It follows from Corollary 2 that equation (£7) is oscillatory if A > 1. 
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