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A B S T R A C T 

The convection in a compressible inhomogeneous conducting fluid in the presence of a vertical 
uniform magnetic field has been studied. It is shown that a new mode of oscillatory convection occurs, 
which exists in arbitrarily strong magnetic fields. The convective cells are stretched along the magnetic 
field, their horizontal dimensions are determined by radiative cooling. Criteria for convective insta
bility in a polytropic atmosphere are obtained for various boundary conditions in the case when the 
Alfven velocity is higher compared with the velocity of sound. 

The role of oscillatory convection in the origin of sunspots and active regions is discussed. 

A n u m b e r of p r o b l e m s of so la r phys ics a re c o n n e c t e d w i t h t he effect of t h e m a g n e t i c 
field o n t h e convec t ive t r ans fe r of hea t . T h e m a i n q u e s t i o n is w h e t h e r t h e m a g n e t i c 
field suppresses t h e c o n v e c t i o n in ver t ical field o r t h e convec t ive h e a t t r a n s p o r t ha s 
p lace in t he s t r o n g m a g n e t i c field t o o , because of a n exis tence of s o m e o t h e r type of 
convec t ive m o t i o n s . B o t h theore t i ca l inves t iga t ions of s u n s p o t s s t r u c t u r e (Chi t re , 
1 9 6 3 ; De inze r , 1965), a s well as o b s e r v a t i o n s of g r a n u l a t i o n in u m b r a (Dan ie l son , 
1964 ; Bray a n d L o u g h h e a d , 1964) s h o w t h a t t h e convec t ion is n o t suppres sed in spo ts . 

T h e fact t h a t t h e usua l ly cons ide red c i rcu la to ry c o n v e c t i o n is suppres sed in sun-
s p o t s c a n be verified by u s i n g the c r i t e r ion of s tabi l i ty , o b t a i n e d in t h e m o s t genera l 
f o r m by G o u g h a n d Tay l e r (1966) . I t fol lows t h e n t h a t n o n - c i r c u l a t o r y c o n v e c t i o n 
m u s t occu r in t h e s t r o n g m a g n e t i c field of spo t s . 

Osc i l l a to ry c o n v e c t i o n in s u n s p o t s w a s inves t iga ted by D a n i e l s o n (1965) a n d 
D a n i e l s o n a n d Savage (1968) in t h e f r ame of t h e t h e o r y o f c o n v e c t i o n in a n i ncom
press ib le fluid ( C h a n d r a s e k h a r , 1961). Resu l t s of C h a n d r a s e k h a r ' s t h e o r y c a n be used 
for a s t rophys i ca l objects only if t h e u n s t a b l e layer is t h i n a n d c a n be a p p r o x i m a t e d by 
t h e layer wi th c o n s t a n t dens i ty . Bu t t h e so la r convec t ive z o n e is t h i ck a n d we need 
the re fo re a t h e o r y of c o n v e c t i o n in n o n - u n i f o r m , compress ib le a t m o s p h e r e . 

T h e a i m of t h e p r e sen t i nves t iga t ion is t o search for c o n v e c t i o n m o d e , wh ich is n o t 
suppres sed by a n y m a g n e t i c field. Th i s p r o b l e m w a s in i t ia ted in t h e p a p e r of Syro-
va tsk i i a n d Z h u g z h d a (1967), a n d the p rope r t i e s of th is c o n v e c t i o n a r e invest igated by 
Z h u g z h d a in m o r e detai l (1968). 

Kiepenheuer (ed.), Structure and Development of Solar Active Regions, 127-130. C; l.A.U. 
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W e cons ider convec t ion in a compress ib l e i n h o m o g e n e o u s a t m o s p h e r e in the 
p resence of a vert ical m a g n e t i c field. T h e genera l l inear ized e q u a t i o n s of m a g n e t o -
h y d r o d y n a m i c s for a p o l y t r o p i c a t m o s p h e r e c a n be simplified in t h e fo l lowing w a y : 

I t is ev iden t t h a t a s t r o n g ver t ica l m a g n e t i c field will n o t p r e v e n t osc i l l a to ry m o t i o n 
a l o n g l ines of force . In a u n i f o r m m e d i u m the m o t i o n of th i s t ype c o r r e s p o n d s t o a 
s low m a g n e t o - a c o u s t i c w a v e , w h i c h p r o p a g a t e s a l m o s t t r ansve r sa l ly t o t h e field. W e 
a s s u m e t h a t osc i l la tory m o t i o n s a l o n g t h e field in n o n - u n i f o r m m e d i u m a l so have t h e 
p r o p e r t i e s of a s low m a g n e t o - a c o u s t i c wave . Besides t h e e q u a t i o n s c a n be simplified 
o n t h e c o n d i t i o n t h a t t h e Alfven veloci ty is large as c o m p a r e d t o t h e aco u s t i c o n e a n d 
convec t ive cells a re s t r e t ched a l o n g force l ines . I t a p p e a r s t h a t t h e o b t a i n e d e q u a t i o n 
desc r ibes acous t i c osc i l la t ions of g a s a l o n g m a g n e t i c force l ines in a n o n - u n i f o r m 
m e d i u m . T h e fo l lowing e q u a t i o n w a s o b t a i n e d : 

2 d 2 w / q \ dw (v2{n + \)(o + q) nq \ 
z j 2 + n + 1 - z - z + w = 0 , 

w h e r e w = ver t ical c o m p o n e n t of ve loci ty , z = d e p t h in a t m o s p h e r e , n = (fig/RP)—\ is 
p o l y t r o p i c index , \i — m o l e c u l a r we igh t , g = acce le ra t ion d u e t o g rav i ty , /? = gas 
c o n s t a n t , /? = c o n s t a n t t e m p e r a t u r e g r a d i e n t ( T 0 = /?z), q — inverse t ime for r ad ia t ive 
c o o l i n g (see Spiegel , 1957), <x = ia) + x = c o m p l e x f requency , co = f r equency o f convec 
t ive osc i l la t ion , x = i n c r e m e n t of l inear t h e o r y , a n d y = r a t i o of specific hea t s . 

T h e e q u a t i o n so lu t i on is exp res sed by Bessel ' s func t ions . 
T h i s osc i l la tory m o t i o n in t h e s t r o n g m a g n e t i c field is unaffected by field s t r eng th . 

If h e a t t ransfe r d o e s n o t occu r be tween ad jacen t cells (# = 0) , t h e osc i l l a tory m o t i o n s 
a r e a d i a b a t i c a n d u n d a m p e d . Osc i l l a to ry convect ive m o t i o n s g r o w in t i m e p rov ided 
t h e r e is hea t t ransfer be tween ad jacen t convect ive cells ( # ^ 0 ) . If q d o e s n o t depend 
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FIG. I. 
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o n the d e p t h of cells (q = c o n s t ) t h e pos i t ion of ins tab i l i ty - reg ion b o u n d a r y for fixed 
va lue of q d e p e n d s on ly on r a t i o of specific hea t s a n d p o l y t r o p i c index n. 

T h e ins tabi l i ty c r i t e r ion (x = 0) d e p e n d s in genera l o n t h e inverse t ime for rad ia t ive 
coo l ing t o osc i l la tory f requency r a t i o . C o n s e q u e n t l y , in t he case of opt ica l ly th i ck 
cells the ins tabi l i ty c r i t e r ion d e p e n d s o n t h e cell size. T h e r e a r e t w o l imi t ing cases . If 
convec t ive cells a re th i ck a n d t h e inverse t ime for r ad ia t ive coo l ing is smal l c o m p a r e d 
w i th a n g u l a r f r equency (q^co) t h e convec t ive osc i l la t ions a r e q u a s i - a d i a b a t i c . If t h e 
convec t ive cells a r e t h i n a n d t h e inverse t i m e for r ad i a t i ve coo l ing is la rge c o m p a r e d 
w i t h a n g u l a r f requency , t h e convec t ive osc i l la t ions a re q u a s i - i s o t h e r m a l (q$>co). 

T h e slide (F igure 1) s h o w s cr i te r ia of ins tab i l i ty (for rigid b o u n d a r y cond i t i ons ) for 
these l imi t ing cases in t h e (y, n) d i a g r a m . Let us cons ide r a n a t m o s p h e r e which cons is t s 
of gas with definite m o l e c u l a r we igh t a n d definite r a t i o of specific hea t s . If t he t e m p e r 
a t u r e g rad ien t increases , we m o v e t o t he left a l o n g t h e line para l le l t o t he abscissa 
axis . W h e n we c ross t h e cu rve label led 0 , t h e osc i l l a tory c o n v e c t i o n wi th very th in 
cells arises. W h e n we c ross t he cu rve label led b, t he osc i l l a to ry c o n v e c t i o n wi th very 
th ick cells ar ises . Ins tab i l i ty b o u n d a r i e s for i n t e r m e d i a t e size of cells a re p laced be
tween these curves . W h a t size of cells m u s t be rea l i zed? It can be s h o w n t h a t viscosity 
is n o t of i m p o r t a n c e he re . T h e m a x i m u m i n c r e m e n t c o r r e s p o n d s t o such size of cells 
a t wh ich t h e inverse t i m e for r ad i a t ive coo l ing a p p e a r s t o be of o r d e r of osci l la t ion 
f requency . S i m u l t a n e o u s l y th is size of cells c o r r e s p o n d s t o m a x i m u m h e a t flux. F o r 
th is case t he ins tabi l i ty b o u n d a r y is loca ted a p p r o x i m a t e l y ha l fway be tween the curves 
label led a a n d b. 

W e have cons ide red t h e case w h e n the inverse t i m e of c o o l i n g is unaffected by 
t e m p e r a t u r e a n d gas p res su re . In th is case t h e so lu t ion of t h e o b t a i n e d e q u a t i o n is 
expressed by ana ly t ica l func t ions . It is given a lso a n o t h e r m e t h o d of o b t a i n i n g cr i ter ia . 
T h i s m e t h o d cons is t s of t he ene rgy-ba lance ca lcu la t ion . T h e c r i t e r ion for a t m o s p h e r e 
wi th an a rb i t r a ry d e p e n d e n c e of inverse coo l ing t i m e on t e m p e r a t u r e c a n be ob t a ined 
by th i s m e t h o d . 

T h e c r i t e r ion is s t rong ly d e p e n d e n t o n b o u n d a r y c o n d i t i o n s . W i t h th i s in m i n d , t he 
effect of t h e m o t i o n p e n e t r a t i o n in to s tab le layers o n ins tab i l i ty c r i te r ia was invest i 
ga t ed . Th i s inves t iga t ion p e r m i t s t o o b t a i n c r i te r ia of ins tab i l i ty for real a s t rophys i ca l 
c o n d i t i o n s . T h e s e c r i te r ia a r e affected b y t h e s t r u c t u r e of l aye r s ly ing a b o v e a n d be low 
the u n s t a b l e layer . T h e m a i n resul t is t h a t t h e o b t a i n e d cr i te r ia of ins tabi l i ty a re the 
s a m e o r m o r e str ict in c o m p a r i s o n wi th t h e cr i ter ia d e m o n s t r a t e d in F i g u r e 1. 

T h e hea t t r a n s p o r t is a n i m p o r t a n t p r o p e r t y of osc i l la tory c o n v e c t i o n . T h e flux of 
h e a t is equa l t o 

I = T y £ , 

where / = t h e r m a l conduc t iv i ty , K\ = s qua re of ho r i zon ta l wave vec tor , T' and 
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v = a m p l i t u d e s of t e m p e r a t u r e a n d veloci ty osci l la t ions , £ = fac tor wh ich d e p e n d s on 
p h a s e differences of these osc i l l a t ions . 

T h e r e is a lso n o n - t h e r m a l flux of energy. This n o n - t h e r m a l flux t r a n s p o r t s the 
ene rgy wi th in uns t ab l e layers a n d o u t in to ad jacen t s tab le layers , a n d t h u s c h a n g e s an 
ini t ial po ly t rop i c a t m o s p h e r e . 

T h e curve (F igu re 1) label led c is Schwarzsch i ld ' s c r i t e r ion for n o n - c o n d u c t i n g 
fluid. T h e or ig in of s u n s p o t s m a y b e t r ea t ed cons ide r ing t h e fact t h a t in a t m o s p h e r e 
wi th r a t i o of specific hea t s a r o u n d 5/3 , t he osc i l la tory c o n v e c t i o n ar ises a t a l a rger 
t e m p e r a t u r e g r ad i en t c o m p a r e d w i th t h e a d i a b a t i c o n e . C o n s e q u e n t l y , t h e t e m p e r a t u r e 
g r a d i e n t in s u n s p o t s is l a rger c o m p a r e d wi th t h e t e m p e r a t u r e g r a d i e n t in c o n v e c t i o n 
z o n e . M o r e careful c o n s i d e r a t i o n of spo t or ig in w a s u n d e r t a k e n , wh ich t a k e s in to 
a c c o u n t t h e p e n e t r a t i o n of m o t i o n s i n t o s tab le l aye r s ; s o m e o t h e r f ac to r s were a lso 
t a k e n i n t o a c c o u n t . It is in te res t ing t h a t in t h e a t m o s p h e r e wi th r a t i o of specific hea t s 
a r o u n d un i ty , t h e osc i l la tory c o n v e c t i o n ar ises a t a smal le r t e m p e r a t u r e g r ad i en t 
c o m p a r e d wi th t h e a d i a b a t i c o n e . T h i s m a y be a cause of a h o t t e r r e g i o n a p p e a r a n c e . 
Bu t t h e c o m p l e t e c o n s i d e r a t i o n of th i s p r o b l e m d e m a n d s a s o l u t i o n of t he s a m e 
p r o b l e m for t he m o r e genera l case of i n t e r m e d i a t e va lues of magnet ic- f ie ld s t r eng th , 
wh ich h a s n o t yet been d o n e . 

References 

Bray, R., Loughhead, R. (1964) Sunspots, Chapman and Hall Ltd. , London . 
Chandrasekhar, S. (1961) Hydrodynamic and Hydromagnetic Stability. 
Chitre, S. M. (1963) Mon. Not. R. astr. Soc, 126, 431. 
Danielson, R. E. (1964) Astrophys. J., 139, 45. 
Danielson, R . E . (1965) in I.A.U. Symposium No. 22, Ed. by R. Lust, North-Holland Publ. Co. , 

Amsterdam, p. 314. 
Danielson, R .E . , Savage, B . D . (1968) the present volume, p. 112. 
Deinzer, W. (1965) Astrophys. J., 141, 548. 
Gough, D . O . , Tayler, R.J. (1966) Mon. Not. R. astr. Soc, 133, 85. 
Spiegel, E. A. (1957) Astrophys. J., 126, 202. 
Syrovatskii, S.T., Zhugzhda, Y . D . (1967) Astr. Zu., 44, 1180. 
Zhugzhda, Y . D . (1968) Astr. Zu., in press. 

https://doi.org/10.1017/S0074180900021410 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900021410



