ARITHMETIC LINEAR TRANSFORMATIONS
AND ABSTRACT PRIME NUMBER THEOREMS

S. A, AMITSUR

1. Introduction. Shapiro and Forman have presented in (4) an abstract
formulation of prime number theorems which includes the various prime
number theorems; for primes in arithmetic progressions, for prime ideals in
ideal classes etc. The methods of proofs are “‘elementary’’ and follow closely
Shapiro’s proof for the primes in arithmetic progression (for reference see
bibliography in (4)).

The author has followed in (1) some ideas of Yamamoto (5) on arithmetic
linear transformations to introduce a symbolic calculus in dealing with arith-
metic functions. This calculus proved to be very useful in unifying many of
the “‘elementary”’ proofs in the behaviour of arithmetic functions. In (6)
Yamamoto has extended his theory to ideals in algebraic number fields, and
with this extension the symbolic calculus of (1) can be extended to cover the
abstract case of prime number theorem in countable free abelian groups as
discussed in (4). Furthermore, a more careful study of the behaviour of certain
“remainders’ yields a more general result in the direction given by Beurling (3).

Shapiro and Forman have considered the following situation. Let G be a
free abelian group on a countable number of generators p; (1 = 1,2,...,).
N:G — N be a homomorphism of G into the multiplicative group of all integers
N, with the kernel G’ such that G/G’ is finite. If H is a generic class of G/G’,
and w is an integral word in G, then the main result of (4) is deriving from the

condition
(1.1) Z 1 =cHx+RH(x);cH>O, E C11>0

a “‘prime number theorem’’ for the class H:

X X
(1.2) Ta(x) = lézl = dy og » + o(log x) )
peH

A complete analysis of the coefficient of dg was given in (4) for the case
Ry(x) = O(x%) with 1>6 > 0. The methods developed in the present paper
will show that the same results are valid even if Rgz(x) = O(x/logx) with
v > 2. A result of a similar nature, though in a completely different situation,
was given by Beurling (3) for v > £.

It is quite surprising that for ¥ > 3 (and in certain cases for vy > 4) the
methods and the results of (1) can be carried over to the abstract case almost

Received April 27, 1959.
83

https://doi.org/10.4153/CJM-1961-008-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-008-1

84 S. A. AMITSUR

without any change whereas 3 > ¥ > 2 involves many refinements of the
methods and of the main ‘‘elementary proof” of (1). In fact, some of the
equivalent forms of the prime number theorem cannot be proved by our
methods for 4 > v > 2; though others can be shown for these values of v
relatively easily, their classical proofs of implying the prime number theorem
breaks down if v < 3.

We take this opportunity to present also the symbolic calculus of (1) in a
more general and in what we hope is a simplified form. An application is also
given to show (by elementary methods) that ¢(1 + #) £ 0 for { # 0 and
that X p~1*! converges.

2. The semi-group W and its characters. In the present context we
prefer to consider the semi-group W of all integral words in G, and similarly
W' = WM G'. In this way the group K of all characters of G/G’ (4)isreplaced
by a finite group of characters of W. To be more precise, we assume the
following:

Let W be a free abelian multiplicative semi-group generated by a countable
number of generators p;. Let N be a homomorphism of W into the multiplicative
semi-group N of all positive integers, that is, Nw is an integer and
N(wyws) = Nw; . Nw.,.

Let K be a finite group of characters of . By a character x € K, we mean
a homomorphism of W into the complex numbers. The unit xo € K is defined
as xo(w) = 1 for all w € W. Multiplication in K is given by:

(2.1 () (w) = x(w)n(w).

Let K be a finite group of order %, then it follows readily by (2.1) that
x (w) is an Ath root of unity. Furthermore, each w € W determines a character
of K by setting @w(x) = x(w). Thus the mapping w —  is a homomorphism
of W into the group K of all characters of K. Let W’ be the kernel of this map,
that is,
W = {w,w € W, x(w) = 1forall x € K}.

This readily implies that W/W’ is a finite group of order < order of K = order
of K = h. Now the classes H of W/W’ are determined by the group of
characters K; that is, #, v belong to the same class H if and only if x(z) = x(v)
for all x € K, or in other words if and only if & = 9. On the other hand, K
is readily seen to induce a group of characters on the finite group W/WW’,
and from the definition of the classes of the latter it follows that different
characters of K induce different characters of W/W’. Consequently 2 = order
of K < order of W/W’. Combining this with the previous result, we obtain:

PropositioN 1. W/W' is a finite group of order h, and K can be considered
as the group of all characters of W/W'.

In many cases the converse situation is preferred. Namely, given W C W
such that W/W' is finite, we define K to be the group of all characters of W/W’,
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and then x(w) is defined to be x(H) where w € H the class in W/W’. In any
case, we shall always use the notation x (H) and x(w) for the same character x.
Now the standard relation between characters yields:

(2.2) > <t - {2 | X7

f 0 if #, » belong to different classes of W/W’
(2.3) Xx: x(u)x(@) = s if u, v belong to the same class.

Next we assume that for any class

(24)  By(x) = 2, 1= Cgx+ 0(x/log'x); Cx >0, > Cq > 0.

Nw<z

X weH
We define
(2.5) Ya(x) = 2 log Np; mu(x) = 2 1
Npi<z Np<z
preH peH

Analogous to the results of Shapiro and Forman (4), we shall show that the
character can be distributed into three classes I';, Ty, I's. T'; will contain all
character for which 4, = > gx(H) Cx # 0, T2 and T'; will be defined later
in §8. Our first result is:

THEOREM A. If vy > 2, then

x4+ o(x) if x €T,
NZ x(p") log Np = lo(x) if x €T,
p'l
x 4+ o(x) if x € T'zand v > 3.

Let U = {w; x(w) = 1forall x € T1},and U* = {w;w € U, x(w) = 1 for
all x € T3}. Then W C U* € U and as in (4, Theorem 3.1):

TuEOREM B. If (2.4) holds then:
x x
(%) = du log x + (log x)
if (@) Ts= @, v > 2, where:

p _{0 for H ¢U/W’
2= \horder T1forH € U/W'

or (b) T @, v > 3 where:

d __{OforH qU/W'orH € U*/W’
"= 2 order Iy, forH € U/W'orH ¢ U*/W".

3. The ring C(W). Let C(W) be the set of all complex valued functions
of W. Asin (5, p. 42), C(W) is a ring with respect to the addition

(3.1) Ff+29 () =fw) + glw);,wec W,
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and the convolution:

3.2) (f*g) (w) = uvzzwf(u)g(v)-

We shall also use the ordinary multiplication:
(3.3) (fo) (w) = f(w)g(w).

The ring C(W) is in fact a commutative ring with the unit e defined.
(3.4) e(l) = 1, e(w) = 0 for w = 1 (the unit of ).

As in the classical case W = N the integers, (1,5) it is easily shown that
the invertible function f € C(W) are those for which f(1) # 0, and in this
case f~!(w) is defined by induction on the length of the words.

B5) 170 = 1707w = = | o | /0,0 w

ulw

Let E be the ‘“‘one’ function defined E(w) = 1 for all w € W, then its
inverse E~! = u, = u is the Mobius function for W:

(3.6) w(w) = (—1)7if w is the product of 7 distinct generators

u(p) = 1, and zero otherwise.

A function f is said to be multiplicative if:

3.7) f(uv) = f(u)f(2) for (u,v) =1

where (#,v) = 1 means that «, » have no common divisor #1 in W. If (3.7)
holds for all %, » without any restriction, then we say that f is factorable or fis
a character. Another type of functions which we meet are the additive functions
which satisfy:

(3.8) fuv) = f(u) + f(v).

In the general case of arbitrary semi-group W as in the case of the integer
(5) we have:

ProrosiTION 2. If f is a character, then the mapping: g — gf is an isomor-
phism of C(W) into itself. In particular: (gxh)f = (gf)*(hf).

If f is an additive function, then the mapping: g — gf is a derivation of C(W).
In particular: (gxh)f = (gf)*h + g*(hf).

Let N be the homomorphism of W into the semi-group of all integers N. We
shall refer to Nw as the norm of w. Since N is a homomorphism, N is a character,
and consequently the log-function L, defined thus:

(3.9) L(w) = log Nw
is an additive function. Thus, it follows from Proposition 2 that

(3.10) (fxg) L = fLxg + fxgL for all f, g € C(W).
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We shall use the notation L™ to mean L™(w) = log™ (Nw). With the aid of
p = uyp we define as in (6, p. 44) the Mangolt-function A = A, = u*L the
Selberg-function A, = wxL? and higher types A,, = uxL™. We recall that
(3.11) A(p?) = log Np and A(w) = 0if w > p° for a generator p € W.
(3.12) A2 (p®) = (2¢ — 1) log Np; A2 (peq”) = 2log Np log Ng;
As(w) = 0 for w = peg’.
To every f € C(W) we define an arithmetic function Nf € C(N) by setting

(3.13) (Nf)(m) = 2 fw) for every integer n > 0,

and if there are no w € W satisfying, Vw = n then we set (Nf)(z) = 0.
Thus (NVE)(n) is the number of elements of W whose norm is #. It is not
difficult to show

THEOREM 1. The mapping f — Nf is a homomorphism of C(W) into the
ring of all arithmetic function C(N).

4. The ring of arithmetic linear transformations. Let F be the
linear space of all complex valued functions ®(x) defined for all real x > 1.
To each f € C(W), we make correspond (as in (1, 5)) a linear transformation
S;of F, defined by

(4.1) (S,®)(x) = D fw)®(x/Nw); ® € Fandallx > 1.
The following is then easily verified.
PropoOSITION 3.
Stie =S+ S¢S, =S5 Spo = 5, S,

That means that the correspondence: f — S, is a homomorphism of C(WW)
into the ring of all linear transformations of F.

Definition (4.1) is valid for all semi-groups, in particular for W = N (the
integers) where in the semi-group of integer the norm is to be the identity
map. Then clearly we have, by (3.13),

PRrROPOSITION 4.
Sf P = SNfQ.

For practical purposes we prefer to substitute for S, a different operator
1, defined by

(42) e - S 19 o(2) - (s, m60

Nu<z

where

(fN=1) (w) = f(w)/Nw.
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As we remarked above, N and therefore also N~! are characters of W, hence
it follows readily by Proposition 2 that Propositions 3 and 4 will hold also
for I;. For further references we formulate this result in the following proposi-
tion which includes also an additional simple fact.

PROPOSITION 5.
I+ 1, = Iy cly= 1y I, = 1In, 1,3 = Iy,
and
I(Plogx) =logx.I® — I,.®.

5. The space £. In the present section we extend the formalism intro-
duced in (1) to cover the general case dealt with in the present paper.

Let ¥ be the space of all polynomials ¢ (log x) = > a, log *x in the function
log x. We introduce the formal derivation D = d/d log x with all its positive
and negative powers by writing

5.1) D™log"x = (n)p log" ™x forall n > m, n > 0,
=0 if m > n,

where (n)y, = n!/(n — m)!if n > mand » > 0; m can be positive or negative.
Thus, DO is the identity. For completeness we set (#n), = 0 if m > #n. Now
D™ acts on ®(log x) by setting: D™(3 a,log’x) = 3 (#)m @, log"™x.

Let o p, @ py1,-..,0, ..., be a sequence of complex numbers, then the
symbol )

©

F(D) = > a,D’

y=—p

will be considered as a linear operator on &, by putting

o

(56.2) F(D)log"x = Y a,D’log"x = 2, (n),a,log" ’x.

y=—p y=—p

Letf € C(W), F(D) be asabove. Then we denote by R, (x;f, F) the remainder
element defined by the relation

(5.3) I;log"x = F(D) log"x + R,(x;f, F).
That is, in view of (5.2)

G4 R P = T R~ 5 e o

As in (1) we shall write
(5.5) I,

to mean

F(D) + O(en)

R, (x; f, F) = O(¢n(x)), for all » > 0.

The notations R,(x), R,(x;f) and R,(f) will replace R,(x;f, F) when no
confusion will be involved.
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For further references we fix

0

FD) = 3 aD",G(D) = 3. B.D"

v=—p B=—q

The following is easily verified.

THEOREM 2. (1) aR,(x;f, F) 4+ BR.(x;2,G) = R,(x;of + Bg, aF + BG)
(2) Ru(x;fL, — F') = log x-Ry(x; f, F) — Ry1(x; f, F)

where F' = Y va, D"~ is the formal derivative with respect to D.

The proof of (2) follows as in the proof of (4) of (1, Theorem 4.1).
Another simple result which is of great importance in the present paper is

THEOREM 3.

n+p

R, (x; g+f, GF) = I,R,(x;f, F) + ;0 (n!/iNan—3R;(x; g, G)

q—1 +1

- E an+t+sB—s(n!/l!) lOg’x'
s=0

=0
This will be used mainly in the following form, (noting that a_, # 0)

n+p—1

(5.6) Rup(x:g,G) = clyRu(x; f, F) + Z=0 ¢iR;(x; g, G)

q—1

+ 2 ¢ log'x + dR,(x; gxf, GF).

=0

for some constants ¢, ¢;, ¢, d. In both formulas if » + p < 0, the term con-
taining R;(x; g, G) does not appear, and if ¢ — 1 < 0 the last term is not to
be considered.

We note also that G(D)F(D) is the formal product of the two power series
in D and not the product of the operator G and F; the two products are not
always equal as can be seen by: 1 = (D~1D)1 = D-1(D1) = 0.

Proof.

I,.;log"x

I,(I,log"x) = Ia[i (1), log" "% + Ry (x; f, F)]

v=—p

LR.x:f, F) + Y ().l log"x

v=—>
= LR.(x;f, F) + 22 (m)wuRuss(vi g, G)

F Y S Mhaln — »)Balog™ ™

v=—p p=—¢
=4+ B+ C = (GF) log"x + R,(x; g«f, GF).
The terms A, B appear in the statement of Theorem 3 (by setting j = n — »)
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and if n 4+ p < 0, we do not get B. To complete the proof of Theorem 3 we
have to compare

[G(D)F(D)]log"x = i ( Z O‘VB;&> (n)i log""x

k=—(p+q@) \ vtu=k

with

n n—y n
C= E Z (n),(n — »)ua,Bulog" " Fx = Z < Z, aVBu> (e IOgn—kxv
y=—p p=—g k=—(p+q) \ vtpu=k
which is obtained by setting » 4+ u = k. The difference between the two is
that in (GF) log"x, the sum ranges over all v > — p, u > — ¢, whereas in the
second sum it ranges only over: # > v > —p, n — v > p > —¢q. Comparing
the two we observe that they have common range as long as min (n, 2+ ¢) >
v > —p with 2 = » + p < n. Thus the terms for which 2 4+ ¢ > v > 7 show
that:

C — (GF)log"x = — i ( S ay6#> (n) log" *x

k=n—q+1 \ v+pu=k

q—1 +1

Z Z (/1)) atns 145B—s lng
since in Y./, » > n; hence, the last form is obtained by setting ¢t = n — &
and s = —u,asthenyv =%k —p=un+1¢t -+ s (If ¢ =0, this term does not
appear, since k£ + ¢ < n.)

The relation (5.6) is very useful in computing R,(x; f~!, F~!) by induction,
since it provides us with a recurswe formula for R,(x;f~!, F~') as will be
used later.

Another formula for R,(g#f) has been obtained in (2) following the Dirichlet
hyperbola method for summation. This result has been proved only for the
integers (Theorem 1 of (2)), and we formulate it here for the semi-group W,
but the two results are equivalent as is readily seen by the equality I, = Iy,
which leads to the relation: R,(x;f, F) = R,(x; Nf, F) for all f € C(W). We
quote that result in the following theorem.

THEOREM 4. Letyz = x;1 <y < x then

Ry (x; gf, GF) = Z g(w) <Nw if F> + 2 f(w) <Nw’g’ G)

Nw<y Nw<z

(?)Rn-](y: £, G)Ri(Z;f' F)

j=0
? 4 n! iy
+ ?‘:‘1 ; CEDICET] +J)‘0‘—1Rn+j(y 1 £G) log™ 'z +

q i

S X T R eif, P o,

i=1 j=
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and the respective terms do not appear if the power series of F(D), G(D) do not
have negative powers of D(that is, p < 0or ¢ < 0).

The following lemma will be used extensively in §6.

LEMMA 1. Let

B(x) = E f@w),

Nw<z

let o(x) be a differentiable function. Then

> J@ee) = 2@ — [ 20de0),

Nu<z

or more generally

y<Nw<z

T @) e(Vw) = o) o) — ()ey) — f “2(0)de ).

This lemma follows immediately from (7, Theorem 421, p. 346) noting that
2, fw) = 2 NH®).

Nw<z

6. Approximating 7,. In the following two sections we consider functions
f € C(W) with properties

(6.1) Sl = Z; f@) = ax + O(x/log'x), ~v=14+5>0,
(6.2). Syl = Ag% lf(w)| = Ax + O(x/log™x),

or the weaker condition:
(6.2%) 2 fw)| = 0@).
Nuw<z
For later applications we shall introduce the assumption

(6.3) flexistsin C(W)and |[f~'(w)| < K|f(w)| forsome K > 0,andallw € W

These function will satisfy

ProrosITION 6.

(6.4) I1 = NE (Nw)f(w) = alogx + a0+ p(x),  px) = Olog™’x)
(6.52) Sl = D, f(w)log Nw = axlogx — ax + a + O(x log™’ x)

Nuw<z
(6.5b) Syrel = Z f(w) log’Nw = ax log’s — 20x log x + 2ax — 2«

Nw<z

+ O(x log"’x).

The proof follows immediately from (6.1) by applying Lemma 1. We observe
also that, since § = 1 — v > 0.
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a)=a+ Jl Ot log " 1)dt; p(t) = O(log™ " x) + f Ot " log™" t)dt
= O(log”’ x).

In what follows we determine an approximation of I, assuming only the
validity of (6.4), and to simplify results, we assume henceforth thats = y — 1
is not an integer.

From Lemma 1 we obtain, for » > 0,

I, log"x = N%x (Nw) ™ (w) log” (x/Nw) = — J;x(a logt 4+ ao + o))
dlog” (x/t)

=m+ 1D alog™ x +aglog”x — Y, (?)(—l)ﬂog""'xfp(t)d log” ¢
1

v=1
. _ r—1
=@m+ 1) alog" M x +aglog"x + D (Cad )i f p()t  log” ¢ dt-
1<r< (V - 1)! 1
n! log™™
n—p1'% *
+ > (——1)”(”) log"_”x-J p(t)d log"t — > (—].)”(n> log"™" x
<8 14 z >4 v
f p(t)d log’t.
1

This is true since, for v < §,
f p(t)dlog’t = uJ o) log” M dt <
1 1

as p(t) = O (log7%x). If n < 8, we disregard the last term. Put

[F(D) = > a,D’ witha_; = @, ap as given in (6.4)

l y=—1

(6.6) 101,, = Oforv > 4,
rv—1 o) y—1
o = E:l)l)'f P18 L yfor1 < v <.
— 11,

Thus we have obtained that I;log"x = F(D) log"x + R,(x;f, F) where

(67) Rulw;f, F) = 2 (—1)”@ log"™” f (i log" 1 - 2 (—D"(’j)
log"_"xfzp(t)d log” ¢

and for the case n = 0, we have clearly by (6.4)
(6.7%) Ro(x; f, F) = p(x).

If n < 6 we can obtain a better form for R,, namely
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(6.8) R, (x;f, F)

i (— 1)”(?}) log"™" x-fmp(t)d log” ¢
- f "0 tog" ™) = (=1)" [ (et du,

where the latter is obtained by setting # = —log (xf~!).

If (6.3) holds for all 6 > 0 (that is, (6.1) is valid for all ¥ > 0) then we
define a, by the integral of (6.6) for all » > 1. Furthermore, it follows readily
from (6.8) that, for all < §,

(6.9) Ry(x;f, F) = £ fowp(xe")du" = O(log" ’x).

Thus we have

THEOREM 5. If
> (V) F(w) = a_ylog x + ap + Olog™’ x)

Nw<z
for all 6 > 0 then I, = F(D) + O(log—%) for all § > 0, and F(D) is as given
in (6.6).

In many cases we can obtain a better bound for R,(x;f, F).
If p(x) = O(x™?), 3 > 0, then one readily obtains from (6.8) that

R,(x;f, F) = O(J;mx_"e"’"du"> =0@™).

CoRrOLLARY. If

> fw) = ax + 0"

Nu<z
then I, = F(D) + O(x7%).
Now, if (6.9) is valid only for a bounded §, then we can only show
THEOREM 6. R,(x;f, F) = O(log" %) with F(D) as given in (6.6).
Indeed, for v < 6,

1

f p(t)d log” t = O(log®™ x)
and for v > §
f p(t)d log” t = O(log’™" ).
1

Thus our theorem follows immediately from (6.7).
Applying Theorem 2 to this approximation of I, yields

THEOREM 7.

Ip=— Y, va,D"7 ' + O(log" " x),

y=-—1
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and generally
Tin = (=1)"F™ (D) + O(log"+"=ix),

where

FD) =3 oD’

y=—1

is gwen in (6.6) and F™ (D) denotes the mth formal derivative of F(D) with
respect to D.

The coefficients a_; = a, ay, a1, 4 are defined in (6.2) and (6.6). We have to
deal separately with the following cases.

Case I a_y % 0 (this implies that 4 = 0).

Case Il a_; = 0, % 0,and 4 # 0.

Case 111 a_; = ap = 0 (this will imply that 4 £ 0).
Case IV a1 =0,00# 0and 4 =0

Our first purpose is to show that

THEOREM 8.

O(log" ™ x) in Cases I, IV
I = F'(D) 4+ 0(01) + 10(og"™ ™ x) in Case 11
LOUog™™ " &) in Case 111.

and the four cases contain all possible conditions on the coefficients.

We shall need the following lemma.
LEmMMa 2. Let h(w) > 0 satisfying
Sl = > h(w) = 0x).

Nw<z

Let g(x) = O(log™) be a non-negative bounded function in finite itntervals, then
I,g = O(1) + O(log™x). If Sil = O(x/log™),r > 1 then: I,g = O(1) +
O(log'x).

Indeed, let |g(x)|] < K log "x for x > a, then
gl < 30 (W) "h(x)gle/Nw)| + K3 (Nw)“h(w) log’ (v/Nw)

za~ 1<Nw<z w<ra~1
< sup g()](xa )0 () 4 K (xa™) ™" log'a- O (x)
1< t<a

za—1

—K OW)dlt " log” xt7 ] = O(1) + O(log™ " x)
1

as can readily be obtained by substituting # = x/¢ in the integral.
The second result follows similarly if we observe that
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za—1

O(tlog™ H)d[t " log” xt7'1 < K f dlt™ log" xt™'] +
1

+ Lf tlog™" td[t ™" log” xt™]

for some 1 < s < a~ !, and some constants K, L > 0. Clearly, the first integral
is O(log™x) and the second is:

za—~1
= 0<f £ log*'zlog’(xt—l)dt> = O(log'x).

As a special case, if f(w) satisfies (6.2) and (6.3) and g(x) is as above, then
we have

COROLLARY 2.
I-g = O(1y1lg)) = O(1) + O(log™x) if 4 0,
Iag = O(Tiplg)) = OQ1) + OClog’s)  if 4 = 0.
Indeed, by (6.3) it follows that [f~'(w)| < k|f(w)| for some K > 0. Thus,

I, 1g = O(1,,g]) and the rest follows by the preceding lemma.
Next we prove

ProrosiTiON 7. If f satisfies (6.1)—(6.3) and 6 > 1 (that is, v > 2), then
one of the coefficients a_y, ao, oy of (6.6) is mot zero. Furthermore, if a_; = o
= 0 then 4 # 0.

For, let oy = @y = 0, then from Theorem 6 we deduce that I logx = a1
+ O(log'—%). Applying I,_; on both sides and using the preceding corollary,
we obtain

logx = I;-1l;logx = @, [;-11 + O(log>%x) + O(1) = a1 I,-11 + o(log x)
since 2 — & < 1, and this can only be true if «; 3= 0. Moreover, in this case,
it follows in view of (6.3) that:

lai'log x + o(log x)| < |I;-11] < KI ;1 = AK log x + O(1)

hence 4 3= 0. This proves also that the four cases described in Theorem 8
cover all possible cases. (Note, that at this point only in Case IV we assumed
vy > 2)

Remark. 1f in (6.2), we assume that 4 = 0, then clearly a_; = 0, since
[IA4] < I 41, and in this case it follows that o &= 0. The latter is then true
even for § > 0, since we can use the better bound given in Corollary 2 for

I,-1 O(log'%).
So that if @y = 0 we would have

logx = Ip-1;logx = anl 11 + I,10(logt—3%) = a1l,-11 4 O(log!™?),
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which implies that a; &= 0 even for 6§ > 0. But then
lex~tlog x + o(log x)| = |I;-11] < Ij;1 = Ol|log=%x)

which is a contradiction. Hence, oo 3= 0.
We are now in position to prove Theorem 8.

Case I. Sincea = a_; F 0, F1(D) = a~'D + ... and therefore
I;11 = F7Y(D)1 4 Ro(x; f~1, F71).
That is,
Ro(x; f~1, F71) = Il
To evaluate this element, consider the following.
1 = 85;-15,1 = Spafax + O(x log™x)] = axl 11 + xI,-10(log—x)
= axRo(x; f~!, F7') + xO(log="+x) 4+ xO(1).

Since S;x = xI,1, now since —6 = 1 — v, we have shown that R,(x; f~!, F!)
= 0(1) + O(log—%). We complete the proof of this case by induction on #.
Observing that:

0= Rn(x; €, 1) = Rn(x;f_l*fv F_IF)
we obtain by (5.6), (where p = 1) in view of Theorem 6 and Corollary 2,

Rn+1(x;f_lv Fﬂl) = O[If—an(x;fy F)] + 0(; [RJ (x;f—l! Fﬂl)])

= 0[1,0(log"x)] + 2 O(log’x) + 0(1) = O(log"™" %) + 0(1),
=0
which completes the proof of this case.

Case II. The proof follows by a similar application of (5.6). In this case,
p = 0 and we need no special method for computing. As we have by (5.6)

Ry (i F7) = OlUpaRa(erif, P)] + O(j‘é R, G Y1)

where for » = 0, the sum does not appear. Thus using again an induction,
together with Corollary 2 and Theorem 6, we obtain that

Ry(x; f~1, F71) = O(log"*~%) + O(1).

Incidentally, this provides the proof for Case IV also, since there 4 = 0
and we can use the better approximation

I-1R, (x5 f, F) = O(log" %) + O(1)
which will yield in Case IV
Ry (x; f74, F71) = O(log" ).
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Case III. Again we use the same procedure, but here p = —1. So that

Rui(x; f7 F7) = OlI;-1Ru(x; f, F)] + O(jg) IR (x; /7, F_l)l)

and we thus obtain R,_i(x;f!, F1) = O(log"t'~%), which completes the
proof of Theorem 8.
It follows now readily from Theorem 3 that

THEOREM 9. Form > 1:

0 log""™ "' ~°x) in Cases I-111

_ (_1\mp—! (m)
Ifo*ij = ( 1) F (D)F (D) + 0(1) + {0([0g"+m_ﬁx) in Case IV.

Indeed, Theorem 3 implies

n+p
Ru(x; f7%fL™) = IR, (fL™) + O(ZO IR; (F71) |> +0Q)

=
where D7 is the first power of D appearing in F™ (D), and O(1) has to be
added only if a_; = ap = 0, since then F~'(D) = a_;"!D~! 4+ ... (that is,
q = 1). .

Since F(D) has at most one negative power of D, that is, D!, the mth

derivative may have the lowest power D=("*+V thus p < m + 1. Furthermore,
in view of Corollary 2 and Theorem 7,

I 1R,(fL™) = O(log"*™+1=%x) 4+ O(1).

The other terms can get at most to this power, by Theorem 8, which proves
Cases [-1II. In Case IV p = 0 and we can apply the better bound of Corollary
2 to yield the required result.

In particular this leads to

CoroLLARY 3. If

> fw) = ax 4+ O(x log™ %)

Nw<z

for all 6 > 0 and then
Iim = (= )"F1(D)F™ (D) + 0(1).

This includes the known results (1) about I, I,, 1,, where u, A, A, are
the Mobius’, Mangoll’s, and Selberg’s function for the integers, respectively.
More applications will be given later.

7. Approximating characters. Let f be a character on W, then the
preceding results can be further refined in the direction of the ‘‘elementary
proofs” developed in (1). This can be achieved relatively easily following the
proofs of Theorem 9.1 and 9.2 of (1)—only if we assume that v > 3 where
v is given in (6.1). We shall outline the proofs of this fact later.
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In the present section we want to obtain results which will give us the proof
of Theorem A and B even for ¥ > 2. We will be able to obtain the result that
S fw)A(w) =x 4+ o(x) if ¥y > 2 in most cases, whereas the relation
> fw)Nw 'A(w) = log x + ¢ 4+ o(1) will be obtained only for ¥ > 3.

In the rest of this section we assume that

(A) f is a character’ satisfying (6.1), (6.2), and 4 0, vy =146 > 2.
Since f is a character, it follows by Proposition 2 that f~!(w) = f(w)uw(w)
which shows that f satisfies also (6.3). For these characters we show

ProrosiTiON 8.
(1) Spl= % f@)A@) = 0)
(1.2)  Sipml = NZW;Qc If ()| As(w) = 2x log x + O(x) + O(x log* ),
(Selberg’s formula)
(7.3) > J@)A@)| <20~ Dx + o) as (t,x) > (1, ).

2<Nw< tz

Proof. It follows from Proposition 2, that since f is a character,
(74) [ =fu; fA = f(uxL) = f7'%fL and fAs = f(uxL?) = f~%fL%

As the mapping g — gL is a derivation in C(W), we have: (uxL)L = ulsL
4+ uxl? = — (wkuxL)*xL 4+ pxL? = — (uxL)? + (uxL?). Hence:

(7.5) fA: = fA? 4+ fAL.
Now |f| is also a character, hence it follows by (6.5a) that:
2 @) A@) = Iy =TTt = I S g0l
= I,-1x [dxlog x — Ax + A + O(x log ’x)]
= Al y-logx — AI ;11 + & 4S8 ;-11 + 11,10 (log "x)
= 0(1) + 0(log'™"x) = 0(1)

which follows immediately by Corollary 2 and Theorem 8. This gives the
proof of (7.1). The proof of (7.2) follows similarly by use of (6.5b). Namely

22 @) | Asw) = Tip-a (L)
= I 11114 log" — 24 log x + 24 + O(log"~"x)]
2logx + O(1) 4 O(log*’x),

since by Theorem 2 I, -1 log? = (471D + ...) log% + O(log? %x).
The proof of (7.3) follows now by standard methods from (7.2) and (7.5).
That is
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Z<Nw<zt

0< <E If (w)] A(w) < Nwalf(w)lA(w) log Nw log ™%

<log™x Y, As(w) = log % (2tx log tx — 2x log x) + O(x log™'x) +

<Nw< 1tz
O(x logl_ax = (2t — 1x + o(x).
The “‘elementary proofs’’ lie in the following refinement of (2, Theorem 4).

TueoreM 10. Let g(w) € C(W) be a non-negative function satisfying

(g1) NuZ@g(w) = Mx log"x + o(x log"x); M>0n>1
Let h(x) be a real a complex-valued function which satisfies
(h1) h(x) = O(1)
(h2) Z<j v h(r) = O(1)
(h3) hx) — h(x) =0(1) s (x)—> (1, «).
Then the condition
(g2) |2 (x)| log"'x < ntl > @) h( )l + o(log"'x)
M i, Nw Nw
implies
h(x) = o(1).

This theorem has been given in (2, Theorem 4) with the condition
> (Nw) 'g(w) = alog™'x + blog™ + o(log™)

which is stronger than (gl), since (gl) implies only that
(7.6) I,1 = >, (Nw) 'g(w) = [Mxlog"x + o(x log™x)lx™"*

+ f (Mt log™ + o(t log"t)t %dt = (n + 1)7"M log" s + o(log"™*'x).
1
To prove this theorem, we first observe that for given ¢ > 1, we can find

x5 such that, for x, y satisfying xy=! > x5, the following is valid:
(7.7) > (Nw) 'g(w) > Clog"(xy™") for some C > 0.

y<z/Nw<yt

Indeed, choose § (to be fixed later) then there is x; such that for x > x;,
the absolute value of the error term in (gl) is < & log”x. Then it follows by
(gl) that

2 (Vw)Tg(w) > ax7 X g(w)

Vv<z/Nu<yt
> v [Mxy " log™ey ™t — Mx(yt) " log’x () ! — 26xy log™xy ]
> MQA — 7Y log"xy ™ + Mt~ [Iog"xy_1 — log"x(yt) "] — 25 log"xy ™"
> M1 — ¢ — 25) log™xy ™",
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and (7.7) is true if we choose C = M(1 — ¢! — 2§) > 0, which can be
fulfilled as ¢t > 1.

By the standard method of Selberg’s proof (1, Theorem 6.1 and 2, Theorem
4) one can obtain the following.

(7.8) Given A > 0, there exists x,, " > ¢ > 1 such that for x > «x,, there
is y,x <y <yt < xT with the property that for all y < z < »t, |h(z)] < A.

We turn now to the proof of Theorem 10, which contains only a more
careful repetition of the proof of (2, Theorem 4).

Let lim sup|h(x)] = 4. If 4 > 0, choose A =34 and fix x,, > ¢ > 1
satisfying (7.8). For this given ¢ we choose x; to satisfy (7.7). Now for given
e>0,let |h(x)] < 4+ eforallx > X..

Denote by y; the element y given in (7.8) for x = T'* > x,, that is,
T'"<y; <yut < T and put & = logxo/log T' where x¢ = max(x, x,),
and 5 = log(xxs~")/log T. Thus for each § <1 <9, T* > x¢and xT-* > x;.

It follows now by (9.2) in view of (7.7), (7.8), and (7.6) that

k()| log"" % < (n + )M 3 (Nw) 'g(w)|h(x/Nw)|

z(Nw) ~1<z0

+m+ DM A+ 2 (Nw)gw)

zz0—1<z(Nw) ~1<z

+ > > A=+ Ol(Vw) g (w)

i<y yi<(Nw) " 1z<yit

<K Y @wlgw) 4+ 4+ DM A+ O[Mm+ 1) og"x

zzo ~1<Nw<z

+ o(log"™"x)] + [A — (4 + e)]CE;< log"(xT~"7),

since A— (4 +¢ <0 and xy;/' > x7-*!. Now, the first term is
< Kxox— ' (Mx log"c 4 o(x log™x)) = o(log"tx). For the third term we have
by Lemma 1,

3 log"(xT 7 T7Y = — [E]log"T 5" + [n] log™x T """

i<y
n
- J‘ [wld log"xT™ ' = (n + 1) log T log" % + o(log™'x)
4

as follows immediately by standard method of replacing [#] by # and noting
that T% = xo, 77 = xx;~ L.
Thus

[h(x)] < A+ e+ (A—A4A—€&C/Mlog T + o(1).

As x > o with |[a(x)] >4 we get A <A+ e+ (A—A4—¢€C,C >0.
But this cannot be true for all ¢ > 0 since (A — 4)C’ < 0. This contradiction
leads to the conclusion that 4 = 0.

We apply now Theorem 10 to the following function: g(w) = |f(w)|As(w)
and
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—1 inCasel
(7.9) h(x) = x'lN"ZQf (w)A(w) +1{ 0 inCasell
+1 in Case III

since 2 — § <1, it follows by (7.2) that |f(w)|A2(w) satisfies (gl). Clearly,
(7.1) means that k(x) given in (7.9) satisfies (h1). Condition (h3) follows by
(7.1) and (7.3),

[h(tx) — h(x)| < |N”Z<If(w>A(w>(f‘ - Dx! > fw) x A (w)

z<Nw< iz

+

KKt t=1)4+20¢— D" +0Q1) =0(1) as (tx)— (1,0).

To obtain (h2) we put ¢ = 1 in case I, ¢ = 0 for case II, and ¢ = —1
in Case III:
)| = S 7Y f@)A@) — o 3 1/_1’
vz <z Nw<v v<z
= 2 f@A@w) > v’ —oclogx+ 0(1),
Nw<z Nw<v<z
= | T f@) A@[@e) 57 + 0w ™) — ologx + 0(1)
< i+ Dot D+ 0,
where

> = |x-‘N:;<zf(w)A(w)[ = 0(1) by (7.1), and
Y= | X WNo)If@)Aw)| < 3 |fw)]log Nu(Nu)* = 0(1),

as follows immediately by (6.5b).

We can conclude from Theorem 9 that 3.1 = |I;4 — ologx| = O(1) +
O(log?—%x) which is O(1) if 2 — 8 < 0, that is, > 2 or v > 3. From this we
can conclude Theorem A for ¥ > 3. To obtain our result for v > 2 we need
a refinement of Theorem 9, which we can carry out only in the following form.

THEOREM 11. If f is a character satisfying (6.1) and (6.3) with A £ 0,
then

O(log" %) in Case I
I;n= — F(D)F'(D) +0(1) + O(log""*x)  in Case II
O(log"**’x)  in Case III.
Before proceeding with the proof of this theorem, we observe that with
these results it follows now that >>; = O(1) if 6 > 1 in Cases I and II, and

only in Case I1I we have to assume that § > 2. To complete the proof of our
first main theorem, we establish
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THEOREM 12. If f us a character satisfying (6.1) and (6.2) and A =% 0,
then

[ + o(w) in Case I and v > 2,
Néxf(w) A(w) = { o(x) in Case II and v > 2,
—x + o(x) in Case IIl and v > 3.
We still have to prove the validity of (g2). Indeed by (6.5a)

I,h(x) = I,(x_ISfAl) = x—ISfoA]. - G'If].

O(log™’x) — ao in Cases IT and I11

= —1 - =
x Sl — o)l {O(log—sx) — a; —ap in Case I

since I,x~! = x~\S, (as operators) and S;x = S;1S,.. Hence if ¢ = —ag or
a = a1 —
I logx Ih(x) = alylogx + I,0(log' %)
= 0(1) 4+ O(log*~*x) = o(logx),
by Theorem 8 and Corollary 2. We now proceed similarly to (1, Lemma 6.1)
Iplogx I, = Iu(Iplogx 4+ Ipp) = logx + I,

It follows therefore that
[h(x)|log & — Iisialh(x)| < [(log x + I;n)h(x)| = [Iglog x I, (x)| = o(log x).
As in (1, Lemmas 6.3 and 6.5) we obtain
(log?x — I pian)|h(x)| = (log x + L1y Y(logx — Iypy )|h(x)|

< (logx + I,; )o(log x) = o(log?x).
That is,

|h(x)log*e < Iygia,|R(x)] + o(logx)

which proves (g2), after verifying easily as in (1, Lemma 6.3) with the aid
of Theorem 11 that I, s0(log x) = o(logx).

We return now to the proof of Theorem 11. From Lemma 2 and (7.1) it
follows that

(7.9) I1;140(log’x) = O(1) + O(log™x).
The proof is similar to the proof of Theorem 8. It follows by (6.5a) that

ax logx — ax + a + O(x log=%x) = S;.1 = S;aS,1
= Srafax + o(x/log't%x)] = axI x1 + xI;,0(log—'%x)
= axl ;1 + x0(log—%) + O(x).

Thus, if « £ 0, we have: I,41 = logx + O(1) + O(log—%x) which yield
Ro(x; fA, — F'F~1) = O(1) + O(log—?%).
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It follows now from the relation fL = f¥fA and by (5.6) and Theorem 7
using induction that

R,,+1(x;fA, - F_IF/>

cI AR, (x; f, F) + O(i_:o |R; (x;fA, ——F’F_l)]>

+ O(1) + R,(x; fA%f, —F'F'- F)
= I,,0(log" %) + 0(1) + R,(x;fL, — F') + O(log" %)
= 0(log"" %) +0(1),

which prove the first case of Theorem 11.
The other cases follow as in Theorem 8:

n+p—1
Ruwp(@if 8, —F'F) = cIaRu(xi f, F) + o( 2 R (xif A, —FF) |>

+0(1) + R,(x;fL, — F") = O(log"™ %) 4+ 0(1).

In Case II, p = 0 and in Case III, p = —1, which readily imply by induction
the other two cases of Theorem 11.

We conclude this section with the last case @ = 4 = 0 (which implies
ao & 0). Here we do not have to use Theorem 10. The proof of (7.1) which
leads to (7.9) holds in this case, and consequently, Theorem 11 (Case II)
is also valid. Writing

Bx) = 71 Y, Adw) = 2 S,4l.

Nw<z

As in the first part of the proof of Theorem 12, we obtain
h(x) log x + I ah(x) = I, log x I(x7'S;al) = Ix " log xS,.1

= I,,0(log" %) = 0(1) + 0(log* ’x).

The power series in D corresponding to I, will be of the form G(D) =
Ag+ 4D+ ..., and 4y # 0 (by Case IV of Theorem 8). Thus it follows
from Theorem 11 that

Iisal = — 47141 + O(log'%x).
Thus, since A(x) = O(1)

|h(x)] log x < Ijalh(x)] + O(log?~*x) + O(1)
< O(). I sl + O(log?%x) + 0(1) = O(log?~%x) + O(1).

Consequently [&(x)| < O(log'~%) + O(log~'x). That is,

TueOREM 12*%. If f is a character satisfying

> fw) = O(x/log™’x)

Nw<z

and
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2 Ifw)| = O(x/log""x),

Nw<z

then

Z f(w) Alw) = O(x/logl_ax) + O(x/log x).

Nw<z

8. Proofs of Theorems A and B. We return now to the situation of
§2. Let H denote a generic class W/W' and let egz(w) be the characteristic
function of H, that is, eg(w) = 1 if w € H and zero otherwise. From the
properties of characters (2.2) and (2.3) we have the relations

8.1) x= 2 x(Hew, e =173 x(H)x.
X
We assumed in (2.4) that
(8.2) Se 1= 2 1=cax+O(/loghs), 2 cu>0.
5
Thus

S1 = ZH X(H)SeHl = A,x + O(x/log™x), A, = ZH x (H)cy,

and for the identity xo = E. Also
Syl = cx 4+ O(x/log"x), Ay, =c= Y, cg> 0.

The characters are thus functions of the type which were dealt with in the
preceding sections. Let

L(D) = 3 LGOS L) = 4,

y=—

be the polynomial corresponding to I, in (6.6), then we distribute the characters
of K in three classes

r,

Il

{x;x € K, 4y = L_1(x) £ 0},
'y = {x;x € K, 4y =0, Lo(x) = 0},
I's = {x;x € K, 4, =0, Lo(x) = 0}.

Theorem 8 now implies that (all characters are in our case subjected to
CasesI-11I):

COROLLARY 3.

O(log" %), x €T,
Lu=LJ(D) +0() + {10(log"" %), x €T,
{O®log"" %), x € T

From Theorem 12 we now obtain Theorem A.
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Theorem 4 and (8.1) yield
2 ea(w)Aw) = ), Aw) = h—lN;zx(H)i(w)A(w)

Nw<z Nw<z
weH

= h—ll:zezr: x(H) — “Zr: X(H)]x + o(x) = dgx + o(x).

From here we can follow the ideas developed in (4), but replacing the ‘‘Dirich-
let density” & of a set S, defined there, by the sum

> dw) 'A(w) = Elog x + O(1),
wes
by dealing in a parallel way with the sum
> A(w) = kx + o(x)
weS

and by calling k the Dirichlet density of the set S. As the reasoning is identical
with that of (4, p. 602) as well as the passage from

¥r(x) = N;<z A(w)

to

m(x) = 2 1
Np<z
peH
we just quote the final results.

(a) T, is a subgroup of index 1 or 2 in the group I'; \U Ts.

(b) Let U = {w; x(w) =1,x € T4}, then W C UC W and U/W’ has
T'; as the group of characters. Put U* = {w;w € U, x(w) = 1 forall x € T3}
then U D U* D W’ and Theorem B is valid for these groups U and U*.
(Compare with (4, Theorem 3.1).)

9. Other ‘“‘elementary results.”” In the present section we shall outline
the extensions of the elementary proofs of (1) to our case. These lie in the
following extension of (1, Theorem 9.2).

THEOREM 13. Let g € C(W); G(D) = y_ D" + y_yuD~ 91 + . ...
Let f be a character satisfying (6.1) and (6.2). Then forn < 6 — q — 1

14 log"s = [FY(D)G(D)] log" + o(1),
where F(D) is given in (6.6), provided that the following conditions hold:
(1) IR, (x;8 G) =0Q1)forv<n+1,
(i) I)slogx Ry(x;g, G) = o(log x)
(iii) Ixl = O(x%) where b = f~xgand § < 1
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(v) Y, (Vw)r@)| =o(1) as (tx)— (1, »)

< Nw< tz

(v) Caseland ¢ < 2;Casell and ¢ < 1; Case Il and ¢ <
Before proceeding with this proof we give here some examples as applications.

Example 1. g = eis the identity, and G(D) = 1. Thus R,(x; ¢, 1) = 0(1)
for all » which vields (i) and (ii) trivially. Here, 2 = f~'e = f~! hence I ;1
= O(log x), by (6.3) and (6.2) which proves (iv). To prove (v) we obtain by
(6.3) and (6.9) that for some K > 0,

0< <g: (Nw) 7 Hw)| < Z (Nw)'|f(w)| = KA logt + O(log ’x)

x ws r

= o(1)
as (¢, x) — (1, «). Consequently,
COROLLARY 4.
I, 1log"x = F'(D)log"x + 0(1) for n <& — 1.
In particular this yields, for § > 1:
0(1) in Case |
w)f (w
1=y e8I _ 4 in Case I1
ar'logx + asal’ + 0(1)  in Case ITI.

This includes for the case f(w) = 1, one of the equivalent forms of the prime
number theorem, but our effort to follow the classical proof of that theorem
from this result failed, and we have obtained the prime number theorem in §8
in a different way.

Example 2. g(w) = (fL)(w) = f(w) log Nw, and G(D) = — F'(D). We
shall consider only the case 430 (in Case I, ¢ = 2, Cases II and 111, ¢ < 0).
In this example R,(x; fL, — F") = O/log"*'~%x (Theorem 7) and thus Corol-
lary 2 implies that

IR, (x; fL, — F') = O(log”** %) + O(1) = 0O(1)

Nw<z

for all » satisfying » 4+ 2 — 6 < 0. This proves the validity of (i) for all
n + 3 — & < 0. But then (ii) also holds since

I log x R,(x; fL, — F) = I,0(log"**~%) = O(1) 4+ O(log"*+*~%x) = O(1).

Now h = f~%fL = fA which implies the validity of (iii) by Theorem 9 when
applied to [f], since I,;1 = O(log x) 4+ O(log?~%x). The last condition (iv)
follows readily from (7.3). Consequently we obtain by applying Theorem 13
that

COROLLARY 5.

I;plog"x = — [F-Y(D)F'(D)] log"x + 0o(1) if 6 > n + 3.
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In particular, if ¢ = 4+ 1,0, — 1 in Cases I, II, III respectively, then for
6> 3: \

IRACIELC) R AP )

Noer Nw

which is another equivalent form of the prime number theorem in the case
of integers with f(w) = 1. Note that this is obtained only for § > 3 (that is,
v > 4) whereas the other equivalent for

2 f(w) A(w) = ox + o(x)

Nw<z

was obtained in Theorem 12 for v > 2.

Now for the proof of Theorem 13. We wish to show that the function
h(x) = R,(x; f~lxg, F71G) satisfies the requirements of Theorem 10 with
g(w) = [f(w)|A2(w). It was already proved in the preceding that g(w) satisfies
(g1) of Theorem 10 if 6 > 1, and we now prove the validity of (g2). It follows
from Theorem 3 that

R,(x; g, G) = R, (x; f+(f '),
n+p
F(FT'G)) = LRy(x; g, FT'G) + 2 ¢; Ry (v f, F) + a,
7=0
where D7 is the first power of D in F~!G, and for some constants ¢c;a (@ = 0

if fis a character satisfying Cases Il and III). Operating with I,-x';logx
on this result, we find

I, log x IR, (x;f g, F7'G)
n+p
= I,1log xRy (x; g, G) — > ¢; I log xR (x;f, F) — al;1logw
=0

o(log x) + O(log™?+1-% x) 4+ O(1) 4+ O(log'~?® x)
o(log x)

ifn+p+1—38<1. Since R; (x;f, F) = O(log?—%x) by Theorem 6 the rest
follows like the proof of Theorem 12, that is

I;vlogx I, Ry(x; f~g) = (log x + Ira)R,(x; f~'*g) = o(log x),
from which we deduce that
[R, (x5 f71%g)| log%e < Iigia,|Rn(; f=g)| + o(logv),

namely, (g2).
To prove conditions (hl) — (h3), we first observe that

Il

n+q

Rn(f_l*g) = I, 1R, (g) + Z——:o c; R; (fl) +a=0(01)+ O(Iogn+q—8x)

where @ &= 0 if the situation is of Case III. This shows that
R,(f~+g) = O(1) and R,:(f*g) = O(1)
ifn+14+¢—45<0.
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The completion of the proof follows the computation of (1, pp. 306-7).
We do not repeat the computation but present the final result in the following
proposition.

ProrosITION 9. Let l(w) € C(W) and

LD) = 3 y.D".

Then
01) 2w Rl L) = (04 1) Raa(wi 1, L) + 0(1)
+0( X (Nw) " li(w)| log" Ne)
and
(9.2) Ru(tx; 1, L) — Ry(x;1, L) = > (Nw) I(w) log" (tx /Nw)

Nw<z

n—1
+ 2 <7;> log" tR; (x;1, L) + O(log™ 'x log"*'t),
=0

woth the last factor omitted if L(D) does not contain negative powers of D.

Thus in our case, I = f~!%g, L = F~'G we observe that (iii) of Theorem 13
vields, by Lemma 2:

> (Nw) ?|l(w)] log"Nw = 0(")x " log"x — J‘O(td)d[t_llog"t] =0()
Nw<z 1
which shows that R, 1(f~*g) = O(1) implies (h2). Condition (h3) of Theorem
10 follows from (iv), since in our case R;(x;/,L) = O(1) and m = 1 (in Case
III, we have to require that ¢ = 0) imply that
> (Nw) U(w)log"[tx/Nw] = o(1).
<Nw< tx

This completes the proof that if » + ¢ + 1 < § and (a) Case I with ¢ < 2,
(b) Case II, ¢ < 1, or (c) Case III, ¢ < 0, all conditions of Theorem 10 are
fulfilled. Thus the proof of Theorem 13 is complete.

10. The character f(n) = n*'. We conclude our result with an application
for the semi-group of integers and the character f(n) = n'!, t & 0 fixed.

Clearly f is a character, and satisfies [|;1 = 3 n~! = logx 4+ ¢ + O(x™")
and I,l = > n " = ¢, + O(x7') where ¢, = {(1 — 4t). Thus this function f
satisfies the condition of either Case II or Case III.

If (IIT) is valid then we would get from Theorem 13 (Example 2) that

Ikl = Ippl = 20 A(m)n™ ™ = — logx + ¢ + o(1).
n<zr

But since
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Z Ain) = log x + ¢co + o(1)

n<r

(the case f(n) = 1) we have by Lemma 2
—logx 4+ ¢+ o(l) = 3 Am)n

n<r

= [logx 4+ co + o(1)]x** — J: llog u 4+ co 4+ 0(1)]du’’

=0(1) + fzo(l)du” = o(log x).

Indeed, if the function |o(1)] < e for x > X and |o(1)] < K for x < A, then

J;zo(l)du”

Thus Case III is disposed of and there remains Case II, which means that

S Z (1 —it) % 0

n=1

A z
< Kt f w”du + te f wldu < M+ etlogx. Q.E.D.
1 A

and consequently that the series

> A w)

n=1

converges for all £ # 0. From this one readily proves that
27 log p
V4

converges.
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