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Abstract

We extend an uncertainty principle due to Cowling and Price to Euclidean spaces, Heisenberg groups
and the Euclidean motion group ot the plane. This uncertainty principle is a generalisation of a classical
result due to Hardy. We also show that on the real line this uncertainty principle is almost equivalent to
Hardy's theorem.
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0. Introduction

In the vast literature on uncertainty principles in harmonic analysis {see [3, 5]), the
central theme is the impossibility of simultaneous smallness of a nonzero function f
and its Fourier transform f. where f is defined by

fv) = / f(x)e ™ dx.
3

A large number of results, beginning with a classical theorem of Hardy (Theorem 1
below). show such impossibility when smallness is interpreted as sharp decay.

In this paper we concern ourselves with results of this kind on certain Lie groups.
We begin by stating the main results of this genre for the real line.

THEOREM | (Hardy). Ler [ : R — C be measurable and for all x, v
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() 1£(0)l < Cemm,

(i) 1f ()l < Ce,
where C,a, b > 0. If ab > 1 then f = 0 almost everviwhere. If ab = 1 then
fx) = Ce™™ . If ab < 1 then there exist infinitely many linearly independent
Junctions satisfving (i) and (ii).

THEOREM 2 (Cowling and Price). Let f : R — C be measurable and

(1) ”euf;HL/’(R) < oo,

(i) lep flirom < 00,
where a,b > 0, e,(x) = ¢ and min(p. q) < oco. If ab > 1 then f = 0 almost
everywhere. If ab < 1 then there exist infinitely many linearly independent functions
satisfying (i) and (ii).

THEOREM 3 (Morgan). Letr f : R — C be measurable and for all x, vy

(i) 1f (0] < Ceonh,
(11) |f(y)‘ < Ce“(A(a)+s)7r)_\-‘qy
where p > 2, p”' +q7' = 1, a,e > 0 and A(a) = 2//[sina(g(pa)’™")] with

o =m(g — 1)/2. Then f = 0 almost evervwhere.

THEOREM 4 (Beurling). For f € L'(R),

f / LFOONf 1™ dxdy < o
RJR

implies f = 0 almost everywhere.

For the proofs of the above theorems see [1, 5, 6].

Barring the case ab = 1 it is clear that the theorem of Cowling and Price implies
the theorem of Hardy. Also the theorem of Beurling implies that of Cowling and Price
for ab > 1. From Beurling’s theorem we get yet another result which is somewhat
stronger than Morgan’s theorem (see [6]).

THEOREM 5. Let f : R — C be measurable and for all x, v

(i) 1f(0)] < Cememl,
(i) [f()] < Certmh,

where p~' +q~' = 1. If (ap)'/7(bq)"" > 2, then f = 0 almost everywhere.
q A

NOTE. Clearly (ap)'/?{(A(a) + €)q}'? > 2. Hence Morgan’s theorem follows
from Theorem 5.
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One of our results in this paper shows that Hardy’s theorem implies the case ab > 1
of the theorem of Cowling and Price, although in both the theorems the casea = 1 = b
1s a key point.

Recently Hardy’s theorem has been extended to Euclidean spaces and to some
non-commutative groups (see [10, 11, 13]). Our purpose in this paper is to extend the
theorem of Cowling and Price to the following groups: R", H, and M (2) . Apart from
this we will point out an analogue of Beurling’s theorem on R”.

The paper is organized as follows: In Section | we consider the extensions of the
above theorems to R”. In Section 2 we take up the theorem of Cowling and Price and
also Theorem 5 for the Heisenberg groups H,. We end this section with our proof
that Theorem | implies Theorem 2 when ab > 1, for the real line. We do so since our
approach to the theorem of Cowling and Price on H, relies on the idea of this proof.
In Section 3 we take up M (2), the Euclidean motion group of the plane and we make
some comment about the analogue of Theorem 2 on the oscillator group.

Our results in Sections 1 and 3 exploit the easily available complexification of lines
in the unitary dual of the group. The Heisenberg groups treated in Section 2 do not
admit such complexification and hence need a different treatment.

1. Euclidean spaces
The proof of Theorem 2 depends on the following result for entire functions.

LEMMA 1.1. Ifg: C — Cisentireandfor1 < p < o0

1) lgx+inf =< ﬁe"‘z.
(i) (fzlg0)rdx)"" < o0,
then g = 0.

Lemma 1.1 which was proved in [1], uses an L”-analogue of Phragmen-Lindeloff
Theorem. We use it to prove an extension of Theorem 2 on R".

NOTATION. In what follows, (x,, ..., X, ..., x,) stands for the vector (xi, ...,
Xi—ts Kby oo o s xn) € IRH*I'

THEOREM 1.1. Let f : R" — C be measurable. Suppose for somek, 1 <k < n,

(1) f €plm,\'[|g(xl’ e #-i‘kv ,x,,)l”lf(xl, ,x,,)|”dx1 "'dxn < o0,
RH

(11) f R S L f Oyl dy, < oo,
[RN
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where a,b > 0, g, h : R"' — C are measurable with ¢ > a > 0, h > B > 0,
= 1.1/h € LY(R""),

where «, B are constants, 1/g € LV (R"™Y), p=' + p' =
1. Ifab > 1 then f = 0 almost everywhere.

=1

g +q =

PROOF. By (i) and (ii) it follows that f, f € L'(R"). As in the real line case it
1 = b, otherwise we use dilation. Now if we fix

is enough to prove the case a
Lvy) € R thenforallw =u +iveC

(}"].... ,}A'k,...
|f(,vl’ B £ O IO £V Vil I _Vn)|
= / 1f(xl- LR xn)|€2‘7und-’(1 c ‘dX,,
RH
< Ae,'rv“"

where A is a constant and the last inequality follows from Holder’s inequality and (i).
Then by a standard argument using Lebesgue’s dominated convergence theorem, Fu-
bini’s theorem and Morera’s theorem it follows that for fixed (v, ... . ¥ _1« Ywiv ... o
V), f is an entire function in w. We define

glw) =™ f(¥iv oo L Yiols @ Yegta oo 2 V).

So for almost every (vi...., Vi 1, Yis1. ... » V), g satisfies conditions of Lemma
1.1. Hence f = 0O almost everywhere. By the inversion formula f = 0 almost
everywhere. O

Now we take up the theorem of Beurling.

THEOREM 1.2. Let f € L'(R") and for some k, | < k < n,

~ W AIVEY
/ lf(xls"‘ s-xn)Hf(,Vl-”- vyn)le-ﬁ““‘ldxl"'dxnd_vl“'d.\‘n < 00.
R

Then f = 0 almost everywhere.
. ¥»). We define

PROOF. We fixy = (31, ..« & Y1 Vieds - - -

&) =Ff oo Vo X V- M) X €R,

where

<g.k‘f(yl*~-- s Vi1 Xy Yigrs oo ‘,Vn)

:f LGP FST N Y NN X,)
R !
T : . . . .
X e -nr((.n.....,\L.A..A.\”)A(_\L....)A4,,.._\r,))dxl - d-\‘/\—ldxk#—l . d_xn_
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Then gy(v) = F Ve Victs Yo Veats - -+ + ¥u). Now

//Igy(X)Iléy(.v)iez"-‘"dxdy
R JR

sf /!f(x;,-.. X X Xt e XD PO M ¥ Ve s V)
R" J R

x edx, - dxi_ydxiyy - - dx,dxdy

< 00
for almost every (yi, ... . Yk-1, Yet1+--- - ¥u). So by Beurling’s theorem on R for
almost every (yy, ... o Y1, Yepts - s Yn)s

Fif oo s Yoy X Ve oo ) =0
for almost every x. Hence by Fubini’s theorem and the inversion formula f = 0
almost everywhere. (I

COROLLARY 1. Let f € L'(R").

@ If [o L OILf ()™ ¥dxdy < oo then f = 0 almost everywhere.
®) I [ 1F Gt 5 1f Oty sy € B0, - dx,dy, - -dy, < 00 then
f = 0 almost everywhere.
(c) Suppose for some k, | <k <n, f and fsatisfy
0 ... v < Cglxy, .o Xy, ... ,x,,)e“‘”""‘"”,
G) 1 fOn e ) SCRY oo Yes oo, Yy T
where p~' + p~' =1, g, h(= 0) € L'(R™™"). If (ap)"/?(bg)"? > 2then f =0
almost everywhere.

REMARK 1.1. For R", decay in the k-th coordinate of f and f is enough to conclude
that the function is zero. What matters is the fact that R" is a direct product of copies
of R. We may also remark that the Fubini argument in Theorem 1.1 appears to be
more effective than using an n dimensional version of Lemma 1.1 which would not
yield Theorem 1.1 in the case ab = 1.

2. Heisenberg groups

The main result of this section, Theorem 2.3, proves an analogue of the theorem of
Cowling and Price for the Heisenberg groups.

We recall some facts about the Heisenberg groups. The n dimensional Heisenberg
group, denoted by H,, as a set is R*"*! with the group multiplication

1
(x, &, 0)(x1, 6.1 = <x +x,§+&,t+1 +§[(x,‘f;‘|) - (Xh‘f)])
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where x, &, x;, & € R”, 1,1, € R, and (., .) denotes the usual Euclidean inner product
on R”. With this multiplication H, is a unimodular, connected and simply connected,
step two nilpotent Lie group whose Haar measure is dxd&dt. The reduced dual of H,
is parametrized by A € R\ {0} and is given by

M.: H, — Z(LAR"), Thx.&0)f(y) =™ EmEf(y —x).

Given f € L'(H,)N L*(H,), the group Fourier transform on reduced dual is given by
fA(n‘A) = / fx, &, 0O ((x, &, 1) HdxdEdt,
H,

the integral being interpreted in the weak sense.

If we think of f as an operator-valued function on R \ {0} then it can be shown
that f (&) (by which we mean f(I1,)) is an integral operator on L*(R"y with a kernel
given by

K/ (v, x) = &HF(x — vy, —r(x +y)/2,2). x,yeR",

where %, and .%; mean the Euclidean Fourier transforms of f with respect to its
second and third argument. It follows that

2.1) I IIls = I)»I_"/ | Z5 f (x, v, M) *dxdy

R
where || - || ys denotes the Hilbert-Schmidt norm. Then by the (Euclidean) Parseval
formula

/ 1F OO I dh = 1| Fl122 -
R

So |A|"d X is the Plancherel measure for H, (see [2]).
Now we prove an analogue of Theorem 2 on H,,.

THEOREM 2.1. Let f € L'(H,) N L*(H,). Suppose that for a.b > 0 and
min(p, q) < oo
(i) [, ermiEor| f(x, & nPdxdédt < oo,
(i) S e f ) YsIAldA < oo,
(@) Ifg =2 then f =0ifab > 1.
(b) Ift <qg <2 thenforp=oc0, f=0ifab> 2andforp <oo, f =0
ifab > 2.

PROOF. We consider two cases separately.
CASE 1. (p = o0) In this case the hypothesis (i) reduces to,
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iy |[f(x, &, 0] < Ce &0 for all (x, & t)e H,,
Let us define fi, ¢ (1) = f(x,§.1), f’ () = f(x. & —t) and

h(t) = / (f(,\‘.E) * .ﬂig))(t)d)(dg
[RJ”
Then it follows that

(2.2) Ry = A f (DI (because of (2.1)),
(2.3) h(t)] < Ce™™" (by (iii) ).

First let us assume g > 2. Lete > Obesuchthata(b—¢) > 1. Then, withd' =b —¢
lleawh]23 = ﬁ e IR ()| dA
= /Re”"’""”:lklnfl IFOONYsdr  (by22)
= / T F s (1A Ve ) d
R
2.4 < K [ PN O A dh <00 (by G,
where K is a constant. It follows from (2.3) and (2.4) that 4 satisfies cpnditions of
Theorem 2 for p = oo and ¢ /2 and hence & = 0 almost everywhere. So || f () |lys =0
for almost every A which implies f = 0 almost everywhere by the Plancherel theorem.
Now we assume that ¢ < 2. By (ii) we have
x> / N F N sl A
=/eqb")'liz(k)q/2lkl""/2|)»|”d)»
R
> / e (M) d ).
[af>1
As the integrand is a continuous function of A we have
/ e h(A)72dA < oo.
R
So

/ e h()1d) = / e (M) h(1)"2dA
R

R

LY(R)

< |52 /eqb”“ﬁ(x)‘l/zd}\ < o0.
R
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By (2.3), the above inequality and Theorem 2 we get # = 0 if ab > 2. Hence f = 0.

CASE 2. (p < oo) If || - | denotes the Euclidean norm on R¥*!, then for
(X’ $~ t)* (xlv El- tl)Al(Z (_xls —gl’ _tl)) S Hn

Wx, & ) (—x,, =&, =)l
=(x —xi E =&t =1 4+ 1[(x, &) — (x END]
(2.5) > [, E 00 = I &)l = S EL L &L D)

Letg € C.(H,) withsuppg C {(x), &, 1)) : ||(x1, &, 1)) < (1/m)}. Now let (x.£.1)
€ H, be such that ||(x, &, )] > 1. Then by (2.5) we get

3
O, & D &)™ = g &, 0 (1 - ;n—l>

for (x,, &, 1,) in supp g. If e,(x, &, 1) = e*"I"&:1 we further get
(Ceal fD *18D (x,8.1) = ey 22 (x, &, ([ [gD(x. &, 1).

By (i) e,| f|is an L function and g isan L” function (p~'+p'~' = 1). So (e,| f])*|g|
is an L> function and let C be the L> norm. Then

I(f % @) (x E.0)] < (|f] % |gh(x, &, 1) < Cet! s/ mivenl”

for all (x, &,¢) with ||(x,&,1)|| > 1. Using continuity of f x g (f € L' (R,
g € L>~(R¥*")) we get (changing the constant if needed)

(2.6) (f % g)(x. &, 1)| < Cemammmltvtnl forall (x.&.1) € H,.

Since (m)(/\) = f(k) o g(1) and g(A) is a bounded linear operator on L*{R") we

have

1T * )W s < UEA Napll F W lus < gl rsn, I ) s
So

/R N (F % @) s 1Al d
(2.7) < gl / e F OO sIAdA < o< (by (ii)).

We can choose m so large that ab(1 — (3/2m))? > 1 (respectively > 2), given ab > 1
(respectively > 2). Soby (2.6) and (2.7) we are reduced to Case 1 and hence fxg = 0.
By running g over an approximate identity we get f = 0 almost everywhere. This
completes the proof. O
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Next we prove an analogue of Theorem 5 on Heisenberg groups.

THEOREM 2.2. Ler f . H, — C be measurable and

(i) [f(x. & 0] <Cglx,&e ™" forall (x,&,t) € H,,

(i) 1 f M) lus < Ce ™™ forall A € R\ {0},
wherea. b,C >0,ge L'(R"YNLXAR™), p>2, p ' +q7' =1 If(ap)''7(bg)"
> 2, then f = 0.

PROOF. We define £ as in the previous theorem. Now

h(t)] :f (£t = )] (x. £ —5)|dxdEds
R

7

_ Pl
S C! e amitt—s|’+|s| }ds
[ DS NPT SN DY TS.
S C//e am?2 {tr—s)"+s"} dS
R
—and e
S Ae am? |t} .

By (2.2) and (ii) we have
(G| < ClAle™ ",
We choose b’ < b such that (ap)'/?(b'q)"/9 > 2 when (ap)'/?(bg)'/* > 2. Hence
(W) < Be .

Since (a2'" 7 p)P(2b'q)' 1 = (ap)V/?(b'q)'/421=r/P+1/4 5 2 by Theorem 5, (L) =
0 for almost every A and hence || f(A)||zs = O for almost every A and then by the
Plancherel theorem f = O almost everywhere. This completes the proof. (]

Going back to Theorem 2.3 we notice that case 2 reduces the integral decay
condition (i) to the pointwise decay condition (iii). Exploiting this idea on the real
line we are led to a somewhat surprising result. We introduce some notation. Let
ei(x) = ¥ where x € R and k > 0 and

E, (a.b) ={f : R — C/f is measurable and |le, f |, < o0, lle, fll, < o0}.

THEOREM 2.3. The following are equivalent.

(i) Ifab > 1 then E.. (a,b) =0.
(ii) Ifab > 1 and min(p, q) < oo then E, ,(a, b) = 0.
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PROOF. It is easy to see that (i) follows from (ii) by Holder’s inequality. Now
we show that (i) implies (ii). Without loss of generality we assume p < oo. Let
g € C.(R) be such that suppg C {y : |y] < 8}. We choose an € > 0, which is to be
specified later. We choose x such that |x| > &/e. Then for all y € supp g we have

X =yl = Ixl = [yl > {x| =8 > |x|(1 —€),

then by (ii) and the fact that g € L”(R) for all p, we get, by Holder’s inequality, for a
constant C,

C > '/eanl.\‘i"‘:lf(x — y)||g()')|d\
R
> earr\.\‘ll(l—f)z(|f| * lg’)(x)

So, | f % g(x)] < (If] % |g)(x) < Ce @ =" ‘for all x such that |x| > 8/€¢. Since
f = g is a continuous function we have

(2.8) I(f * g)(x)] < Ce =" forall x,
(2.9 llez)(m)llq < l18ll<lles fll, < 00 (by (ii) ).

Starting from (2.8) and (2.9) if we can show that f x g = 0 (with a condition on
€), then by running g over an approximate identity we get f = 0. So we prove the
following:

Let f : R — C be measurable and

|f(x)] < Ce™ =" 7h forallx € R, |eyf], < oo,

then f = 0. Let & € C.(R) be such that supph C {x : |x| < §}. We choose an
€, > 0, to be specified later and do the same thing as above to get

(2.10) |f % h(y)] < Ce™I=er 7 forall y,

If %' f denotes the inverse Fourier transform of f then

(2.11) [F 71 % )] < CremetmermhT,

by the condition on f and the fact that #~'h € L>~(R). We choose our € and ¢, such
that ab(1 — €)*(1 — ¢,)? > 1 whenever ab > 1. Then by (2.10) and (2.11) we get that

f xh € Eo (b(1 —€)?, a(l — e) ) and hence by (i), f x h = 0. By running & over
an approximate identity we get f 0. Thus f = 0. This completes the proof. O
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3. The Euclidean motion group of the plane

The Euclidean motion group of the plane, denoted by M(2), is the semidirect
product of R?> and SO(2) with respect to the obvious action of SO(2) on R?. This
is a connected, unimodular, solvable Lie group. If we denote elements of M(2) by
(z. B), where z € C (identified with R?) and B € T (identified with SO (2)) then dzdB
is a Haar measure. The irreducible, unitary, infinite dimensional representations of
M (2) are realized on L*(T) and the equivalence classes of them are parametrized by
{r e R:r € R*} and are given by

M, : MQ2) - % (LX)
(M, (z, B )l@) = ™" f(Ba),  fel*T). ael
IT_, can be defined similarly, but 1, and I1_, are unitarily equivalent. The family
{I1, : r € R*} constitutes the support for the Plancherel measure and the measure is
given by crdr, where ¢ is a constant (see [12]).
We shall prove an analogue of Theorem 2 on M(2). For f € L'(M(2))NL*(M(2)),

the group Fourier transform is given by
fOEFM) =  f@pN(z B dzdp

M2)

where the integral is interpreted in the weak sense, and then f (r) is a Hilbert-Schmidt
operator on L(T).
First, for our use here we state an equivalent version of Lemma 1.1.

LEMMA 3.1. If g : € — Cisentireand for 1 < p < 00

(1) |lgx+iy) < Ae™  where a > 0,
.. I/ip
(i) (fzle)lrdx) " < oo,

then g = 0.

Using this we prove
THEOREM 3.1. Let f € L'(M(2)) N L*(M(2)) and
() Sy €N f(z. )P dzda < o0,

(i) fo e N f(lYsrdr < oo,

wherea,b > 0,1 <q <00, 1 < p <oo. Ifab > | then f = 0 almost everywhere.

PROOE. Let {e, : n € 7} be the canonical orthonormal basis for L?(T). We define
®) (2, B) = (I1,(2, B)em en) 2T (z,p)eM2), r>0)

— / ezrriRe(r&:)em (501)%&1
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Now for f € L*(T),
(M (z, B f)(@) = " f(Ba) w=u+iveC

continues to be a nonunitary representation of M (2) and we get the complex extension
of the function r — @/  (z, B), for fixed (z. 8), m, n. Further

m.n

G.h D5, 2 B = (T2, Blen. e,)] < f e M da,

T

for fixed m, n, (z, B). From (3.1), o — ®2 (z, B) is an entire function by a standard
argument. Also we have the estimate

|f(z. By, (—Bz. B)
<1f( Bl / le2mieRe=aRe, (Baye, (@)]da
T
<|f(z, B / TREEI gy where w = u 4+ iv € C
T
= |f(z, B)le™MF .
Hence

/ |f (z, BNID2 , (—Bz, B)ldzdB
CxT

< / \f (2. Bl Hdzdp
CxT

— enlvy:/a‘/. (lf(zs ﬂ)|eﬂn\:|2) (e*uﬂﬂflfw‘\/ul:) dzdﬂ
CxT
< Cie™ (A + Blv| + K |v]?)

( by (1) and Holder’s inequality, A, B, K > 0)
(3.2) < Cyem,

for some k, such that b > k > 1/a. A routine argument now shows that the complex
extension of the function r — (f(r)e,, e,), r € R*, which we write as

(f(@)en, e,) = fz. B)® (—Bz. BrdzdB,

CxT

is an entire function of the complex variable w, for fixed m. n. We note further that

(f(ew, e) = (f(=r)en, e,) for r € R*. Since [(f(r)e,. e} < [ F )]s, we
have from (ii)

/ N F (e, e)|rdr < oo.
R
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Since I(f(r)e,,,, e,)| is a continuous function of r,

(3.3) /e"””"zl(f(r)e,,,, e )’dr < oo.
R
From (3.2) we have
(3.4) {(F(w)en. e.)] < Cré™  where w = u + iv.
We define

g(w) = & (f(w)en, e,).
Then g is an entire function. From (3.4) and (3.3) it follows that

(35) 'g(“ + l'l')‘ 5 Clekﬂ(uzfl'z)ekrrr: — Cekﬂ”:,
(3.6) /|g(r)|"dr = /eq""""|<f(r)e,,,,e,,>|‘/dr <oo ask < b.
R R

By (3.5) and (3.6) it follows that g satisfies conditions of Lemma 3.3 and hence g = 0.
So (f(w)e,,. e,) = 0. But m, n are arbitrary and hence || f (r)|| ys = 0, which implies
f = 0 by the Plancherel theorem. This completes the proof. O

We point out that a similar kind of technique works for another semidirect product
namely the oscillator group.

The oscillator group is the semidirect product of H, (the one dimensional Heisen-
berg group) and R with respect to the homomorphism y : R — Aut(H,) given
by

y(r)(x.&.1) = (xcosr + &Esinr, —x sinr + § cosr, t).

Since y has cocompact kernel, G = H, x, Ris atype |, unimodular group with H, as
a regularly embedded, closed normal subgroup (see [7, Theorem 3.1]). If we denote
the elements of G by (x. &€, 1,r) where (x,&,¢) € H, and r € R then dxd&dtdr is a
Haar measure.

To find G, we proceed by Mackey theory. For A € R \ {0}, we consider I1; € H\l
Then it is clear that I, | Z(H,) = (I1, oy (r))|Z(H,) for all r € R where Z(H,) is the
center of H,. Let W(r) be the intertwining operator (which is unique up to a scalar).
So W(r) € % (L (R)) satisfies

Ly ) (x. &.1) = W(r) o Ili(x, £, ) o W(r)™',

for all (x,&,+) € H,. Since R has no nontrivial multiplier (see [9]), r — W(r) can
be chosen to be a true unitary representation of R. So by the little group method we
get a family of irreducible unitary representations of G given by

n)‘..\' . G - U//(Lz([R))v Hk.s(-xv E~ t» r) = Xs(r)nk(-x* ‘Sv t) o W(r),
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where x,(r) = e It follows from [7, Theorem 3.1] that the representations
{[1,; : A € R\ {0},s € R} constitute the support for the Plancherel measure, and
the Plancherel measure is given by |A|dAds. Now by fixing % and complexifying s if
we concentrate on the matrix coefficients of the group Fourier transform f (m; ) and
apply Lemma 3.3 we easily get the following theorem.

THEOREM 3.2. Let f € L'(G) N L*(G) and

@ [ eP I ELNI) £(x & 1 p)|PdxdEddr < oo,

() [e™ I f O 9llusds < A,
where A; is a constant depending on A only, anda, b > 0, 1 < g <oc, | < p < oc.
Ifab > 1 then f = 0 almost everywhere.
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