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A REMARK ON A WEIGHTED LANDAU INEQUALITY
OF KWONG AND ZETTL

R. C. BROWN, D. B. HINTON AND M. K. KWONG

ABSTRACT.  In this note we extend a theorem of Kwong and Zettl concerning the

inequality
00 1/2 1/2

/f)otﬂlulv, < K(/OO leu|p> (/00 ’alulllp) .

0 0 0
The Kwong-Zettl result holds for I < p < oo and real numbers «, 3, ¥ such that the
conditions (i) 8 = (a + ’Y)/2, (ii) 8 > —1, and (ili) ¥ > —1 — p hold. Here the
inequality is proved with 3 satisfying (i) for all «, ¥ except p — 1, —1 — p. In this case
the inequality is false; however u is shown to satisfy the inequality

./[;Oot‘l|ul|" < Kl{(/(-)oo ’717’)|u|p>1/2<Amﬂ,,l|u//|,,>l/2 +Ft—l_,)|ulll}‘

1. Notation. Let/ = (a,b), —00 < a < b < 00, and “ACy(I)” denote the class of
locally absolutely continuous functions on /. If «, 7y are real numbers define

Do (1) = {u cu € ACie(D) : /lﬂ|u|",/]z“|u”[" < oo},
D)D) = {u € Den(D : lim u(t) = 0},
DL = {u € Dan(]) : lim u/(1) = 0},
DR(D) = {u € D (1) : lim u(r) = 0},
Dp(h) = {u € Den(D) = lim u/(1) = 0},
Di(D) == DD N Dy(D),
D) := D) N Dy(D).

Additionally let K denote a constant of interest whose value may change from line to
line; if required different constants will be denoted by K, K, etc.

2. A weighted multiplicative inequality. In [5, Theorem 9] Kwong and Zettl
proved the following result:
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THEOREM 1.  Suppose 1 < p < 00, B, Y and o are real numbers such that

a+7

(D B= -

Then there is a constant K independent of u such that the inequality

@) /Omtﬂlu/lp < K(/OOO ﬂlulp)lﬂ(/ooo ta|M”]")l/2
holds for u € @m((o, oo)) if3>—landy > —1—p.

We are going to extend this theorem by proving:

THEOREM 2. Letu € Dy ((O, oo)), 1 < p < 09, then the inequality (2) holds if and
only if the following conditions are satisfied:
(i) {a.8,7} #{p—1.—-1,—1—p}.
(ii) (B satisfies (1).
(iii) lim g+ t'(t) = Owhen 8 < —land 8 > a —p.
(iv) limy_oo u'(t) = Owhen 8> —land 8 < a — p.
Also in the exceptional case {a,Y} = {p — 1,—1 — p} the inequality

@ [T <k () () e [ )

is valid.

PROOF. That (2) implies (1) is a statement of “dimensional balance” and follows if
we introduce the change of variables t = s in (2). Next suppose that 3 # o — p. If
B> a—pwegetthat (@« —V)/2p < 1,and if 8 < a — p then (a — ) /2p > 1; thus in
either case (a — V) /2p # 1.

CASE (i). Letg < —1and 8 > a — p. Assume that (2) holds. Now
P VRN A
W' (1) = u'(s) [u.
Since « < p—1, ap’/p < 1, s0that r~*'/P is integrable if p > 1 on right neighborhoods

of 0; also 7 is bounded near 0 if p = 1. These facts and Holder’s inequality imply

that lim,_q+ J* u” is finite; consequently u’(0*) exists. Since #3|u’|? is integrable (by (2))

while £ is not integrable on right neighborhoods of 0, #/(0*) = 0. On the other hand,
suppose u’'(0") = 0. Because 3 > a — p a form of Hardy’s inequality for 2} ((0, 1]) (see
[6, Example 6.8(1)]) gives

1 1 1
[Pl <k [ P <k [ e
JO 0 0
when § < —1, and

1 1 1
[ oW <k [ ey <k [l
0 0 0

https://doi.org/10.4153/CMB-1995-005-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1995-005-x

36 R.C.BROWN, D. B. HINTON AND M. K. KWONG

when 3 = —1. The sum inequality on D, ((O, 1))

1 1 1
B,/ Y1,,1P al M\p
@ /Ot|ul§K{/0t|u|+/0t|u|]

follows trivially. By existing theory (take / = [1,00), 6 := (¢ —7)/2p < l,and € = 1
in [1, Example 1]) we obtain the sum inequality

0 /\p { o0 Y V4 o0 o Ilp}
) /1 Al §K/l u| +./1 |u”|
on Q)m([l , oo)). Addition of (4) and (5) gives the sum inequality on the entire interval.
Set t = As. Then uy, 1= u(As) is in Dy ((O, oo)) so that
Bl,, P Jo < 0 p R INT

/Oms [\ (5)] ds_K{/O s uaA(s)| a’s+./O $¥u ()] ds},
which is equivalent to the inequality

ooﬂ/p {¢007 V4 7¢Ooall P
©6) L7 @r ar < k{3 [T ool die 3 [T e o) dt}

where ¢ = (o —7)/2 — p. (2) follows by minimizing the right side of (6) with respect
to A (the minimization is possible since (o« —¥)/2p # 1).
The other possibilities concerning 3 follow a similar logic.

CASE (ii). Assume 3 > max{—1,« — p}. Then Hardy’s inequality for Q),’Q((O, l])
(see [6, Example 6.8(ii)]), Minkowski’s inequality, and the integrability of * on (0, 1]

gives
I 1
% Loy <k{ [ ety + [u'(1)|”}.
Since [1, Lemma 2.1]
2 2

’ < { " }
®) WOl < K{ [~ Jul + [ 11},
a standard Holder’s inequality argument applied to (8) in conjunction with (7) yields that

1 00 00

/\p Y., 1P o, Mp

) /Ozﬂ|u|§1({/0z|u| +/ot|u|}.

Since (5) remains valid, addition of (5) and (6) gives the sum inequality on (0, co) and
the the same scaling argument as in the previous case may be applied.

CASE (iii). If 3 < a —pand 8 < —1, Hardy’s inequality for D} ([1,00)) (see
[6, Example 6.9(i)]), Minkowski’s inequality, Lemma 2.1 of [1], efc., give as in Case (ii)
the sum inequality (5). On the other hand since (o — ¥)/2p > 1, existing theory (see
[1, Example 2]) gives

(10) ./O' Pl < K{/O] £ |ul? +/0l t“[u”[”};
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we then add and scale as before.

CASE (iv). If 3 < a—pand 3 > —1, we can show that lim, ., u’(f) = 0 by an
argument similar to Case (i). Hardy’s inequality for Q),'e([l , oo)) (see [6, Example 6.9(ii)])
then leads trivially to (5). Adding this to (10) (the argument of Case (iii) continues to
apply) and finishing the argument as before completes the proof.

Now suppose that 3 = a —p. Let N = 8, W = ¢, P = 1. Let f(t) = £ where

= (¢ —"7)/2p = 1. Then combining Examples 1 and 2 of [1] gives the sum inequality

an /OOON|’4'|" SK(f){e"’/owWlu|”+e”/:oP|u”|f’}.

In particular this implies that #*|u'|? is integrable on (0, 00). (This fact is needed in the
argument below.)

To obtain (2) we modify an argument previously given in the proof of [2, Theo-
rem 2.1]: Define a bi-infinite pamtlon {1}, by letting tp = 1 and t; = 2!, Let ¢ be
a C{° function with support on [ 3/4, 1]suchthat0 < ¢ < land¢ =1 on [—I/Z,O].
Form € Z and u € Dy, ((O, oo)) set

(12) Ynlt) = w(O)$((t = t)/tm)

where ¢, is a point of the partition defined above. It follows that y,, has support on
[tm—2,tm+1] and y,, = uon [t,—1, t,]. It is not difficult to show applying Leibniz’s rule of
differentiation that there is a constant C independent of # and m such that

(13) wa»<czwwmnw

Next we recall that if « = 3 = v = 0, then (2) is a special case of a far more general
and well known Gabushin inequality (cf. [3]). (Also note that if p > 1 the unweighted
inequality follows from Case (ii) above.) Substituting (12) into this inequality and using

(13) gives
(- wr) = ([ var)
< k([ ) ([ )

<kc ([ ) ([ ””'>:| op iy

Im-2 Im—2

We multiply the last line of (14) by o, noting both that 3 satisfies (1) and that if ¢ €
[tm—2, tme1], then 1/4 <1/1,, < 2 because of the nature of the partition. This gives

(15) /t’ril tﬁ|u/|p <K, (/‘ri-o-l A,| |p) (/’f,iﬂ Z o2 y)plu(l Ip)
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for a constant K; independent of u. Summing (15) over m and using the discrete sum
form of the Cauchy-Schwartz inequality yields that

/’"’1_7‘ tv|u|p) ]/2(,,,200 /r'"’:‘ (i ta—(2—i)/7|u(i)|ﬁ)) 1/2.

m=2 Ni=()

(16) /Ooot"lu'l”Sm( i

m=—00

Because each ¢ belongs in at most three intervals [#,—2, t,+1] and by Minkowski’s in-
equality applied to the last integral in (16), it follows that

(17) /0“"’ Pl < KZ(fOOO tvlulp)!/z[é)(/ow ta—(Z—i)plu(i)lp>]l/2.

Assume now that 3 < —1 sothaty < —1 —p.Becausea < p—1land 8 < —1 an
argument given in Case (i) using the integrability of #*|u/| (established in equation (11)
above) shows that lim, o+ u'(t) = 0. Similarly the fact that
/
— 1
LA
P p—1

together with Holder’s inequality applied to the integral in the identity

u(t) = u(s) — /’.Y u'

demonstrates that lim, o+ u(?) exists. Since ¥ < —1 the limit is 0. This shows that
Q)m((O, oo)) = Q)L((O, oo)). Since ¢ — p < —1, the Hardy inequalities (see [6, Ex-

ample 6.7]
00
(18) /0 2P < Ky /OQo PP,
o0 a—p|,/|p 0 al, Mp
(19) /Ot [u|§K4/OI|u|

hold on Dy ((0, 00)). Tterating (18) and (19) yields the second order Hardy inequalit
y mneq y

(20) [T < ks [y,

Substitution of (19) and (20) into (17) yields (2). The case 3 > —1,7 > —1 —p is
covered by Theorem 1. Summarizing, (2) holds for all choices of «, 3, and 7y satisfying
(1) except possibly for

a=p-—1,
/8 = _‘lv
which was to be proved.
We next show by a counterexample that (2) cannot hold in the exceptional case (21),
Let

sy =11 forr € [0, 1]
us(1) 1= urs = ((1+6)' = —25) /(1 —8) fort € (1,00)
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where § > 0 is a parameter. Since u; and uj are continuous at 1, us € Dy ((0, oo)). To
prove that (2) cannot hold for this family of functions it is sufficient to show that if

2 fugy?

Oug) := (f(?o f'lfpluélp)(f(c))o w1 |ué/|)v
then
(22) gl_l}g) O(us) = 00

A calculation yields that

o g 2146
23) | el = =5
1y 20P@G+ 1Y
(24) [0 O = =
Moreover
. 1+6 (1+6)y
—1—p p 1-p | -6
(25) ST sl < [T (1—5 ) = =5
so that
i 1 d+éy +6y
I=p|, 1P — —1-p 4
26) |7l = +/ sl <
Combining (25) and (26) and substituting them together with the estimates (23) and (24)
into (22) gives
2(1 + 6y
> R A—
llmQ(u(g) 11m &7( (li?;)

= OQ.

It remains to prove (3) in the exceptional case: Let f(t) = t, N = ', W = 1P,
P = ! and Jie = [t,1(1 + €)] in condition (C3) of [1]. Then a calculation (see [1,
(2.13)] shows that

27) -//:,( N|u’|P < K{E'PS2 /J.“ W|u|p +é'S, /J“ Plulllp}
where
. si= (e [ as) (@ [M s as) T <

(1+€) (1+€) p—1
O (A s7as) (et [T s as) T < (aept,
t t
Let J. denote the collection of all J;¢, t € (0,00). Let n be a positive integer. Since

every s € (0,n) is the center of some J,, € J (take r = 25/(2 + €)) we may appeal
to the Besicovitch covering theorem (cf. [4, Theorem 1.1, p. 2]) to extract finitely many

https://doi.org/10.4153/CMB-1995-005-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1995-005-x

40 R.C. BROWN, D. B. HINTON AND M. K. KWONG

families Iy, ..., I of disjoint intervals in J, where / is independent of n to cover (0, n).
From (27), (28), and (29) it follows that

—1y,.\p —p +1 —1=p),,IP P -1, Mp
‘/ﬁt |u'] SK{C (I +ey /l;,t lulf + ¢ /ﬁt” |u |}
SK{E“”(1+6)”” /Uoot*"”luy’+e”/0wt”"|u”|”}
where T := U{J,, : J, € T;}. Hence
n ‘ 00
/Ot '|u/|”§Kl{e P(1 +ey*! /0 ! ”|u|”+e”/:ot” '|u"|”}.
Since n is arbitrary, we finally obtain the inequality
=1 /P < [ —p +1 [ —1=p|,, P V4 1 //p}
/Omt |u|_Kle(l+e)”/0t |u|+e/01”|u|.
We substitute the elementary inequality
(1+ey*! <27(1 + )
into (30). This gives an inequality of the form
[Ty <2KEE? + ol + e
Jo - 1 +e'h}

where

h:=-4mt4‘”uw
(o0}
b:Azwww.
If I, > I, sete = (I; /1)'/* < 1. Then

€7+ +L < (e?+ DI +€'l,

<2k +1.
If I, <1, sete = 1. This gives the upper bound

(€_p+€)1| +€p12 S 211 +12

<20 + (L L)'/2.

In either case (3) follows with K| = 27*!KI. The proof is complete.
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