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ON THE COMPLETE INVARIANCE PROPERTY
IN SOME UNCOUNTABLE PRODUCTS

PIOTR KOSZMIDER

ABSTRACT.  We consider uncountable products of nontrivial compact, convex sub-
sets of normed linear spaces. We show that these products do not have the complete
invariance property i.e. they include a nonempty, closed subset which is not a fixed
point set (i.e. the set of all fixed points) for any continuous mapping from the product
into itself. In particular we give an answer to W.Weiss’ question whether uncountable
powers of the unit interval have the complete invariance property.

0. Introduction. A space X is said to have the complete invariance property (C.I.P.)
if and only if every nonempty closed subset F C X is a fixed point set i.e., if there is
a continuous function f: X — X such that x € F if and only if f(x) = x [12]. There
are many classes of spaces known to possess the C.I.P., among which are all convex
subsets of normed linear spaces [12], and, hence in particular, all countable products of
such spaces and among them the Hilbert Cube; the countable product of unit intervals.
Other examples of spaces having the C.I.P. are compact finite dimensional manifolds [11]
and locally compact metric groups [7]. Also, the behaviour of the C.I.P. under products
has been studied, it is known for example that there are spaces possessing the C.I.P. such
that their square does not have the C.L.P. [8]. Regarding uncountable products it is known
that if (X, : @ < k) is a sequence of at most countable discrete spaces, then the product
Ta<x Xo does have the C.I.P. [8].

We will consider products of essentially different spaces, namely spaces X, which are
compact, convex subsets of some normed linear spaces. Any product of such spaces has
the fixed point property (any continuous function from such a space into itself has a fixed
point)(see Theorem 4). Our result is that []4<, X does not have the C.L.P. In particular,
we answer in the negative W.Weiss’ question [13], whether uncountable products of the
unit interval have the C.L.P. I am grateful to him for suggesting the problem to me.

The idea of the proof is as follows (see below for appropriate definitions and lem-
mas): for any uncountable cardinal £ we construct some special closed set FF C 2% C
[Ma<x Xo Which we call a splitting set (see Definition 11). We show that for no con-
tinuous f: [Ty<x Xo — Ila<x Xo is the set F its fixed point set. In order to show this,
we fix f continuous as above and assume that for all x € F we have f(x) = x. Now
we use the fact that if k is uncountable, then there are many pairs of countable sub-
sets A, B of k such that A C B and that both f; = 74 o f: [la<x Xo — I[laea Xo and
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fz = mg o f:lla<k Xa — Tlaer Xo depend respectively on A and B; that is for all
X,y € [a<x Xo We have

(x4 = Ta(x) = ma(y) = ya) = (fax) = fa(¥)

(xg = mp(x) = mp(y) = yg) = (fp(x) = f5(y))
(see Definition 1, Lemma 3 and the second paragraph of section 1). We will find two
such B, A for which the definition of a splitting set works (i.e. B C A such that there is
a € A — B such that o, B are as in Definition 11).

Now let us consider a simple example of such a situation.Let B = {0} ,A = {0,1} =
KXo=Xi=lLa=1,F={(xyel: ye{0,1}, y=0= x€[0,0.5], y =
1 = x €[0.5,1])} (draw a picture) where I denotes the unit interval and f: 1> — I* is
such that f{y depends on {0} (See definition 1).

Now we will show that f must have a fixed point outside F. Suppose the opposite i.e.,
that f((x,y)) = (x,y) if and only if (x,y) € F. Let us define for each r € I a function
Sl — I'by fi(y) = 713 (f(2, ). Since fi4y depends on {0}, our assumption that F is
a fixed point set of f implies that the sets of all fixed points of f,’s — fix(f;) must be
restricted in the following way: fix(f;) = {0} if r € [0,0.5), fix(f;) C {0,1} ift = 0.5
and fix(f}) = {1} if t € (0.5, 1]. Since f;’s converge uniformly to fys if t — 0.5, this
gives rise to a contradiction (draw a picture and look at the situation of the graphs of f;’s
with respect to the main diagonal in /?).

The last part of the argument involved the fact that at least some of fixed points of
f¢’s should change in a continuous way (for a more specific and general formulation,
appropriate in this special case, see [1]). Hence, we must to formulate some lemmas on
the "continuity of fixed points" which would work in general a setting. It appears that
lemma 6 is sufficient for our purposes.

The paper is organized as follows: in section 1 we list our notational conventions; in
section 2 we state basic facts about uncountable products of our spaces. In section 3 we
prove the above-mentioned lemmas about the "continuity of fixed points". Section 4 is
devoted to a construction of a splitting set i.e., a closed set F' C ]y« X, Witnessing the
failure of the complete invariance property.

1. Notational conventions. Our set-theoretic and general topological terminology
is quite standard. All unexplained symbols and notions can be found in [5] or [6]. Each X,
is assumed to be a convex, compact subspace of some normed linear space (Ly, || ||«) (in
particular, any product of such spaces has the fixed point property (see Theorem 4)), and
is assumed to have more than one point. Note that our spaces X, are always separable.

IfA C Kk, x € [la<x Xa, We denote by x4 or w4 (x) the projection of x onto coordinates
belonging to A. XA = Tlwea Xa, hence x4 = ma(x) € X and we of course distinguish
X{qy from x,. Whenever AN B = 0, x4 € X*,xz € X® we define x4 ~xz € X"% by
(xa"xB)a = xa, (xa"xp)p = xp. If A C k is countable, then X* is a metric space; since
any factor is metric, we will always assume that the metric on X4 is of the form

) e

a€eA
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where fy:A — w — {0} is some 1-1 function. When we consider two A C B € [k]¥
countable subsets of %, then we assume that p*, p?, and p?~ are related in the following

way: fp | A = fa, fz | (B —A) = fz_a, hence
2) p(xa,ya) + pP A (xp_a, ya-a) = pP(x,y).

Of course we cannot arrange this for all A C B € [k]“, but when we fix A, B we can
construct such metrics equivalent to the topologies on X*, X5, X34 By BA(r, a) (BA(r, a))
we denote a ball (a closed ball) around a € X of radius r € R, with respect to p*. Since
each X, is a convex subset of a linear space, we may consider a convex combination of
points from X” given by

[tx+(1 = tyl(a) = tx(ax) + (1 — y(a) € X,

fort € [0,1], x,y € X*, o € A. Note that for a normed linear space we have the
following relation satisfied for all @ in A

Vi € [0,1] || x(a)—[tx(c)+(1—D)y()] || = (1=1) || x(c)—y() ||a <[] x(@)—Y(X) || -
Hence, by 1) it gives us
3) Ve [0,1] prrmx+(1—1y) <piixy).

Clu(F) for F C X* denotes a closure of F in X*. Closures may also be denoted by F if
the space in which we have taken the closure is clear from the context.

Since X, is compact, it is a bounded subset in L, ; hence, we may w.l.o.g. (i.e., still
having the metric given by a norm) assume that

Vo € AVx,y € X* pl} (x(a), y(a)) < 1.

Thus,

ptiy) <1

holds for all countable A.

By f,g,h we will denote continuous functions. If f: X — X, then fix(f) = {x €
X :f(x) = x};iff 1 X — Tla<n Xa» A C £, then fy: X — [lgea Xo is defined by
fa(x) = (f(x))a. C C [k]¥ is called a club set if and only if it is unbounded in [£]“ (i.e.,
Vx € [k]¥dy € Cx C y) and if Cis closed (i.e., if (x,),e, C C is an increasing sequence
of sets, then Uyew x, € C). § C [k]¥ is called a stationary set iff it has a nonempty
intersection with every club set (see Baumgartner’s article in [6]). I will denote the unit

interval.
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2. Basic facts.

DEFINITION 1. Let A € [k]Y, f:Tla<x Xa — X be a continuous function. Then we
say that f depends on A, iff
Vx,y € I Xaxa =ya = fx) =)
a<k
IffaliXy — XA depends on A, thean: Iaca Xo — Tlaea Xo is defined byfA(xA) =
S(X)a-

THEOREM 2 ([9]). Let f:Tla<x Xo — X be a continuous function. If X is a metric
space and X, ’s are compact spaces, then f depends on some A € [k ]".

(For extensive references on the subject see [3])

LEMMA 3. Let us suppose for each o« < K, X4 Iis a compact, metric space,
fi o<k Xa — <k X be a continuous function. Then there is a club set Cy C [k]¥
such that for all A € Cy, fa depends on A.

PROOF. First let us use Theorem 2 and for each a € & find A, such that f{4):
o<k Xo — Xo depends on A, . Let

Cr={Xelr]*:Va eXA, CX}.
| ]

THEOREM 4. Suppose Vo < k Xq is a compact, convex subset of a normed linear
space, then [Iq<x Xo has the fixed point property.

PROOF. For every F € [k]<“, the product [Toer X, is a convex, compact subset of
a normed linear space (see [2]) so by the Schauder Theorem ([10]) every finite product
of X, ’s has the fixed point property. By the compactness of every factor this implies that
the whole product has the fixed point property ([4]).

3. Geometric lemmas.

LEMMAS. LetA€[k]”, a €A, f:X* — XA, U C X, be open. Let us suppose that
there is an a € U such that () (ﬁx(f)) N U = {a}, and that we are given a family of
continuous functions T from X into X* such that

i) Ve >03f. eTVx e w{*;}(U)pA(f(x),ﬂ(x)) < e.
i) Ve > 0y (fix(f)) N U =0

then there is a function g: X* — X* such that

iii) m(qy (fix(g))N = 0

iv) Vx € X* (x(a) ¢ U = g(x) = f()).

PROOF. Take r; > r; > 0 such that B{?} (ry,a), B{®}(r),a) CU.Fix 8,7v:1 — I
such that 3(r) +Y(t) = 1 fort €I, 3(t) = 0fort > ry and ¥(¢r) = O for t < r».
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Also consider the function p: {x € X* : r; > ol (), a) > r2} — R, defined
by p(x) = p(x.f(x)). ¢ is positive since 7y 4} (dom ) C U—{a}, mo (fix(MHNU =
{a} (by the assumptions). Since dom(yp) C X" is closed, hence compact, there is§ > 0
such that ¢(x) > 6 for all x € dom(yp). Fix ¢ < § and define g: X* — X* as follows

g(x) = B(Of:(x) + Y (1)f (x)
where t = p{®} (x(a), a). First note that by convexity of X*, g indeed goes into X*.

Also, since 8 | [1,r;] = 0 and for all x such that x(«) ¢ U p{"}(x(a),a) > r we
have g(x) = f(x) for all x € X” such that x(ao) € U. So we are left with the proof that
oy (fix(@) N U = 0

a)if x(a) € Uand p{®} (a,x(a)) > a, then since g(x) = f(x) and 7 o} (fix(x)) N U =
{a}, we have g(x) # x;

b)if x(cr) € U and p{®} (a, x(«x)) < r», then g(x) = f.(x) so g(x) # x by the assump-
tion that 7y} (fix(f.)) N U = 0;

¢)ifx(a) € Uand r, < p{"}(a,x(a)) < ry, then by 3) (Section 1) we have

pA(F), B0+ (Of () < p (F)L L)) < €
forallx € w{‘;}(U) since p(f(x),f.(x)) < € (byi)). Hence p*(g(x),f(x)) < &, but since
x € dom ¢ we have pA(f(x),x) > 6 > €, 50 pA(g(x),x) > 0,50 g(x) # x. [
LEMMAG. LetA € [k]¥, a €A, f: X* — XA, Suppose we are givenp, q € Xy, p #
q and two families of functions ®,T from X4 into X* such that

i) Ve > 03f. € ®, Jg. € T Vx € X! p*(f(x), £ (), p* (f(x), g (x)) < €

ii). Ve > 0mqy (fix(fe)) = {p}, miay (fix(ge)) = { g}
Then there exists r € Xo, r & {p,q} such that 7o, (fix(f)) > r.

PROOF.  Suppose the opposite i.e. 74} (fix(f)) € {p,q}. Choose two open sets
Uy, Ujsuch that p € U, C X4, g € U,; C X, with disjoint closures. First apply
Lemma 5 for f, ®, U,, by i)and ii) the assumptions are satisfied. We obtain g: XA — xA
such that 7o) (fix(g)) N Uy = () and the following holds: for all x such that x(o) & Uy,
we have g(x) = f(x), so

iii) Vxs.t. xa) € Uy g(x) = f(x), oy (fix(g)) C {p}.

Since if r € 74 (fix(g)) then r ¢ U, but then r € 4y (fix(f)) € {p,q}, hence r = p.
Now apply Lemma 5 for g, T, U, by i), ii), iii), iv). We get h: X* — X* such that
Ty (fix(W)N Uy = () and the following holds: for all x such that x(ar) ¢ Uy h(x) =
g(x). Now note that fix(h) = 0: if r € 74y (fix(h)) , then r & U, s0 r € w4y (fix(g)) N
(X* — U,) = 0 by iv); hence, we arrive at a contradiction with the fixed point property

for XA which follows from the assumptions about X, ’s and Theorem 4. (]
DEFINITION 7. Let BC A, x € X8, f: XA — XA, then f,,: XA~8 — X458 is defined
as follows:

Sxs(Ya—B) = (f(x8™ ya—-B))a—s-

https://doi.org/10.4153/CMB-1992-032-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1992-032-5

226 PIOTR KOSZMIDER

LEMMAS. Let BC A, A,B € [k]”, f: X* — X*, such that fz depends on B and that
there is a fixed point x € XA of f. If ya_g is a fixed point of f.,, then xg " ya_p is a fixed

point of f
PROOF. f(xg~ ya—p)p = xp since fg depends on B and x is a fixed point of f. Also,
(f(x"ya-B))a—B = fes(Ya—B) = ya—p, Which completes the proof. n

LEMMA9. LetA, B € [k]Y, BC A, a € A— B, F C X" be closed , po,p, €
Xas Po 7 Pty Fpys Fpy C F, clp(mg(Fp)) N clg(np(Fp,)) # 0. Suppose also
i) w{a}(wB_'(ﬂB(F,,,))ﬂ F)={pi} fori=0,1
i) miay(F) € {po.pi}.
Suppose that f: X* — XA, fg depends on B and that for all x € F we have f(x) = x.
Then there is x € XA — F such that f(x) = x.

PROOF. Suppose the opposite i.e. f(x) = x if and only if x € F. Let x € F. Consider
the set of all fixed points of f,,. By lemma 8, if yg_a € fix(fy,), then (xg ™~ ya—p) € fix(f).
So by the assumption that f(x) = x iff x € F, we obtain that xz " ya_p € F. Hence, by i)
we obtain that for each x € F),, we have oy (fix(fy,) C {pi} . Generally by ii) for each
x € Fwe have 7y (fix(fy,)) € {po:p1}.

Let z € F be such that zg € clg(mp(Fp,)) N clp(mp(F)y,)). Now in order to arrive
at a contradiction, we are going to apply lemma 6 for f = f,: XA 8 — XA~B @ =
{fuw: x € Fp,}, T = {fi, : x € Fp,,} inthe following way: lemma 6 implies that
there is an r € Xq, r € {po,p1} such that r € 7oy (fix(f;,)- Butif ya—p € fix(f;,) and
T{a} (z8"ya—p) = r then zg " ya—p ¢ F by ii). On the other hand by lemma 8, zg " ya—p
is a fixed point of f. It contradicts the assumption that f(x) = x if and only if x € F.

So let us check if the assumptions of lemma 6 are satisfied. The assumption ii) is
satisfied by our above observations. For the assumption i) fix e > 0. Since X” is compact,
fi XA — XA is uniformly continuous. Hence there is§ > O such that ifp"(x,x’) < 6,then
pA(f(x),f(¥)) < €. Since z3 € clg(mp(Fy,)), thereis anx € F,; such that pB(zp,x5) < 6.
We claim that D*~8(f.,,f.,) < €. This is because for any y,_p € X*~8 we have

p™ (287 ya—p,xB " ya—p) = p®(zp,xp) < &
(see 2) section 1). Hence p(f(zs~ ya—g),f(xg" ya—g)) < €. So (by 1) sectionl)
P By asB) fry(Va—)) < €

for any ys_p € X* 8. Hence f,, € ® and D} (f,,.f,,) < ¢ (again by the above and 1)

section 1)). So, the assumption i) is satisfied for ®. Checking i) for I' is similar. ]

LEMMA 10. Let A € [k]¥. Suppose that F C X® is closed, that f: X — X" and
that fy depends on A. If there is x4 € (XA — ms(F)) such that f*(x4) = xa, then there
exists x € (X® — F) such that x = f(x).

PROOF. Take f,,: X*~* — X" It has a fixed point, say y._4 by theorem 4. Since
fA(x4) = x4, as in lemma 8, we obtain that x4 "y, _4 is a fixed point of f and that it is not
in F since its projection on A, x4 is not in the projection of F on A. ]
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DEFINITION 11.  F C 2% is called a splitting set iff F is closed and there is a stationary
set § C [k]¥ such that for each B € Sthereisan @ € Kk — B, Fy, F; C F such that
1) clg(mp(Fo)) N clg(mp(F1)) # 0
i) w{a}(ﬂgl(wB(Fi))ﬂ F)={i} fori=0,1.

THEOREM 12.  Suppose that k is an uncountable cardinal and that (X,)’s for o < k
are compact and convex subsets of some normed linear spaces and have at least two
points. If there exists a splitting set F C 2% then [[q<x Xo does not have the complete
invariance property.

PROOF. Choose distinct p, p§ € X, distinct. We may now find a homeomorphic
copy (using the coordinatewise homeomorphism between 2 and [To<x{pg,p¥}) of a
splitting set F in [To <« { p§,p§} which s a closed subset of [To<x Xo. We will show that
for this copy denoted also by F there is no continuous function f: [Ty<x Xo — [a<x Xa
such that f(x) = x if and only if x € F.

Let G = {A € [k)¥ : fa depends on A} . Since Cy is a club set by lemma 3, so
take B € C;yN S, @ € K — B where S and «a are taken from the definition of a splitting
set (definition 11). Also fix A € [k]¥ N Cy such that B C A, a € A (by cofinality
of club sets in [£]“). Now apply lemma 9 for F,, = m4(F;) and f = fA. By definition
the assumptions of the lemma are satisfied; in particular, ii) follows from the fact that
F C Ta<x{pg,p¥}. So by lemma 9 there is an x4 & ma(F) such that f4(x4) = x4. Now
apply lemma 10 to get x & F such that f(x) = x. n

4. A construction of a closed set.
THEOREM 13.  There is a splitting set F C 2

PROOF. We will construct closed 74 (F)’s by inductionon o such thatw < o < w;.
Of course we will require that

i) VB < a mg(F) = mg(ma(F))
il) If o is a limit ordinal then o (F) = {x € 2% : V3 < a x5 € m(F)}

i.e. the construction is an inverse limit construction. For @ = w we put 74 (F) = 2“. For
any o such that w < a < w; we will ensure that 1, is a non-isolated point of 7, (F),
where 1 € 2" is such that 1(3) = 1 for all 3 < wj. Note that if 13 is a non-isolated
point of w3 (F) for any 8 < o« and « is a limit ordinal, then according to ii), 1, is a
non-isolated point in 7, (F); also, ii) implies that 7, (F) is closed in 2% and that for each
B < a mg(F) = mg(my(F)) in the case of o limit.

So now let us assume that « = 3 + 1 and that we are given (my(F))y<g satisfying i)
with a non-isolated 14. The above and the fact that 3 has to be countable in this case and
that 2¢ is zero-dimensional, implies that there is a sequence (U,[,’ Jn<w Of clopen subsets
of mg (F) such that

iii) (U9),<, is a nested neighbourhood base at 17;
iv) Vo (Us — U, ) # 0
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v) US = 75(F).

Now define 74 (F): x € mo(F) if and only if x € 2% and the following conditions are
satisfied:

vi) x3 € mg(F);
vil) (x(B) = i)iff (xg € (Uff — UfH)andn = 2k + i for some k € w) or (13 = x3).

So 1g is split in both possible directions O and 1, while the points from
Ukew(Uka — ngm,) have only extensions with projections on { 3} equal to i. Now
we have to check that 7, (F) is closed , with non-isolated 1, and satisfies ). By v) we get
g (T (F)) 2 ma(F), by vi) mg (7 (F)) C w3 (F); hence, by the induction assumptions, i)
is satisfied. Suppose now that 1, were isolated. Then thate would be U C mg(F) open
such that 15 € U and (1o (F)— {14} )N (U x {1} ) = 0. But, by iii) there is n € w such
that Us x {1} CUx {1}.Lety € (Us,, — Us .,) (by iv), by vii) y~ 1 € ma(F) and
y~1 € U x {1}, which gives us a contradiction. Also, 7, (F) is closed in 2% because if
X € (2% — my(F)), then in the case x3 & mz(F) we are done because 7z (F) is closed. If
xg € mg(F), then xg € (U§k+i - ngH.H) and x(3) = 1 — i, for some i = 0, 1 but then
(ngm — ngﬂ.ﬂ) x {1— i} is clopen and isolates xg from 7y (F).

Now let us check that F = m, (F) is a splitting set. Put S = {B € [w;]¥ : B € w},
fix B € Sand let « = B. Let

Fi={x€eF: ms(x) € (U§k+i - ng+i+|)}
kEw

Let us check i) of the definition 11. We claim that
1g € clg(mg(Fo)) N cl(mg(F}))

which follows from iii). For ii) of the definition 11, let x € Ty ! (mg (F;))N F, which means

that 73 (x) = x3 € mg(F;) and x € F. This implies that 75 (x) € Urcw (U — Usiain))

and that g (x) € mg.41 (F), but this means (by vii) that 7( 4 (x) = i. This completes the
proof of the theorem. [

LEMMA 14. If there is a splitting F C 2%', then there is a splitting H C 2% for any
uncountable ordinal k.

PROOF. Let Sr be a stationary set ensuring that F is a splitting set. If B € S let
ap € (wy — B), FB, F? be such that i), ii) of the definition 11 are satisfied. Let us check
that H = F X 2°7% is a splitting subset of 2. Of course H is closed. Moreover S =
{B€[k]¥: BN w € Sk} is stationary. Take B € S, such that BN w; = B’ € Sy and
take F§ x 28=% FB¥ x 2B-F Then i), ii) of the definition 11 are satisfied. .

As corollaries from the above lemmas we obtain the following theorems.
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THEOREM 15. For any uncountable k there is a splitting set F C 2%

THEOREM 16. Suppose each X, has at least two points and is a compact, convex
subset of a normed linear space. Suppose & is an uncountable cardinal, then T[]y« Xq
does not have the complete invariance property.
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