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MASSEY PRODUCTS AND
LOWER CENTRAL SERIES OF FREE GROUPS

ROGER FENN AND DENIS SJERVE

1. Introduction. The purpose of this paper is to continue the investiga-
tion into the relationships amongst Massey products, lower central series
of free groups and the free differential calculus (see [4], [9], [12]). In
particular we set forth the notion of a universal Massey product
<ay, ..., q;>, where the «, are one dimensional cohomology classes.
This product is defined with zero indeterminacy, natural and multilinear
in its variables.

In order to state the results we need some notation. Throughout F will
denote the free group on fixed generators x|, . . ., x, and

F=FR2F2F2... F, =I[F.F]

will denote the lower central series of F. If I = (i, ..., i) is a sequence
such that 1 = i,...,i, = n then 9, is the iterated Fox derivative
d;,0...009, and ¢ = €o 9, where ZF — Z is the augmentation. By

convention we set d; = identity if / is empty.

Let G be a one relator group presented by {x,,...,x,|W?}, where
W & [F, F] is not a proper power. Then H'G is free abelian on generators
uy, ..., u, which are dual to x,,...,x, and H°G is infinite cyclic with
generator denoted by {W'} (see [3]). If af,.... ¢, € H'G are arbitrary
cohomology classes, say

"
a, = Z aju;.
;=1
then we will prove (see also [9])

THEOREM. Suppose W € F, k = 2. If 2 = | < k then the Massey prod-
uct {ey. ..., is identically equal to 0. On the other hand Massey products
of length k are defined, have zero indeterminacy, and are evaluated on {W'}
according to the formula

({ayo o). {W}) = py )”1/1 ey (W)
If we set
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aJ = al‘jlazjz PN a,\jk fOI'J = (jl’ .. .,j/‘.)

then this last formula amounts to the multilinearity of Massey products,
Le.,

{og, ... 0y = ? ay{uyy, where uy = ;.o u ).

Here the summation is over all sequences J of length 4.

We also prove theorems about more general groups. Let G be presented
by {x|,....x,|W, ..., W}, where the relators W belong to [F, F]. If Xis
the 2 dimensional CW complex associated to this presentation and
a, ..., € H'X then Massey products (ay,. ... a, ) can be defined
in certain cases and evaluated in HZ(X) by similar formulas (see
Section 4).

In Section 2 we collect the preliminary material we need on the
cohomology of groups. Then in Section 3 we treat Massey products via
the approach in Dwyer’s paper [1] and finally Section 4 is concerned with
Massey products in 2 complexes.

2. Group cohomology. For any discrete group G let B,G denote the
normalized bar resolution (see [7]). Thus, for any p > 0, B,G is the free
left G module on generators [g,] . .. Igp], where the g; € Gand g; # 1. If
p =0 ByG= A= ZG is free on one generator [ ]. We can also define
B,G to be the left G module presented by

generators [g,] . .. Igp], g € G;
relators [g)] ... [g,], some g; = 1.
In either case the boundary operators are the A module homomor-
phisms
d,:B,G = B, |G
defined by
dlgl ... gl = glgl. .. lgl
p_l _
+ 21 (=Dlgl - lgigisil - - - 18]
=
+ (=D’lgil - lg, )

In particular

dlgl = (g — D[] and dyg|le,] = gilg] — [g1g2] + [g1).

If €:ByG — Z is the augmentation then
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€ d,
0 Z< B,G< BG+ ...

is a free A resolution of Z, and therefore can be used to define homology
and cohomology of G. For a right A module 4 we have

H(G; A) = Hy(A Q, BsG)
and for a left A module 4 we set
H*(G; A) = H*(Hom(B,G, A)).
An element of the cochain group
B’(G; A) = Homy(B,(G), A)

can be identified with a set function u:G’ — A which satisfies the
normalization condition

u(gp,....8) = 0 if someg, = 1.

Using the normalized bar resolution permits a simple desqription of cup
products of cochains. Suppose u € B”(G; A) and v’ € B”(G; A’). Then

uUw e BTG AR A
is that cochain given by

U (g, g gl gy) = ulgy, .. 8,) Qulg, ... 8)
This then induces the cup product pairing

H’(G; A) @ HP(G; A") — HP77(G; A Q A').

As an example consider the case A = A’ = Z with the trivial module
structure. Then

H'G = BY(G; Z) = Hom,(G, Z)
and the cup product pairing of 1 dimensional classes is given by
u U glg] = u(g'(g).

These formulas are particularly amenable when G is a I-relator group
{xi.....x,/W}, where W € [F, F]is not a proper power. Let X be the 2
complex associated to this presentation of G and let X be its universal
covering space. Thus X is a bouquet of n circles with a 2 cell sewn on by
means of W. Since W is not a proper power it follows that X is
contractible (see [2] ) and therefore the cellular chain complex C,(X) can
also be used to compute homology and cohomology of G. In fact
augmenting C,(X) in the usual way results in the Lyndon resolution [6]

€ -~ dl - d‘) -~
0—Z & X)L C(X) & oyX) <o,

where
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Co(X) = A, Ci(X) = N', C(X) = A
diAy, N = 2 A6x) — 1)

AN = A, W), .. ASI, W) ).

Here ¢ is just the presenting homomorphism

e

We also let ¢ denote the corresponding ring homomorphism ¢: ZF — ZG.
Since both Cy(X) and B,G are resolutions of Z by free A modules we
can find a chain transformation

T:C.(X) — B,G
commuting with augmentation. Thus define
T,:Cy(X) = B,G and T,:C,(X)— B,G
by
TN = AL L TiAp. . ... A,) = 2 A[(x) 1.

In order to define 75:Cy(X) — B,G first consider the abelian group
homomorphisms

50:ByG — B, G, sp:8[ 1 — [g]
51:B\G = ByG, s,:glg] — [glg].
Then define Ty:C(X) — B,G by Ty(A) = As; Tydy(1).

(2.1) THEOREM. T:Cy(X) — B.G is a chain transformation commuting
with augmentation.

Proof. We must show that the following diagram commutes

leZ et CX) < (X< ) e Oe— ...
id T, T, T,
0 Ze Byl BG<® _BG<B BiGe_ ...
But this follows easily from the definitions and the identity
dyrs) + spd, = id.

The homomorphism 75:C,(X) — B,G can also be described in terms of
the Fox derivatives of W. An immediate consequence of the definitions
is
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T5(A) = A |<2< a, [$(x) |p(x,) ], where d,(W) = EF a, .x.
xEF
Now consider the chain complex
Z @, Cu(X) = CulX),

where Z is the trivial A module. Since W € [F, F] it follows that all
boundary operators are zero and therefore H,G = H,X = Z has a
fundamental cycle, namely

1®, 1 € ZQ®, Cx(X).

Also (id @ To)(1 &, 1) is a fundamental cycle in Z &, B,G. Now
Z @, B,G is the free abelian group on generators [g,lg,], where g, # 1,

g, # 1, and
([d QTN 1) = 155,, o) o) |
NEF
Definition.
(W) = |g§n a; [o(x) lo(x;) 1.
x€F

(2.2) THEOREM. {W} € Z Q, B,G is a fundamental cycle, i.e., it is a cycle
with homology class a generator for H,G = Z.

The next theorem completely describes the cup product pairing
H'G® H'G — HG.

Similar results, with different proofs, can also be found in [3], [5], [10],
[11]. The evaluation pairing H’G X H,G — Z will be denoted by (.).
Recall that u;, € H'G is the class dual to x,.

(2.3) THEOREM. (1; U u;, {W}) = €, (W).
Proof. u; U u; is represented by the cocyle in BX(G; Z) defined by
(811821 = u;(g))u;(8)).
Evaluating on {W} gives

(4, U u, (W}) = .<§< a1 (90) D (d(x,) )
er

2 @, u($(x))

XEF

= ¢ > a;.x

veF
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since u;p = ¢
= ¢0,(W) = ¢,(W).

Now we generalize this result to finite 2 dimensional CW complexes.
Thus let

G={xn....x,[W..... W)

be a finitely presented group and let X be the associated 2 complex. If
¢:F — G is the presenting homomorphism and X is the universal covering
space then the cellular chain complex C,(X) is given by

0« Cy(X) < C(X) <= Co(X) < 0,
where
Co(X) = A, C\(X) = N', C(X) = N,

n

i\ ..\ = ; A(o(x,) —1)

P

Ay ... p,) = ( 21 o, W), . . )
P

™ coordinate.

In general C,(X) is not exact since X may not be a K(G, 1). However, we
still have a chain transformation

T:C.(X) = B,G
commuting with augmentation:

d, d,

0 7 CyX) e C(X)€2— (X ) e Og—r - -
id Ty T T
~ Ze B BG<® BlGe BiGe ...
T, T, are defined as before and
T,:Cy(X) = B,G
is defined by

p
Ty, - - p) = 2. s Tyds(e)).
J=

where

https://doi.org/10.4153/CJM-1987-015-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-015-5

328 R. FENN AND D. SJERVE

e =(0,..., 0,1,0,.... HDenN, 1=/

A
=

T Jth coordinate

If we put

aW) = 2 apx forl =i=n 1=

NEF

lIA
=

then
Tz(e/) - SlTIdz(e/-) - Sln(. LRI ¢(8,W), .. .)
=5 2 §W)P(x,) ] = ]2 a Jo(x) lo(x,) 1.
=1 =i=n

xeF

Now assume that the relators W' & [F, F], 1 =/ = p. Then H'X is free
abelian on generators u,, ..., u, and H,X is free abelian on generators

1 Qe 1=k =p.
The cup product structure in X is given by the following theorem.
(2.4) THEOREM. (4, U u,, 1 @y €;) = €,(W,).
Proof. The chain transformation T:C.(X) — B,G induces an isomor-
phism
T*:H'G — H'X.
Thus we may consider u, u; as elements of H'G and compute their cup
product as follows:

(u, U up, 1 ®Or ) = (v, U u;, 1 O (1 ®, ¢,))
(ul ) u/'w Z a,\'/\ \[‘i)(x) '¢(x\) ])

1=v=n
xXEeF

I

= 2 ay () Ju;(d(x,) )

1=s=n

veF

i

2 a.,(900))

= ¢ > ay X = €0,(W) = €,(W).

veF

It is also possible to further generalize these results by dropping the
restrictions W, € [F, F]. Theorem (2.4) remains valid if we change the
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coefficients from Z to Z, where
d=LCM{W)I1=i=nl1=j=p}
3. Massey products in groups. First we recall the definition of the

Massey product of 1 dimensional classes a, ..., a, € H'G, see [1]. [4] or
[8]. Thus suppose given a (kK + 1) X (k + 1) “matrix”

Lomy om0 omy
1 my3 s Mok My k+1
1.
M =
My gt
1

where the m; are defined for only those (i, j) satisfying | =i <j =k + 1
and (1, j) # (1, k + 1). Moreover the following conditions must hold:
() m; € B'(G; Z);
(2) m;;, is a cocycle representing a;;
3) if 8:BI(G; Z) — BZ(G; Z) is the coboundary then

il

8»1 = 2 uon v ms/"
Y s=itl '
M is called a defining system for the Massey product {ay,....a;). It

readily follows that the element

k

22 my U mg, . € BYG; 2)

5=
is a cocycle. The cohomology class of this cocycle is defined to be the value
of M and is denoted by (a, ..., a;). In general the Massey product
(aj,...,a;) is defined only if some defining system exists, in which
case

{ay, .o oyopy = {{ay, ..., o) yIM a defining system} < HG.

Thus Massey products have indeterminacy.

Next we relate Massey products to triangular matrices as in [1]. Thus let
T, ., be the group of all (k + 1) X (k + 1) triangular matrices over Z
having the form
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1.
o
0",
1
and let Z, ,, be the central subgroup consisting of those matrices having
the form
10 - - - O]
L0 o 00
3 A € Z arbitrary.
0 0
. 0
_ 'l_J

Now let 7, ,, denote the quotient group T} ; |/ Z; .
If G is any discrete group then a group homomorphism 6:G — T, ,,
consists of set maps

0,62 1=i=j=k+1,
satisfying
4 0 =1 foralge G;

j—1
(%) 0,,‘(g1g2) = 0(/(&) + 0{’/(82) + ‘_24—] 0,'5(81)0Ay/'(g2)

forall g, g, € Gifi <j.

Thus the near diagonal entries §,,, |, 1 = i = k, are homomorphisms and
therefore represent cohomolog}} classes o; € H 'G. Likewise a group
homomorphism §:G — T, , | consists of set maps 8,:G — Z defined for all
(i,jywithl =i =j = k + 1, except for (i,j) = (1, k + 1), and satisfying
(4) and (5). Again the near diagonal entries are homomorphisms G — Z,
and hence represent cohomology classes in H IG.

The main reason for introducing these groups is the following theorem

(see [1]).

(3.1) THEOREM. Suppose ay, . . ., o € H'G are given. Then there exists a
one to one correspondence M <> 0 between defining systems M for the
Massey product {—a,, ..., —a;) and group homomorphisms 0:G — T, .|
having near diagonal entries a,, . . ., ay.

To see how this correspondence works suppose §:G — T, ., is such a
homomorphism. Then set
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m; = —0, € B\(G: Z),
and consider the calculation
8(m,)lg)lg,] = my(g 8] — [818:] + [&1])
= —0,(8) + 0,(88) — 0,()

Jj—1
= 2 0,(8)0,(2)

s=i+1

j—1
=4§“ﬂwUP%MML

This implies that the m;; satisfy the coboundary condition (3). The value of
the defining system corresponding to §:G — T, ., is on the cocycle level
given by

K
(T )y = 22 015V b x11-
5=

Now we consider an example of this theorem. Let I = (i|,...,i;) bea

fixed sequence, where 1 = i, = nfor 1 =/ = k. Then define &:F — T,

by
1 ‘,‘I(x) filjz(x) €(x)
e,z(x ). :
1 .
f(x) =
.‘eik:(x)
1

In other words the (s, t) entry, 1 = s = ¢t = k + 1, is given by the
formula

£ (x) = € .. () x€F
(3.2) LEMMA. £&:F — T, is a homomorphism.

Proof.

ECOEY) )y = 2 & 08
J=S3
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!

= 2 € ,(X)‘z_',...i,

j=s

(»)

. > €, ()€ (¥)

Iyly=(g i)
where the summation is over all ordered pairs (/;, I,) satisfying
1' ° 12 = (i_\,, e ey i,_l).

But according to [4] we have

L) =€, () = 2 g @)

Iy h=(ig... i, )

Therefore

¢ _
F=T = T

yields a defining system for a Massey product. However the value of this
product is automatically zero, and so not interesting. On the other hand
suppose W € F'is an element satisfying

(6) ¢ -H(W):O forl=s<t=k+ 1,(,t) # (1, k + 1)

ool

Then ¢ induces a homomorphism 6:G — T, | such that

£

Fe——T,

¢

0 -
G———> 1,4,

is commutative, where G = {x|, ..., x,|W} and ¢:F — G is the presenting
homomorphism. Thus 6 yields a defining system M for the Massey
product (—u;, ..., —u; ) and its value is determined by the cocycle

k k
X6, U O ki1 = 22 €.
5=

s=2

U ¢

s—1 J’"'i/\'.
(3.3). THEOREM. Suppose W & [F, F] is not a proper power, I =
(i), ..., 0}) is a fixed sequence and (6) above holds. Then
0:G— Ti i

vields a defining system M for the Massey product (—uy, .. - —up ).
Moreover

((—th o= du (W) = (W),
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Proof. Only the last equation requires proof. Recall that there is a
fundamental cycle {W} € H,G since we are assuming that W € [F, F]
and that W is not a proper power. In fact

(W} = > a; [o(x) [o(x;) ], where 3,(W) = > a; . x.

1=i=n xeF
xeF
Thus we have
((typeos = 0 {W})
k
=226 i Ve 2 e e0)]
s=2 ’ 1=i=n
xeF
k
= 2 2 ai,x‘fil.“ly,‘(x)eiv. i (xl)
s=2 1=i=n ’ '

- \EF ai/v\'cil-”’.k'—rl(x) = fi..,.ikklai,‘,(W) = ¢ (W).

Definition. Assuming the hypothesis of (3.3) we set

LUy, —U > = (Tl T Dy
We refer to <—u; ..., —u;, > as a universal Massey product since it is
defined with zero indeterminacy even though (—u,,..., —u ) might

have non-zero indeterminacy.

As an example of this consider the Massey product { —u,, —u,, —u3)
for the group

G = {x}, x5, x3|W =[x, [x3, x3] l[x}, x4] }.

Then it is easy to check that the universal Massey product < —u,, —u,,
—uy> is defined. However, the Massey product { —u;, —u,, —u3) will
have non-zero indeterminacy since u; U u, # 0 (see [4]).

(3.4) CorOLLARY. Suppose G = {x,, ..., x,|W}, where W € F, is not a

proper power, k =Z 2. Let I = (i|,...,i,) be any sequence. Then
Lty U > S defined and
(<€—u, ..., —u; >, {(W}) = ¢(W).

In order to extend the definition of universal Massey products we again
assume that G = {x|, ..., x,|W} is such that W € [F, F]is not a proper
power. Suppose «ay, . . ., o;:G — Z are homomorphisms, say

lIA

D =2 au, 1=i=k
j=1
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Then define §:F — T, | by

®) £ = 2 ay...

1
Jiveos To s

l=s<t=k+ 1.

alv L \f./l ey f.\(x)’

Again £ is a homomorphism.
If we make the assumption

) €. ‘(W) =0
for all (j,..., J,—,) satisfying

ISs<t=k+ L) # 0 k+1).a, ... # 0

L

then it follows that ¢ induces a homomorphism 6:G — T, , , such that

£

F— % o7,

¢

G——>T,,

i1s commutative.
In analogy with (3.3) we have

(3.5) THEOREM. Suppose G = {x,, ..., x,|W}, where W € [F, F] is not
a proper power. Let «y, ..., 0,:G — Z be homomorphisms as in (7) and
suppose (9) is valid. Then 6:G — T, ., yields a defining system M for
(—ayp, ..., —ay ) and

(s —a (WY) = 2 ae; (W),

J

where the summation is over all sequences J of length k.

Definition. Assuming the hypothesis of (3.5) we define the universal
Massey product < —ay, ..., —a;> by

L=y, .o, —>> = {(—ay, ..., —a ).

Then the content of (3.5) is that the universal Massey product is
uniquely defined and multilinear in its variables, i.e.,

<-—a...., —a> = X a,<—us>
J

(3.6) COROLLARY. Suppose G = {x,, ..., x,|W}, where W € F, is not a
proper power, k = 2. Then <—ay,..., —oa;> is well defined and is
evaluated on {W'} as in (3.5).
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Next we will show that universal Massey products are natural with
respect to degree 1 maps. To explain this let F, F’ be free groups on
finitely many generators and suppose W € F,, W' € F/ are not proper
powers. Let G, G’ be the corresponding 1 relator groups and suppose
f:F — F’ is a homomorphism satisfying f(W) = W. Then f induces a
homomorphism g:G — G’ which is a degree 1 map, i.e.,

g+:H,G — H,G'
is an isomorphism. This last statement follows from the Hopf formula.
(3.7) THEOREM. If &, . .., &} € H'G then
gF<al, ..., > = Lg¥a)), ..., g% ay) >.

Proof. Included in this statement is the fact that both sides are well
defined. The proof is an immediate consequence of (3.6) and the chain rule
for Fox derivatives (see (5.6) of [4]).

In general Massey products have indeterminacy. However, the next
theorem proves that all Massey products of length =k in

G = {x,....x,|W},

where W € F, is not a proper power, are defined with zero
indeterminacy.

(3.8) THEOREM. If @y, ..., € H'G and | = k then
{ay, ..., o) = <ay, ..., 0>,

Proof. First note that <a,..., > is defined and therefore so is
{ay, ..., ap). It is thus necessary to show that the indeterminacy is zero.
But this follows from a result of May (see [8] or (2.2) of [4] ) and induction
on /.

4. Massey products in 2-complexes. In this final section we extend the
results of the last section to Massey products of one dimensional classes in
2-complexes. Our notation is the same as in Section 2. That is

G={x,....xIW,.... W},

X is the 2-complex associated to this presentation and X is its univer-
sal covering. We also assume throughout that the relators W & [F, F].
1=/ =p.

Let a), ..., a;:G — Z be elements of H'G as in (7) of Section 3 and let
& F — T, ., be the homomorphism defined in (8) of Section 3. To insure
that £ induces a homomorphism 0:G — T, ., we make the assumption
W € F, 1 =, = p. Of course this is stronger than necessary. Now set
<<~al, ... —a>> equal to the cohomology class in H’G which
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corresponds to #. Then the chain transformation T:C,(X) — B,G induces
an isomorphism T*:H'G — H'X and therefore we may define universal
Massey products in X by means of the formula

L=B .o, B>

= T*<—a,,..., —a;> € H’X, B, = T*a,).
To evaluate this Massey product we note that

H>X = Hom(H,X, Z)
and H,X is free abelian on the generators

1®Ae/, 1=,=p

(see Section 2). By arguments similar to (3.3) we can prove the following
theorem:

(4.1) THEOREM. For 1 = j = p we have

(<=Bi.... B> 1Q,¢) = ; ase, (W)

where the summation is over all J having length k.

Finally, in analogy with (3.8) we can prove that Massey products of
length =k are defined with zero indeterminacy and given by the universal
Massey product.

(4.2) THEOREM. Let By, ..., B, € H'X be arbitrary, | = k. Then
(=Bprein =By = <—By, ..., —B>.

This implies that Massey products of length <k vanish identically and
products of length k are computed in terms of Fox derivatives of the
relators. Finally we note that the universal Massey product defined in this
paper is identical to the minimal Massey product defined in [4].
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