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1. Introduction. The classical theory of Weierstrass points on a compact Riemann
surface is well-known (see, for example, [3]). Ogawa [6] has defined generalized Weier-
strass points. Let Y denote a compact complex manifold of (complex) dimension n. Let E
denote a holomorphic vector bundle on Y of rank q. Let J*(E) (k=0, 1,...) denote the
holomorphic vector bundle of k-jets of E [2, p.112]. Put r(E)=rank J*(E)=
q.(n+k)!/nlk!. Suppose that I'(E), the vector space of global holomorphic sections of E,
is of dimension y(E)>0. Consider the trivial bundle Y XT'(E) and the map

j =j&: YXT(E)— J“(E),
which at a point Q€ Y takes a section of E to its k-jet at Q. Put . = min(y(E), r.(E)).

DerFINTION ([6]). Let W, (E) denote the reduced closed analytic subspace of Y
defined by the vanishing of the exterior power A*j,. We call W, (E) the space of kth order
Weierstrass points of E.

Note that if r,(E)=<vy(E), then the points of W, (E) are those Q€Y such that the
map j, o:[(E)— J5(E) is not surjective and that if r (E)=y(E), then the points of
W, (E) are those Qe Y such that j, o is not injective.

Suppose that X is a compact complex manifold and f: X — Y is a holomorphic map.
Let Pe X and put Q = f(P). Then we have the following commutative diagram of C-linear
maps.

I(Y, E) ——— J&(E)

I(X, f*E) —5—JHf*E)

Here « and B are the maps jio and ji§ respectively, and ¢ and ¢ are induced by
composition with f (cf. [2, p. 113]). We will use this diagram to show that under certain
conditions on f and E, we have f(W,(f*E))cW,(E) or f" (Wi (E))cW.(f*E) as sets.
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2. An inverse image theorem.

(2.1) THEOREM. With notation as in §1, suppose that the following three conditions are
satisfied:

(i) v(E)=n(E),
(i) y(f*E)=rn(f*E),
(iii) f is surjective.
Then f~Y(W,(E))<W,(f*E) as sets.

Proof. Let Pe X, Q = f(P) and suppose that Q € W, (E). Since f is surjective, the map
¢ in diagram (*) is injective. Hence, if B is injective, then a must be injective. But, since
Qe W, (E), the map «a is not injective. Thus B is not injective and Pe W, (f*E).

(2.2) We may apply this theorem in the following situation. Let Y be a compact
Riemann surface of genus g and put X=Y". Let Ty (resp. Tx) denote the complex
analytic cotangent bundle on Y (resp. on X). Then vy(Ty)=g and y(Tx)=
3dim H (X, C) = ng, using the Kunneth formula and standard facts about Kahler man-

ifolds (4, p. 124].

Let m:X— Y denote projection on the ith factor. It follows that we have an
injection 0 — 7¥Ty — Tx and hence that y(#F Ty)=y(Tx)=ng. Suppose g=3. Now,
¥(Ty) = r,_,(Ty) and it is not hard to see that y(#¥ Ty)<ng= rg_l(qr’i" Ty). Hence, by our
theorem,

“i_l(wg—l(TY))Ewg—l(W? TY)

Note that the points of W,_,(Ty) are the classical Weierstrass points of Y. Also, since we
have the injection 0 — #* T, — Ty, we obtain

T (Weoi(Ty)) e W, (Tx)

by arguing as in the proof of 2.1 and noting that y(Tx)=<r,_,(Ty).

(2.3) REMARK. With notation as in 2.2, we have shown in [5] that

Wg_l(l\"Tx)= CJ '”i_l(wg—l(TY»-

i=1
Thus, W,_(A"Tx)cW,_,(Tx). Is there any reason for this relationship?

(2.4) We give an example here to show that the inverse image of a Weierstrass point
is not always a Weierstrass point. Let f: X — Y be a smooth (i.e. unramified) 2-sheeted
cover with both X and Y hyperelliptic, the latter of genus g (=2). Such a covering is
explicitly constructed in [7, pp. 188 and 203). By the Riemann-Hurwitz formula, X has
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genus 2g — 1. Let Tx (resp. Ty) denote the canonical bundle on X (resp. on Y). Since f is
an unramified cover, it follows from [1, VI, 4.9] that f*Ty = Tx. Now, W,_,(Ty) consists
of 2g+2 points, while W,_,(Tx)c W,,_,(Tx), which contains only 4g points. Thus
f7'(W,_,(Ty)) cannot be a subset of W,_,(Tx). Note that condition (ii) of 2.1 is violated.

3. An image theorem.

(3.1) THEOREM. With notation as in §1, suppose that the following three conditions are
satisfied:
(i) v(E)=r/(E),
(i) Y(f*E)=r,(f*E),
(iit) f is a local biholomorphism at Pe X.
Then Pe W, (f*E) implies f(P)€ W, (E).

Proof. Put Q = f(P). Since f is a local biholomorphism at P, the map ¢ in diagram (*)
is onto. Now, if Q¢ W, (E), then « is onto; hence 8 must be onto and P¢ W, (f*E).

(3.2) CoroLLARY. Let X (resp. X') be a compact Riemann surface of genus g (resp. g")
and canonical bundle T (resp.T'). Let f:X— X' be a smooth cover. Then
f(W (T)eW, (T for k = g'—1. In particular, if X is hyperelliptic, then X' is hyperelliptic.

Proof. Since f is unramified, f*T'= T. The first statement is then an easy conse-
quence of the theorem. The second statement uses the fact that X is hyperelliptic if and
only if X has a hyperelliptic Weierstrass point ({3, p. 228]), which is equivalent to W,(T)
being nonempty.

(3.3) Remark. As has been pointed out to me by R. D. M. Accola and A. Nobile,
3.2 may be proved by elementary methods and without the assumption that f is
unramified. The idea is as follows. Let L (resp. L’) denote the field of meromorphic
functions on X (resp.on X'). Then if Pe W, (T) and he L has a pole of order at most
k+1 at P and no other poles, then Tr,,; .(h), the trace of h, will be an element of L’ with
pole of order at most k+1 at f(P) and no other poles.
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