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RULED SURFACES OF FINITE TYPE

BANG-YEN CHEN, FRANKI DILLEN, LEOPOLD VERSTRAELEN AND LUC VRANCKEN

Dedicated to Professor Tadashi Nagano on the occasion of his 60th birthday

We show that a ruled surface of finite type in a Euclidean space is a cylinder on a
curve of finite type or a helicoid in Euclidean 3-space.

1. INTRODUCTION

A classical result of Catalan states that the only ruled minimal surfaces in Euclidean
3-space are the plane and the helicoid. It is well known that his result also holds for ruled
minimal (2-dimensional) surfaces of any codimension in a Euclidean space, namely, the
helicoid in Es and the planes are the only minimal ruled surfaces in E n .

Minimal submanifolds of a Euclidean space are contained in a much larger class of
submanifolds, namely in the class of submanifolds of finite type. Submanifolds of finite
type are introduced by the first author in [1]. A submanifold Mn of a Euclidean space
En+J> is said to be of finite type if each component of its position vector field X can
be written as a finite sum of eigenfunctions of the Laplacian A of Mn, that is, if

where Xo is a constant vector and AXi = \{Xi for i = 1, . . . , k. If in particular all
eigenvalues {Ai, A2, . . . , Aj.} are mutually different, then Mn is said to be of fc-type.
Note that every minimal submanifold of a Euclidean space is of 1-type, since AX = 0.
If we define a polynomial P by

then P(A)(X-X0) = 0.
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In this paper we consider ruled surfaces of finite type in a Euclidean space E n .
From [9] we know that a 2-dimensional cone in E™ is of finite type if and only if it is
a plane. Here we show that a ruled surface of finite type is either a cylinder on a curve
of finite type in an affine hyperplane E n - 1 , or a minimal ruled surface, which therefore
has to be a helicoid in E s . We shall prove the following theorem in Section 2.

THEOREM 1 . A ruled surface M in En is of Unite type if and only if M is a
cylinder on a curve of finite type or M is a part of a helicoid in an affine subspace E3 .

If we restrict our attention to surfaces in Euclidean 3-space, we obtain that M has
to be a cylinder on a plane curve of finite type, or a helicoid. In Section 3 we shall
show that a plane curve of finite type is a part of a circle or a line. Hence we obtain
the following theorem.

THEOREM 2 . A ruled surface M in E3 is of finite type if and only if M is a part
of a plane, a circular cylinder or a helicoid.

The following corollary is an immediate consequence of Theorem 2.

COROLLARY. A flat surface in E3 is of finite type if and only if it is a part of a
plane or a circular cylinder.

In particular, every ruled surface of finite type in E3 is of 1-type or 2-type. This
is not the case in E4 . Indeed, in [6], the authors together with Deprez constructed
examples of closed curves of fc-type in E3 for any arbitrary k. A cylinder on such a
curve is of (k + l)-type.

Up to this moment, the only known examples of surfaces of finite type in E3 are
the plane, the sphere, the circular cylinder and the minimal surfaces. The first author
proposed the following problem.

PROBLEM. Classify all finite type surfaces in Es .

Concerning this problem, the first author has shown in [2] that a tube in Es is
of finite type if and only if it is a circular cylinder. In [4] the first and second authors
showed that the only quadrics of finite type in E3 are the circular cylinders and the
spheres. These results together with the results in this paper suggest that there are
no other surfaces of finite type in E3, than the ones mentioned, but we hesitate to
formulate this as a conjecture. On the other hand, the first author conjectured the
following for compact surfaces.

CONJECTURE . The only compact finite type surfaces in E3 are t ie spheres.

Further support for this conjecture was obtained in [7]. At the end of this paper
we make some short remarks concerning the rationality of curves of finite type.
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2. RULED SURFACES OF FINITE TYPE

Let M be a ruled surface in E n . We consider two cases separately.

CASE 1. M is a cylinder.

Suppose that M is a cylinder over a curve 7 in an affine hyperplane E n - 1 , which

we can choose to have the equation xn = 0. We can assume that 7 is parameterised

by its arc length a. Then a parameterisation X of M is given by

X(s, t) = 7 ( j ) + te n .

The Laplacian A of M is given in terms of a and t by

da2 dt2'

and the Laplacian A' of 7 is given by

Certainly we have that Azn = At = 0. Thus M is of finite type if and only if each
component of f(s) can be written as a finite sum of eigenfunctions of A, that is,

k

(i) 7(,) = r0

where AFj = Ajl\. Assume that all the X{ are mutually different. If we apply
k
Y[ (A — Xi) to (1), we obtain that Fi does not depend on t. Similarly we find that

i=2

none of the I\ depend on t. Moreover

A ' r ( ) & T { ) & T { ) U ) A T { ) X T { )

for all i. Hence every component of 7 can be written as a finite sum of eigenfunctions
of A'. This means that 7 is of finite type. Thus M is of finite type if and only if 7 is
of finite type. Moreover, if 7 is of fc-type, then M is of {k + l)-type, unless one of the
eigenfunctions which appear in the decomposition of 7 has eigenvalue 0, in which case
M is of fc-type too.

CASE 2. M is not cylindrical.
If M is not cylindrical, we can decompose M into open pieces such that on each

piece we can find a parameterisation X of the form

X{a, t) = a{a) + t0(a),
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where a and 0 are curves in E n such that (a ' , ft) = 0, (/?, /?) = 1 and (/?', /?') = 1.
If we define a function q by

q = t2 + 2(a',

then it is easy to show that the Laplacian A of M can be expressed as follows

dt2 ~ qds* + 2daq2ds ~ Idi qdt'

The following lemma can be proved by a straightforward computation.

LEMMA. If P ie a polynomial in t with functions in a as coefficients and deg(P) =
d, then

A ( =

\ qm J qm+3

where P is a polynomial in t with functions in s as coefficients and deg(P) ^ d + 4.

From now on we suppose that M is of fc-type. Hence there exist numbers C\, . . . , c*
such that

(2) Ak+1X + c1A
kX + --- + ckAX = 0.

We know that every component of X is a linear function in t with functions in s as
coefficients. By applying the Lemma, we easily obtain that

where Pr is a vector whose components are polynomials in t with functions in 5 as
coefficients and deg(Pr) ^ l+4r . Hence if r goes up by one, the degree of the numerator
of any component of ArX goes up by at most 4, while the degree of the denominator
goes up by 6. Hence the sum (2) can never be zero, unless of course AX = 0. But
then M is minimal. This proves Theorem 1.

3. PLANE CURVES OF FINITE TYPE

It is proved by the first author in [1] that every closed plane curve of finite type is
of 1-type, and hence a circle. In [3], he states that every plane curve of finite type is
a part of a circle or a line, without giving a proof. We give the proof here. Let 7 be
a plane curve, parameterised by arc length a. Then the Laplacian A of 7 is given by
A = —dP/da2. If 7 is of finite type, then 7 can be written as

(at cos (Pta) + bt sin (pta))
t=i t=i
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As indicated in [5] it follows from | |7' | | = 1 that ct = d« = 0. If Jbx = 0 then 7 is a
straight line. If ki = 1 then 7 is a circle. So we assume from now on that ki > 1. We
put k = k\. We can suppose that p\ < pz < ••• <pk and that for every t, not both at
and it are zero. Expressing the condition ||7'|] = 1, we obtain similarly as in [1] that

k k

(1(1)) 4 £ PiBi - Y, PM« - 2
i=i i=i t,i=i
Pi=l 2Pi=l <>j

Pi+Pj=l

and

it An + 2
t=i t=i «,j=i «,i=i

Pi+Pj=i Pi-Pj=i

for all I e fa + Pj | 1 < j < i < fc} U fa | 1 ̂  t < ifc} U fa - pj | 1 < j < i < k} where
for all i and j , 1 ̂  t , j < A:

.4;,- = (oi, a,) - (6it 6,) Dij = (ai, o )̂ + (6,-, 6,-)

Aij = (a<, bj) + (ajt bi) D^ = (au bj) - (aj, i,-).

For l=2k we obtain from (I(/)) and (J(/)) that Akk = ~Akk = 0. Thus ak and 6t are
orthogonal and have the same length. Hence we can choose coordinates on E2 such
that o/t = («, 0) and 6* = (0, u). Similarly from (I(pt + pk-i)) and (J(pib +Pfc-i)),
we obtain that Akfk-i — Aklk-i = 0. This shows that <n_i = (ujfe_i, vk-i) and
bk-i = (—Vfc-ii Wfc_i) for some ujfe_i and Ufc_i.

Now assume at = (ut, vt) and 6t = (—vt, ut) for all t > r. We show that aT

and &r are also of this form. Indeed, by the assumption, we have that Aij = Aij = 0
for all i, j > r. But then it follows from (I(p* + pr)) and (3(pk +Pr)) that Ak,T =
Ak<r = 0. This implies the assertion. Hence at = (ut, vt) and bt = (—vt, ut) for all
* e { i , . . . , * } .

Next, we obtain from (I(pt)) and (J(pt)) that Bk = Bk = 0, so that b0 = 0.
Finally we obtain from (I(pt — Pi)) and (J(p* — Pi)) that Dk\ = Dk\ = 0, so that
a-i =bi = 0. This is a contradiction.

Hence the following theorem is proved, which was also obtained in [8].

THEOREM 3 . Let 7 be a plane curve of finite type. Then 7 is a part of a circle
or a part of a straight line.

To finish this paper we show that every closed curve of finite type is rational.
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THEOREM 4 . Let 7 be a closed curve of finite type. Then 7 is a rational curve.

PROOF: A closed curve of finite type can be written as

k

7(5) = a0 + ^2 (at cos \Pt-J + bt sin (pt~JJ ,
t—i

whereby pi, P2 > • • • > Pk ^e positive integers. Let d = gcd(pi, pi, . . . , Pk) • Using Leg-
endre polynomials, we immediately find that (the components of) j(s) can be written as
a polynomial of degree pt/d in cos (ds/r) and sin (<fs/r). If we make the substitutions

I - * 2 . / s\ 2t
d)

it follows that 7 is a rational curve of degree 2pje/d. D

The number pj. is sometimes called the upper order of 7. So a closed curve of
finite type is a rational curve of degree twice the upper order, at least if the curve is
not run through more than once.

Theorem 4 is not valid if the curve is not closed. Indeed, a helix in E3 is of 2-type,
but it is not rational.
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