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ON EXPONENTIAL DICHOTOMY IN BANACH SPACES

Mi HAIL MEGAN AND PETRE PREDA

In this paper we study the exponential dichotomy property for

linear systems, the evolution of which can be described by a

semigroup of class C on a Banach space. We define the class

of (p, q) dichotomic semigroups and establish the connections

between the dichotomy concepts and admlssibility property of the

pair \L, i") for linear control systems. The obtained results

are generalizations of well-known results of W.A. Coppel, J.L.

Massera and J.J. Schaffer, K.J. Palmer.

1. Introduction

In Perron's classical paper on stability ([SJ) a central concern is

the relationship, for linear differential equations, between the condition

that the nonhomogeneous equation has some bounded solution for every

bounded "second member", on the one hand, and a certain form of conditional

stability of the solutions of the homogeneous equation on the other. This

idea was later extensively developed among others by Massera and Schaffer

in [4] and Coppel in [2].

The extension of the bounded input, bounded output criteria of Perron

for the case of linear control systems has been studied by several authors

[4], [5], [6], [S]. The relationship between the conditional input-output

stability and the exponential dichotomy for the case of a finite-

dimensional linear control system is considered by Palmer in [7].

The aim of this paper is to study the exponential dichotomy property
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for linear systems, the evolution of which can be described by a semigroup

of class C on a Banach space. Using a fundamental inequality

established in [4] we define the concept of (p, q) dichotomic semigroup

and give a sufficient condition for exponential dichotomy of a large class

of such semigroups. We also give a proof for the equivalence between the

exponential dichotomy of a C semigroup T{t) and (i , L")

admissibility property for the case of a linear control system

ft
x{t, xQ, u) = T(t)xQ + j T(ts)Bu(s)ds .

The case T{t) = exp(At) , where A is a bounded linear operator on a

finite dimensional space has been considered by Palmer in [7],

2. Definitions and terminology

Let T(t) be a C semigroup on a separable Banach space X .

Consider the control process described by the following integral model,

ft
[T, B, Up)x{t, xQ, u) = T{t)xQ + j T(t-s)Bu(8)ds ,

under the following standard assumptions: x{t, ', •) belongs to X ;

u € U = lP{R^, U) where /?+ = [0, °°) and U is also a Banach space;

B € L(U, X) (the space of bounded linear operators from U to X );

finally xQ € X .

Here U is the Banach space of all f/-valued, strongly measurable

functions u defined almost everywhere on R such that

||u||p = [I" IM8)||Pds] P < co , i f p < » ,

and

IMIoo = e s s sup ||w(e)|| < oo t i f p = oo .
8>0

We also denote

https://doi.org/10.1017/S0004972700007140 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700007140


Exponential dichotomy in Banach spaces 295

X =
p

. X) and

, if p = 1 ,

1 , if p = ,

p/(p-l) , if 1 < p <

Let X , X be two closed complemented subspaces of X such that

x = x1 ® x2 .

If we denote by P. a projection along X (that is, Ker P. = X )

then P € L[x, X ) , p? = P-, and P 2
 = J " Pi i s a projection along #

with analogous properties.

We shall denote T^t) = T(t)P1 and ̂ (t) = T(t)P2 .

DEFINITION 2.1. The subspace X± induces

(i) an exponential dichotomy for the semigroup T(t) if there

exist constants N > 0 , V > 0 such that

and

for a l l t > 0 and x € r̂ ;

( i i ) ' a (p, i?) dichotomy (where 1 S p , ? 5 • ) for the semi-

group T(t) i f there exists /V > 0 such that

for all t € 0 , 6 > 0 and x € X, , k = 1, 2 .

REMARK 2.1. If # induces an exponential dichotomy for T(t) then

lim

0 , if x € X ,

» , if P2x * 0 ,

and hence X' = {x € X : lim T(t)a: = 0} .
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REMARK 2.2. If X induces an exponential dichotomy for T(t) then

X1 = {x € X : T(-)x € X^}

where 1 £ q 5 °° .

DEFINITION 2.2. The C semigroup T(t) is said to be

exponentially dichotomic ((p, q) dichotomic) if there exists a closed

complemented subspace X which induces an exponential dichotomy ((p, q)

dichotomy) for T(t) .

DEFINITION 2.3. Let 1 £ p, q 2 «, . The pair (U , X ) is

admissible for (T, 5, U ) if for every u € U there exists x € AT

such that #(•, x , u) € X

Now let us note four assumptions which will be used at various times.

ASSUMPTION I. We say that the semigroup T(t) satisfies Assumption

1 if for every q 2 1 the set

X± = {x (. X : T(')x € X }

is a closed complemented subspace.

ASSUMPTION 2. The semigroup T{t) satisfies Assumption 2 if for

every t > 0 there exist £ > t. and m > 0 such that

for all x € X .

ASSUMPTION 3. The system [T, B, U ) satisfies Assumption 3 if the

range of B is of second category in X .

ASSUMPTION 4. The semigroup T(t) satisfies Assumption k if

TAt) + 0 for every t > 0 and any x € X , x t 0 .

3. Preliminary results

We state the following

LEMMA 3.1. If T(t) is a C semigroup then there exist M > 1 ,
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> 0 such that

(i) \\T[t)\\ £ Memt for all * > 0 ;

(ii) \\T(t)x\\ £ Me^S\\T(s)x\\ for all 5 > 0 and

0 £ s £ t £ s+6 ;

fit i ; 6||r(t)x|| £ Me • ||r(s)x||ds /or any 6 > 0 and

t > 6 ;

l-t+6 .
r i v ; | | T ( s ) x | | d s < Me - | | r r ( * ) c c j | f o r a l l t i O a n d 6 > 0 .

Proof. It is well known (see [/], pp. 165-166) that if

. . ln||r(t)|| . _
= m i —"~r "• = w ^ °°

t>0

then there exists M > 1 such that (i) holds.

The inequalities (ii)-(iv) follow immediately from (i) and the semi-

group property.

LEMMA 3.2. Suppose that Assumption 1 holds and let X^ be a

complementary subspace of X . If (U , X ) is admissible for

[T, B, U ) then there exists N > 0 such that for every u € f there is

an unique xAu) € X^ with the properties:

(i) x(«, X5)(M), U) € X , and

Proof. Let u € U . Then by admissibili ty of (U X ) for

[T, B, U ) there exists x € X such that

If we denote by x, = P ^ o (k = 1, 2) then from the definition of

X we have that x ( # , x , o) € X and hence
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It follows that for every u € (i there is xAu) - P2
xn ' *p

the property (i).

If we suppose that there exist x', x" 6 Jf_ such that

x(*, x', u) € X and x(*, x", u) € X then

and hence

a*' a;" f y n y - -foT

x2 - x2 e ̂  n x2 - to; ,

which shows that x' = x" .

Let A : U •*• X be the operator defined by

Aw = X(«, X 2 ( M ) , M) .

It is easy to see that A is linear (from uniqueness of X2(M) ).

Property (ii) is equivalent with the statement that A is a bounded

operator. From the closed graph theorem it is sufficient to prove that A

is closed.
Let u •*• u in U and tu •*• x in X . Let [u ) be a

n p n q k

subsequence of (w ) such that u •*• u almost everywhere.

Because we may suppose that x(') is continuously, we have that

lim x (M ) = lim (AM )(0) = x(0) € X
k-**> k fe-^0 k

and hence

x(t) = lim
•t

TU)xn[u_ ) + | T(t-s)Bu
0 nk

T(t)x(0) + T{t-s)Bu{s)d8 = x[t, x(0), u)
'0

From x(*) € X , we have that x{0) = xAu) and hence
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x(t) = x[t, x2(u), u) = (hu)(t) for all t > 0 .

LEMMA 3.3. If T{t) is (p, q) dichotomic with (p, q) * (l, »)

then there exists a function n : R •*• R with lim n(t) = 0 cmd such

/or aZZ 6 > 0 and 6 > 5Q w

||r.(a)*||dB < t i (6 j • \\TAs)x\\ds , for all

> 0 , t > *0
+ (50 and a ^ x € X ; and

||ro(8)x||d8 < n («J • ||T (s)x||d8 /o r
0 j t 2

Proof. Let 6 > 6 > 0 and l e t n be a posit ive integer such that

n&Q < 6 < (n+l)6Q .

If we denote by 6 = 6/n then from t > *0
+(S0 and » = *n+^^i »

k = 0, 1, . . . , n-1 , by (p, o) dichotomy of T(t) and Holder's

inequality we have

s + t t ^
||2-.(

J «+* - * o
 X l o J

< (26 0 ) 1 / ( ? • f US' (T)x||<ft < n(6 0 ) • f- II21 (

where

Taking 8 = t + fc6 , fe = 0, 1, 2, ..., n-1 and adding we obtain

rt+6 f
t + n 6l f*0

||r (T)x||dT = ||r (T)x||dT < n ( 6 j • llr
H L >t *• ° Jt^ 1
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and hence (i) i s proved.

Let t > *0
+2<$0 and s = tQ + k&± with k = 0, 1 , . . . , w-1 . Then

0 0

as before we have

s+6.

tQ

f l r s+6f
s

S + t-t,, a+*-V6o
s+t-t0

||T2(T)x||dT

and adding, we obtain the inequality (ii).

LEMMA 3.4 ([4]). Let f : R -»• R be a function with the property

that there is 6 > 0 such that f(t+S) 2 2f(t) for every t > 0 and

2f{t) 2 f[tQ) for all tQ > 0 and * € [tQ, tQ+6] . Then there exists

v > 0 such that

\>(t-t )
hf(t) > e u f[tQ) for all t 2 tQ 2 0 .

The proof is immediate. Indeed, if v = (in 2)/& and n is the

positive integer with

nS < t - tQ < (n+l)6

then

kf(t) 5 2f(tQ+n6) 2

LEMMA 3.5. If T(t) is (p, q) dichotomic with (p, q) t ( l , °°)

then there exists v > 0 such that for every 6 > 0 there is N > 0

Ci; Hi7 (s)x||ds < We ° \\T (t )x\\ , and
) t l io

C 0 _v[t_* J
(ii) j ||r2(s)x||ds 5 iVe ° [|T2(*0)x|| for all t > tQ > 0

https://doi.org/10.1017/S0004972700007140 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700007140


Exponential dichotomy in Banach spaces 301

and x € X .

Proof. Let 6 > 0 , x € X and let 6 be sufficiently large such

that

n(60) < % .

Let n be a positive integer such that r|6 > ^&Q and let us consider the

function / : i?+ •*• R+ defined by

By Lemma 3.3 we obtain

f
t o + 6 o + n < s

 f *o + n < s r^o*"6

||T is)x\\ds £ n(6n) ||T (a)x||dB « % ||2" (a)x||de
J V 6 o Jto Jto

and hence

If t € \tQ, to+6Q| then

V60

V6o
r 0 0 f 0 0

rx a x da < J^ rx a)x ds + j ^ + ^ ^ a)x c

which implies that

2fit) > /(tQ) for every t € [tQ, ̂ + 6 ^ .

From Lemma 3.U we obtain that there exists v > 0 such that

V (t-t )
it/It) 2 / ( ^ Q ) 6 for all t > tfl > 0 .

By the preceding inequality and Lemma 3.1 we conclude that
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(8)ar||dB = y ^ y < he ° • J 11^(8 )x||de

for all t i t > 0 . The inequality is proved.

From (w) let g be the function defined by

ft+n6
git) = J ||2-2(e)ar||dB .

>t

Then from inequality (ii) of Lemma 3.3 we obtain

• +26J = f \\TAs)x\\da > 2 [ \\T(8)x\\ds =J 2 J
and for t € [t *o+2<^O^ We h a v e

nfi
Q Q 2 0 n f i

^(*J = \\TAs)x\\ds s ||r (e)a||dB + \\T (e)x\\dB

fV
wo

£ % \\T (s)x\\ds + <?(*)
J V 2 6 o

We may now apply Lemma 3.1* to g and on account of Lemma 3.i it

follows that

||T2(s)x||ds S g[tQ) S he ° g(t)
t0

-\\T2{t)x\\ =Ne

for all t > t > 0 .

4. The main results

The purpose of this section is to establish the connections between

the dichotomy concepts and admissibility.
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THEOREM 4 . 1 . Suppose that Assumption 2 holds. If the subspaoe X.

indices a (p, q) dichotomy with (p, q) / ( l , °°) then X. also induces

an exponential dichotomy for the semigroup T{t) .

Proof. Let x € X and 6 > 0 .

Firstly, we suppose that

TAt)x t 0 for all t > 0 .

From Lemmas 3.1 and 3.5 we find that

,t
\\T(t)x\\ < Me"6 • \\T (s)x\\ds 5

1 >t-6 X

Let

I aifi
sup

for all t > 6 .

Then

H^CtJxH < ̂ e ' ^ l l P ^ H for all t > 0 .

If there exists t > 0 such that T[t )x = 0 then

Tx(t)x = 0 for all t > tQ

and hence the preceding inequality holds.

Therefore, there exist N.,\>>0 such that

for all t >- 0 and x € X .

Similarly, if TAt) * 0 for every t > 0 then using Assumption 2

and Lemmas 3.1 and 3.5 one obtains that there exist 6, m > 0 such that

< \\TA6)x\\ < ̂ -

for all t > 0

This yields
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| |T2(t)x|| > N2e
Vt\\P2x\\ for a l l t > 0 ,

where

„ m§_ -0)6
2 = MN e

If there is tQ > 0 with r2(t0)x0 = 0 then 2"2(t)x = 0 for all

t > t^ and from Assumption 2 it follows that ?2x = 0 . This shows that

the inequality

holds for all t i O and x € X .

THEOREM 4.2. Assume that Assumptions 1, 3 and k hold. Then if the

pair (U , X ) is admissible for [T, B, U ) then the semigroup T(t) is

(p, q) dichotomic.

Proof. According to the more refined version of the open-mapping

theorem ([3]) it follows that if [T, B, U ) satisfies Assumption 3 then

there exist an operator 5 : X •*• U and b > 0 such that

BB+ = x and ||S+x|| 5 b||x|| for every x € X .

Let t > 0 , 6 > 0 and x € X , x * 0 . Let M ^ * ) be the input

function defined by

B'

ut(s) =

and let x^ = -f(t)P2x where f{t)

l f 8

, t+6] ,

ft+6j i s

projection along ^ = {x € X : T(•)x € X }

The function u and

https://doi.org/10.1017/S0004972700007140 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700007140


Exponential dichotomy in Banach spaces 305

*i.. *°

where P± = I - P2 .

/(t:)2'(s)P1x , if 8 > t + S ,

-f(t)T(s)P2x , if a < * ,

Hence x •, x , u, € X and by Lemma 3-2 we have that there is
[ t t) q

N > 0 such that

This shows thatrp(-)*|l + f(t)\\T(-)x\\

Ij[O,t]

By Schwartz's inequality we have

62 = /(*) • f l|r(«)a||dB ,
>t

which implies that

\\TA')x\\ + l|Tp(-)x|| <^6 ( 1 / P } - 2 •' ||T(8)«||<fe .
1 Lq[t+6,«>) d Lq[O,t] St

The theorem is proved.

COROLLARY 4.3. Assume that Assumptions X-k hold. Then if the pair

X ) with (p, q) ± ( l , °°) is admissibU

semigroup T{t) is exponentially dichotomic.

(U , X ) with (p, q) t ( l , ») is admissible for [T, B, U ) then the
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