PRODUCTS OF ZERO-ONE MATRICES
JOHN B. KELLY

1. Introduction. Let P be a finite set with p objects o, 7 = 1,2,..., p,
and let {S;},7=1,2,...,n, be a family of » subsets of P. The incidence
matrix 4 = (a,;) for the family {S,} is defined by the rules: a;; = 1if 0, € §;
and ¢;; =0 if 0; ¢ S;. Then, if AA" = B = (b;;) (where A7 denotes the
transpose of 4), it is easy to see that b,; = |[S,;NS,2=1,...,5n,j=1,

.., n, so that the elements of B are integers with b;; > b;; > 0.

Conversely, if an # X # symmetric matrix B with non-negative integral
elements is given, one may ask whether there exists a zero—one matrix, 4,
such that B = AA7. In combinatorial terms, this is tantamount to asking
whether the intersection pattern presented by B is realizable for some family
of subsets of a suitable finite set. Let us say that B is realizable if this is so.
Evidently, a necessary condition for realizability is that &,; > b;; > 0 for
t=1,...,n, j=1,...,n, but, as we shall show, this condition is not
sufficient if #» > 2.

If B is realizable, one may seek to determine the smallest value of p for
which there exists an # X p zero—one matrix 4 with 447 = B. (Clearly, if
g > p, there exists an # X ¢ matrix A with AAT = B; A may be obtained
by adjoining ¢ — ¢ columns of zeros to 4.) We call this minimum value of
p the content of B and represent it by C(B). Combinatorially, the content
of B is simply the number of objects in the smallest possible set that contains
a family of subsets with the intersection pattern presented by B.

The principal aims of this paper are the determination of necessary and
sufficient conditions for realizability of a given matrix and the acquisition
of formulas for the content of a given realizable matrix. These problems are
completely solved for # < 4, the case # = 4 presenting by far the greatest
difficulty. We also obtain partial results for (%, \) matrices, i.e. matrices of
the form (B — A)I, + AJ,, where & and X\ are non-negative integers with
k> A, I, is the n X n identity matrix and J, is the » X # matrix all of
whose elements are 1. As an application, we prove anew Qvist’s theorem (8)
stating that a finite projective plane of odd order N cannot contain an
(N + 2)-arc, i.e. a set of N + 2 points no three of which are collinear.

Section 2 contains some elementary remarks about realizability and con-
tent. In § 3 we transform the realizability problem into a problem in linear
diophantine analysis. An independent set of necessary conditions is obtained.

Received April 12, 1966.
298

https://doi.org/10.4153/CJM-1968-029-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-029-7

ZERO—ONE MATRICES 299

In § 4, the core of the paper, the problem of the calculation of the content of
a matrix is transformed into a problem in integral linear programming. Con-
sideration of the dual problem leads one immediately to an examination of
the n X n matrices all of whose principal submatrices have element sums
< 1. These matrices form a convex subset of the #2-dimensional vector space
over the reals; the extreme points, or vertices, of this set are then a natural
object of study. Their determination for # < 4 opens the way for the solution
of the realizability and content problems for # < 4 in § 5. The length of this
section is due to the fact that we are dealing with an integral, rather than real,
linear programming problem. In § 6, we find extreme matrices for » > 4 with
the same type of symmetry as the (k, \) matrices. The content of some (k, )\)
matrices is computed and the afore-mentioned application is made. In § 7 a
connection is made with the Hasse-Minkowski theory of congruence of
matrices (or quadratic forms), while in § 8 analogues of the concepts of realiz-
ability and content are discussed for non-symmetric matrices. In particular,
it is shown that every non-negative integral matrix is the product of two
zero-one matrices.

In (6), Hall discusses intersection patterns. He assumes that one knows
only whether the sets S; /M .S, are empty or non-empty so that the available
information can be conveyed by a zero-one matrix. He treats problems of
content for this situation. Goodman (5) assumes that the actual objects in
SiM.S;are given for 7 # j and answers the realizability and content questions
that arise. In a sense, then, the problems treated in the present paper are
intermediate between those discussed by Hall and by Goodman. Long ago
Boole (1) was concerned with intersection patterns and related combinatorial
problems. The concepts of realizability and content are implicit in his work.
However, he made no use of matrices. He was aware of the importance of
the quantities x, {cf. § 3) which play an essential role in the present investi-
gation.

2. Elementary properties.

TaeoreM 2.1. If By and B, are realizable matrices of order n, then B, -+ B,
is realizable and C(B; + By) < C(B1) + C(By).

Proof. Let By = A1 A;T and By, = 4, 4,7, where 4; has » rows and p,;
columns and A4, has # rows and p, columns. Let A be the matrix with # rows
and p; + P2 columns cobtained by placing 4, to the right of 4;. Then
B, 4+ By, = AA7T so that B; + B, is realizable. Moreover, if Ay and 4. are
chosen so that p; = C(Bi) and p, = C(B,), our construction implies that
C(B1+ B:) < C(By) + C(By).

CoroLLARY 2.1. If B is realizable and m is a non-negative integer, then mB
is realizable and C(mB) < mC(B).
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The converse of the first part of Corollary (2.1) is false. The matrix

21111
12111
Be=|1 1 2 11
11120
1110 2

is not realizable. This may be seen by a straightforward combinatorial argu-
ment in which one considers the various (and not very numerous) possibilities
for the sets .S;, j = 1, 2, 3,4, 5. On the other hand, 2B, is realizable, as one
sees by taking Si = {0y, 02, 03, 04}, Sz = {01, 09, 05, 06}, S5 = {03, 04, 05, 06},
Ss = {01, 03, 05, 01}, S5 = {0, 04, 05, 05}. Each of these sets has four objects
and any two have two objects in common except for Sy and S5 which are
disjoint.

It will follow from Theorems 5.1-5.4 that the realizability of mB implies
that of B when #n < 4. In §7, we give an example of a matrix B for which
C(2B) < C(B).

Evidently I, = I, I,T is realizable. Moreover C(I,) = n, since in this case
the sets S;, 7 = 1,2, ..., n, must each have one object and no two have any
object in common. J, is realizable since J, = J,1 J,1T where J,1 isan n X 1
matrix consisting entirely of ones. This representation shows that C(J,) = 1.
Theorem 2.1 now implies

COROLLARY 2.2. If B is an n X n (k, \) matrix, B is realizable and
C(B) < nk — (n — 1)\

1t is obvious that rows and columns of zeros may be removed from a matrix
without altering its realizability or content. Also, if two rows (and hence
two columns), are identical, one of the rows may be removed without altering
either realizability or content. If B is a principal submatrix of the realizable
matrix B, then clearly B is realizable and C(B) < C(B). Every proper prin-
cipal submatrix of By is realizable even though B, is not.

From the equation B = AAT we deduce that C(B) > rank B and that if
C(B) = n, then det B is an integral square. Another obvious lower bound
for C(B) is u(B), where u(B) denotes the largest element of B. Furthermore,
if B has d distinct rows, then, since the set P has 2? distinct subsets, we have
2? > d so that C(B) > log.d.

An upper bound for C(B) is given by

trB = Z b“
=1

For the set S; has b;; elements; hence P need not have more than > 5.1 by,
elements. Clearly C(B) = tr B if and only if B is diagonal.
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3. Necessary conditions for realizability. Let us suppose that B, and
hence the intersection pattern presented by B, is realizable, so that

by =|S:NSy,  4,7i=12,...,n,
for some family {S;} of subsets of a finite set P. Let w, = {1,2,3,...,n}

and let 7 C w,. Let x, denote the number of elements of P belonging to pre-
cisely those sets .S; for which ¢ € 7. Thus

Xy = ImiEr SN m;QTSj|
where §; is the complement of .S, in P. It is easy to see that
(3'1) Z{i,j)‘_:_f X = bi]'y 1’:]. = 1, 2, A (3

" —ig_ 1> independent
equations in 2* — 1 unknowns (we can assume r non-empty). It is immediate
that B is realizable only if the system has a solution in non-negative integers.
Moreover, if non-negative integers x, are given satisfying (3.1), sets S; with
1S: M S;| = b;; may readily be constructed from the definitions of x.. Hence
the solvability of (3.1) in non-negative integers is also a sufficient condition
for the realizability of B.

Since B is symmetric, the system (3.1) consists of <

Suppose that ¢ and p are a pair of subsets of w,. Define the function f,,(B)

by
3.2) fea(B) = 20 bij+ 2 by — 2 by
i<y <jJ i€o
{i,5}Ca {i,51Ce j€p
We prove:

TueoreM 3.1. If B is realizable, then f,,(B) > 0 for all pairs (o, p) of sub-
sets of wy.

Proof. The theorem will be established if we show that when equations
(3.1) are inserted into (3.2) the coefficient of x, will be non-negative, for all
subsets, 7, of w,. Let a,, be equal to the number of unordered pairs of (possibly
equal) elements in both 7 and ¢. Let 8,, be the number of unordered pairs of
unequal elements in both 7 and p. Let v.,, be the number of ordered pairs of
elements (4, j) where 7 is in 7 and ¢ and j is in 7 and p. Then it follows from
(3.1) and (3.2) that the coefficient of x,, when (3.1) is substituted in (3.2),
will be a.; + Brp — Yrop

Let [rMNa| =u, |[rMp| =v. Then a, = w2+ u), B, = £ — v),
Yrep = uv so that

Qrg + 679 — Yrep — %[(% — v + 1) (u - Z))]

The quadratic function 2(z + 1) is non-negative for integral z. Hence, setting
z =u — 9, we find that o, + B:p — Yrep > 0.

We shall see in § 5 that the converse of Theorem 3.1 is true if # < 4. How-
ever, if n > 4, the converse is false. The 5 X 5 matrix By mentioned in § 2
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is not realizable but must satisfy all inequalities of the form f,,(B¢) > 0
since these are linear homogeneous inequalities satisfied by the elements of
the realizable matrix 2B,. We conjecture that if f,,(B) > 0 for all pairs of
subsets (o, p) of w,, then the system (3.1) has a non-negative (but not neces-
sarily integral) solution, but we have been unable to prove this.

For further reference we list some of the inequalities f,,(B) > 0 for
2<n<K4:

(B3) oe=0,p=1{1,2}, fo(B) = b1z > 0;
(34) g = {1}, p = {2}, fap(B) = bu -— b12 } 0,

(3.5) o =1{1}, p = {2,3}, foo(B) = b11 + b2z — b2 — by13 > O

8.6) o= {1}, p = {2, 3,4},
Joo(B) = b1y + bas + bas + bzs — b1a — b1z — b1 > 0

(37 o={1,2}, p = {3,4},
foo(B) = b1x + br2 4 bas + by — b1 — b1y — bay — bay 0.

It is easy to show that f eMp=v and ¢’ =¢ —», p = p — », then
feo(B) = for (B) so that we can assume that o M p = @. In this case the
general form of f,,(B) is determined by |¢| and |p|. Let us say that the in-
equalities f,,(B) > 0 and f,**(B) > 0 are of the same fype if o M p = @,
o* M p* = 0, |[o| = |o*], and |p| = |p*|. Then if n = 4, there are 6 inequalities
of type (3.3), 12 of type (3.4), 12 of type (3.5), 4 of type (3.6), and 6 of
type (3.7), 40 in all.

4. Extreme matrices. In the notation of § 3, we have
(4.1) |P] > 2 ot

The reason we do not have equality is that some objects in P may not belong
to any of the sets .S;. (Equality could be restored if we were to allow 7 to be
empty.) If |P| = C(B), then clearly equality holds in (4.1). Hence the problem
of determining the content of the realizable matrix B may be regarded as a
problem in integral linear programming; that is, we are to find integers x.,

such that

(4.2) x>0,

(4.3) Sinceks=by,  i=12,...,n ji=12...,m,
(4.4) > rcwn X; iS a minimum,

The minimum of >, x,, referredzto as the value of the programming problem,
is in this case equal to C(B).
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We shall make some general remarks about real linear programming. The
canonical linear programming problem may be put in the following form.
We are to find a (real) column vector x such that

4.5) x>0,
(4.6) Dx = b,
4.7 ¢x is a minimum.

Here x and b are column vectors, ¢ is a row vector and D a matrix, the dimen-
sions of x, b, ¢, and D being compatible for multiplication. (According to the
usual convention, z > w means that each component of z exceeds the corre-
sponding component of w.) The problem dual to (4.5)-(4.7) is that of finding
a row vector ¥ (not necessarily non-negative) such that

(4.8) yD < ¢,
(4.9) yb is a maximum.

If x is any vector satisfying (4.5) and (4.6) and ¥ is any vector satisfying
(4.8), then

(4.10) yb = y(Dx) = (yD)x < cx.

Thus the maximum of yb does not exceed the minimum of ¢x. According to
the fundamental theorem of linear programming, if both (4.5)-(4.6) and
(4.8) have solutions (are ‘‘feasible’’), the problem (4.5)~(4.7) and its dual
(4.8)-(4.9) have solutions and max yb = min cx; that is, the two program-
ming problems have the same value.

In order to formulate the problem dual to (4.2)—(4.4) we first order the set
of non-empty subsets of w, in an arbitrary manner., The column vector x
with 2* — 1 elements will have x, lying above x, if 7 precedes ¢ in this order-
ing. In the same way, we order the #2 pairs (4,7),2 = 1,2,...,n,7j=1,...,n,
arbitrarily and construct the column vector b from the matrix B. The matrix
D will have #? rows and 2" — 1 columns. Let the columns of D be indexed
by the subsets of w,, ordered as above, and let the rows of D be indexed
by the pairs (7, j) ordered as above. Then the element d.;; of D is 1 if
{1,7} © 7 and is zero otherwise. (In this case, because of the symmetry of
B, the system (4.6) of #n? equations in 2" — 1 unknowns contains only
(n—i— 1> independent equations.) We introduce a row vector y with n?

elements y,; indexed by the pairs (2, j) ordered as above and associate with
y an # X n symmetric matrix ¥ = (y;;). In terms of the matrix V it is
now easy to describe the constraint (4.8) of the dual problem.

The row vector ¢ consists of 2* — 1 ones. Inequality (4.8) is >, d, ;v < 1,
which, because of the definition of d, ;;, is

(4.11) Z(’l,j}g‘r Yy < 1, for all 7 C w,.
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Let Y, be the principal submatrix of ¥ consisting of those elements y,;
such that {7, j} € 7. Then (4.11) says that the sum of the elements in Y,
does not exceed 1. We shall call a symmetric matrix ¥ all of whose principal
submatrices have this property admissible. Let V-B = yb. Y-B may be re-
garded as the ‘“‘scalar product” of the matrices ¥ and B. Then the problem
dual to (4.2)-(4.4) is that of maximizing V-B as ¥ runs over the set 9,
of admissible matrices of order #. It is clear from (4.10) that if ¥ is admissible
and B is realizable

4.12) CB)>» Y-B,

The inequalities (4.2)—(4.3) have solutions if B is realizable. Since admissible
matrices obviously exist, the dual problem is also feasible. Hence, by the
fundamental theorem, the minimum value of Y, x, subject to (4.2) and
(4.3) (where we do not demand that the numbers x, be integral) is equal
to the maximum value of ¥V-B for ¥V € 9),.

n+1

2

symmetric # X # matrices. The maximum value of ¥-B will be attained at
one of the vertices or extreme points of J,. At these extreme points, which

9. is a convex subset of the < >-dimensiona1 vector space of real

we call extreme matrices, some set of (n '|2‘ 1) of the inequalities (4.11)
become independent equalities.

Let €, be the set of extreme points of 9),. Then the value of the real linear
programming problem (4.2)-(4.4) is the maximum of E-B for E € §,. The
value of the integral linear programming problem (4.2)—(4.4) may, of course,
exceed the value of the real linear programming problem so that C(B) >
max E - B.

Extreme matrices may be found by considering all possible sets of (n -+2— 1)

equalities in (4.10) and solving the resulting systems of linear equations.
Naturally, this process does not always produce an admissible matrix. By
taking advantage of the symmetry of the problem, one may reduce the num-
ber of systems to be solved. We say that two extreme matrices are of the
same class if each may be obtained from the other by permuting rows and
columns. We list below representatives of each class for n < 4. With each
matrix of a given class we have indicated the number of matrices in the
class. We order the classes in &, arbitrarily and denote by &,, the mth class
in €,:
(4.13)

(4.14) n =2 Gou: [

BN
I
ot

&

;11,1

!
(ST
I
=t
 S—
—

(4.15) n =3 G 1 -3 —3|,1 G 1 -3 01,3
-1 1 —3 —% 1 0
-1 1 1 0 0 0
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(4.16) n =4
@412 [~ 1 '—% —% —'% ,1 @42! 1 '—‘% —% 0 ,4
-3 1 -3 -} -3 1 -3 0
-3 -3 1 -} -3 -3 10
-1 -1 1 1 0 0 0 OJ
@43: B 1 —% 0 0 ,6 @443 1 —'% —% % ,4
—3 1 00 -3 1 -3 1
0 0 00 -3 -3 1 1
L 0 00 0 1r ot -2
G [ 3 -3 -3 —1].1
_1 2 _1 _1
6 3 6 6
1 __1 2 __1
6 6 3 6
1 _1 _1 2
L 6 6 6 3

Note that there is 1 extreme matrix of order 1, 1 of order 2, and that there
are 4 of order 3 and 16 of order 4. Further calculation will doubtless yield
more insight into the structure of &, when # > 4. An obvious conjecture is
that |G,] = 4*2if n > 1.

It is easy to see that the » X » matrix with ones on the principal diagonal

and —3% elsewhere is admissible and, in fact, extreme. Application of (4.12)

gives, for arbitrary realizable matrices B,

(4.17) C(B) > ;1 b — ;jbﬁ.

THEOREM 4.1. If B is an integral symmetric matrix with non-negative elements
bi; such that

b“>2b”, fori=l,2,...,n,

i

then B is realizable and
C(B) = Zlbn - ;.bij-
i= i<j
Proof. An integral solution of the system (3.1} is

Xy = bii'—Zj;éibijy 1=1,2,...,mn,
X, 50 = bij, 1<i<ji<n
x, =0, otherwise.

The hypothesis implies that this is a non-negative solution, so that B is
realizable. Moreover,

fo=2bn— 225114'217” =thi_zbu
T =1 <j i<j i=1 i<j

so that

CB) < by — ;jb”.

i=1
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But (4.17) implies that
C(B) = Z b“; _ Z bij.
=1 i<j

CoROLLARY 4.1. If by, 1 <7 < j < n, are given non-negative integers, the
intersection pattern by = |S; M S| is realizable.

Proof. We may choose integers b;; such that b;; > X ;. by for £ =1,
2,...,n. The corollary follows immediately from Theorem 4.1.

5. Realizability and content for » < 4.

THEOREM 5.1. Let B = [bu1]. Then B is realizable if and only if by is a non-
negative inieger. C(B) = b1

Proof. The necessity of the realizability condition is obvious. The remainder
of the theorem follows from Theorem 4.1.

THEOREM 5.2. Let B be an integral symmetric matrix of order 2. Then B is
realizable if and only if the three inequalities of types (3.3) and (3.4) are satis-
ﬁed. If B s realizable, C(B) = b11 + b22 - b12.

Proof. Necessity follows from Theorem 3.1. The remainder of the theorem
follows from Theorem 4.1.

Now let B be a matrix of order 3. Let M(B) = max E-B for E € @3, so
that M (B) is the largest of four numbers. We have

THEOREM 5.3. Let B be an integral symmetric mairix of order 3. Then B 1s
realizable if and only if the 12 inequalities of types (3.3), (3.4), and (3.5) are
satisfied. If B is realizable, C(B) = M(B).

Proof. The necessity of the realizability conditions follows from Theorem
3.1. We shall establish their sufficiency and show that C(B) = M (B) simul-
taneously.

Suppose first that M (B) = E-B where E € &;;. Then the condition that
E-B > E’-B where E' € §;, gives

b11 > b1z + bys,
5.1) baz > b1z + bos,
bss > b1z + bas.

It follows from Theorem 4.1 that B is realizable and that
C(B) = b1y =+ bag + bzz — b1a — b1z — bys = M(B).

Now let M(B) = E-B, where E € €3, Because of the symmetry in the
hypotheses and conclusions of Theorem (5.3) we may assume that

1 -1 0
(5.2) E=|—-1 1 of.
0 0 0
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Then the condition E-B > E'-B where E' € §;; gives

(5.3) bis -+ baz > bss
while the condition that E-B > E”-B where E" € @3, E” # E, gives
(5.4) b1 + bes > b1g + bs,

bos + b1z > b1z + bas.

The system (3.1) consists, when # = 3, of three equations similar to
%1+ %12 + %13 + %125 = by
and of three equations similar to

X1z -+ X128 = Dya.
These six equations in seven unknowns have the particular integral solution

%1 = bur + bag — b1z — bss,
X2 = bge + b1z — b1z — bss,
X3 = 0,

(5.5) %12 = b1s + bsz — b1z — b,
%1z = gz — bas,
Xes = b3z — big,

X123 = b1g + bag — bas.

Now x; > 0 and x: > 0 because of (5.4), x12 > 0 because of (3.5) (after a
permutation of subscripts), x1i; > 0 and %23 > 0 because of (3.4) (after a
permutation of subscripts), and x123 > 0 because of (5.3). (Henceforth, when
referring to inequalities of types (3.3)-(3.7) we shall omit the remark “after
a permutation of subscripts” in cases where it clearly applies.) It follows
that B is realizable. Moreover, we have, from (5.5), that

er‘r = byy + b2z — by = E-B.

Hence C(B) < E-B. But ((B) » E-B from (4.12). Hence C(B) = E-B =
M(B) when E € §;,. Thus Theorem (5.3) is proved.

We introduce the symbol (s) to denote the smallest integer greater than or
equal to the real number s. Suppose now that B is an integral matrix of
order 4. Let M(B) = max (E-B), for E € §4, so that M(B) is the largest
of 16 numbers. (Evidently the symbol {) is required only when E € @.)

THEOREM 5.4. Let B be an integral symmeltric matrix of order 4. Then B is
realizable if and only if the 40 inequalities of iypes (3.3), (3.4), (3.5), (3.6),
and (3.7) are satisfied. If B is realizable, C(B) = M(B) unless B = I, + J.
In this case M (I, + J5) = 4 but C(I4+ Ji) = 5.
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Proof. The method of proof is essentially that of Theorem 5.3. However,
the details are more cumbersome and a somewhat different type of argument
is required to handle matters when E € Eg.

As before, the necessity of the realizability conditions follows from Theorem
3.1. Also, if B is realizable, then C(B) > M (B) by (4.12). Hence we need
only establish the sufficiency of the realizability conditions and the inequality
C(B) < M(B) for B I, + J..

When # = 4 the system of equations (3.1) consists of four equations of
the form
(5.6) %1+ %12 + X138 + K14 + X125 + Xro4 + X1 + Xi1os = by
and of six equations of the form
(6.7) X1+ X198 + X12s + X134 = b1
We shall refer to the entire system of 10 equations in 15 unknowns as system
A. Our task will be to show that if the inequalities (3.3)—(3.7) are satisfied,
system A has a non-negative integral solution with X, x. = M(B).

1f M(B) = E-B where E € €4, the argument is the same as for the corre-
sponding case when n = 3.

To treat the case M(B) = E-B where E € G;; we need the following
lemmas:

LemMa 5.1. The system of m inequalities and one equation

ai<zi<58iy i=1721-~'ym)

m
Z zi = 7)
i=1

where a;, By, and v are inlegers, has an integral solution if and only if
ai<ﬁiv i=1,2,...,m,

and
m

Zai<v<§m.

i=1

Proof. The necessity is obvious. We establish the sufficiency by induction.
The lemma is clear for m = 1. There is no loss in generality in assuming that
Bn — an is minimal. We assert, that there exists a number 8 in [a,, 8,] such
that v — 6 is in

m—1 m—1
For otherwise, for all £ in [y, 8,] either

m—1
’Y_f<;0li

or

m—1
vy—E> ; B
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In particular, we must have
m—1
Y — oy > El B,
=
since
m—1
Y —om < El Qy
qa=
implies
m
vy < Z (22 7]
i=1
contradicting the hypothesis. Similarly
m—1
Y= B < Zl (228
=
Thus
m—1 m—~1
T>ant+ 2 B and ¥ < fnt 2,
i= =
whence
m—1 m—1
an, + ; Bi < Bm + Zl 223
- =
so that

m—1
Z:l (Bz - ai) < Bn — Gm,y
contradicting the minimality of 8, — au. Set z,

= [0]. Then, since om, Bm, v,
> a;and X B;areintegers, we have e, < 2, < B and

m—1 m—1
2:1 a; < Y — %n < ZI 61.
i= i=
The system
a; < 5 < By 1=1,2,...,m—1,

m—1
D Bi=7— I,
{=1

has, by the inductive hypothesis, an integral solution and this solution leads
immediately to an integral solution of the original system.
LeEMMA 5.2. The system

ay < 25 i=1,
2; < Burs

where o4y, Bix, and v are integers has an integral solution if and only if
ai7<3m ’i=1,..
and

.,m,j=1,...,71,k=1,..

Z 31.7% >

Sy
2y, <,
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for all choices of the integers ji, Jo, v oy Jus B1y B2y o ooy By Such that 1 < j, < 74
1 < kl < S

Proof. Setting a; = max; a;;, f; = min B4, we see that Lemma 5.2 follows
immediately from Lemma 5.1.

Now suppose that M(B) = E-B, where E € §,,. With no loss in generality,
we may assume that

[ 1 -3 -1 0
1 1
ol -r 1 =10
E=lay =1 10
|_0 0 00
so that
(5-8) E-B = b1 4+ bos + bgz — b1p — b1y — bas.

We seek solutions of system 4 with x4 = %123 = %1234 = 0. Then system 4
is equivalent to the system

x1 = b1 — b1y — b1z — %14,
%o = bag — bag — b1a — Xy,
x3 = bgg — b1z — bag — X34,
%12 = bas 4 br2 — b1s — Doy — X34,
5.9) %13 = bya + b1s — b1s — bas — %o,
Koz = bas = bag — bas — bgs — Xy,
X124 = b1s + bag — by + %34,
X134 = O14 4 bas — bas + %4,
Xoza = Dag + bas — Dy + Xy,
%14+ %os + X34 = 2b4s — b1y — bag — bsa

In order to apply Lemma 5.2, we put

apn; = 0, B11 = b1 — b — by,
ayy = by — b24 - b34y Biz = " + b23 — bay — b341
as = 0, Bor = bog — b12 — b23y
ags = by — b1s — by, Baz = bas ~+ b1z — bys — bsy,
az = 0, Ba1 = bss — b1 — b23,

3y = b44 - b14 - b241 632 = b44 + blZ - b14 - b24)
Y = 2b44 — b1s — bay — B34
If we put 21 = %14, 22 = %24, 23 = X34, We see that the system (5.9) has a
solution in non-negative integers if the system
a;; < 2y 1=1,2,8,j=1,2,
2, < Buy 1=1,2,3k=1,2,
21+ 22+ 2 =7
has a solution in integers. According to Lemma 5.2, this will be the case if
@) an<Bu, =123, or
(@") b1 > bia -+ bas, bae > bz + bas, bss > biz + bas;
b)) an < B i=1,2,3, or
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(b”) bas + bas > bos + bssy, bas + b1z > brs + bas, bas + b1z > bry + bag;
(C) @9 < Bilv 7 = 1, 2, 3, or
(€’) b+ bas 4 b3 > bas + b1z + bya,
bas + b1s + 034 > bas + b1z + by,
bss =+ bis + bas > bas + b1s + bas:
(d) ap<Biw =123, or
(d) b33 > 0, b1z > 0, byz > 0;
() a4+ an+au <y, or
(€’') 2bas > bra + bas + bsa:
) andtantop<y, antantan<y aptoantan<y, or
(") bas > bas, baa > boyy, bas > by
(@) a4 a4 <9v, apF s + o2 < 7, @12+ oo + a1 <, or
() b1a > 0, b2s 2> 0, b3y > 0;
(h) o1z 4 e + a3 < v, or
(b)) b1a + bas + bay > bug;
(i) Baur+ Bar+ Bs1 >, or
(i) b1a 4 bae + bas + bra F bas F b3 > 2(bas F b12 F b1z - bes);
(G)Y Buu+Ba+Bs2>v, But B4 Bs1 >, Bzt Bar+ Bs1 > v, or
(J,) bll '+ b22 + b34 > b44 + b12 + b13 + b23,
by + baz 4 bas > baa + b1o + bus + bas,
bas + bss 4 b1s > baat bra 4+ bis -+ Das;
(k) Buu+ B+ B>y, Bzt Bar+Bs2> 7, Bra+ Boz+ Bs1 > v, or
(k') b11 > D14y bas > bagy bys > by;

and finally

(1) Biz+ B2+ Bs2 > v, or

(') bas + b1z + b1s + bos > bis + bos + bsa

Now inequalities (b’), (d’), (I'), (g), (k’), and (I') follow from the realiz-
ability conditions (8.3)—(8.7). The remaining inequalities may be deduced
from the fact that M(B) = E-B where E is given by (5.8). Thus the con-
dition E-B > E'-B, where E’' € €4, E'  E, gives the inequalities (¢’).
Similarly, the condition E:-B > E’-B, where E' € €4, gives (h’); the con-
dition E-B > E'-B, where E € @, gives (a’) and (§'); the condition
E-B > E’-B, where E’ € Gy, gives (¢/); and the condition E-B > E'-B,
where E' € @45, gives (). Thus, if M(B) = E-B, system 4 has a solution
in non-negative integers with x, = X123 = %1034 = 0. Thus B is realizable and
it follows from (5.8) and (5.9) that X ,x, = E-B = M(B).

To treat the case in which M(B) = E-B, where E € G4, we require some
additional lemmas.

LemMA 5.3. The inequalities
a; < 2; < By i=1,2...,m,
r < Z 2, < p
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where oy, By v, u are integers have an integral solution if and only if
a; < By, 1=12,...,m,
v < p,
v < Z Bs Z a; < .

Proof. The necessity is obvious. The hypotheses imply the existence of an
integer v such that > a; < v < X B; and » < v < u. The lemma follows
from Lemma 5.1.

LemMma 5.4. The inequalities

a;; < 2 < By 1=1,...,m, i
<2z, k=12...,5,
Ezi<#z, l=12,...,q

where a iy, Bijy vi, m are tntegers, have an integral solution if and only if

I
—
X

ai]‘<.3iky /L‘=11-"ymvjyk=1v--'ary
Vk<l‘ly k=17~'~1pyl=17'--vQy
Zai.j(i) <p'l) Vi <Zﬂi,j(i)y k = ]-y""P) l= la'--1Q1

where the integers j(1) are chosen arbitrarily between 1 and r.

Proof. Lemma 5.4 follows from Lemma 5.3 in the same way that Lemma
5.2 follows from Lemma 5.1.

Now suppose that M (B) = E-Bwhere E € §,;. Thereis no loss in generality
in assuming that

1 -3 0 0
-1 1 00
_ 2
E= 0 0 0 O
0 0 0 0
so that
(5-10) M(B) = by + b2 — byo.

We seek solutions of system 4 for which x; = x4 = x3; = 0. Then system
A reduces to

X1 = by + bag — byg — bas — bra + bz — (%1 + x2),

%13 = bix — bia — bus -+ bay — %1,

%14 = by — b1z — bg3 + baz — xy,

Koz = Doy — bya — bas -+ bya — %y,

(5.11) 294 = bag — b1o — bss + b1z — xa,

X123 = bz -+ 204s — b1y — boa 4 2010 — b1y — bea — bas + (xl + xz),
K12 = 2b33 + bag — byy — bag + 2b1s — b1y — bas — bss + (xl + x2),
X13s = bag 4 0as — bux 4 b1z — bog — bas + %1

Xags = bgg + bas — bag 4 b1y — b1g — b1a + o,
K123a = D11 4 bae — 2035 — 2b4s — 2012 + b1y + b1a 4 bas + bas

4 b3 — (x1 + x2).
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In order to apply Lemma 5.3, we put

an = b+ bes -+ b2y — bss — bas — by, a; = 0,
as1 == boo + b1g + D14 — bsg — byy — b1z, as = 0,
Bu = b11 — by — b+ b24, Bi2 = b — b12 — bs3 + bza,

B21 = b22 - b12 - b44 + b147 622 = b22 - b12 - b33 + b13y

M1 = by1 - bag — b3z — bag — b1a + Day,

Mo = b11 + bae — 2b5s — 2b4s — 2b1s + bis + bys + Do + Doy + bs4,
V1 = b11 + b22 + b14 + b24 ‘|“ b34 - b33 - 2b44 - 2blz,

ve = bu + bas 4 b1s + bas + bsy — 2055 — bas — 201

If we put 21 = x1, 22 = %2, we see that the system (5.11) has a solution
in non-negative integers if the system

Qg < 21, 2 < Bik» i!j) k 2’

= 1,
Vj<zl+22<“k1 jyk=172y
has an integral solution. According to Lemma 5.4, this will be the case if

(@) o1 < By, o1 < Bz or

(@’) bss > basy bas > baa;

(b) an < Bo1, an < B2 Or

(b’) bss > bis, bas > bua;

(€) a2 < By s < Pr2, azr < PBo1, sz K Pz OT

(c') by1 + b2s > bas + b1z, b1r + bas > bas + bus,
bog + b1s > bas + bis, b + b1z > b3z + b12;

(d) v1 < g1, Y2 S g1 OF

(d’') bas + b1z > b1s + Doy, bss 4 b1z > bis + bas;

(e) vy < pa, Ve < pe OF

(€') b1z + baz > bssy, D14+ b2 > bus;

(f) v1 < Bu + Ba, v2 < Bz + Ba2 OF

(f') bas > bsay sz > bsq;

(g) v1 < Bu + B2z v2 < P12+ Ba or

(') baa 4 b1z > bra + bas, bz + b1s > bus + ba;

(h) »1 < B2 + Ba2, va < Bur -+ Ba or

(h') 2bsa + b1z + bes > bss + b1a + Das + ba,
2bss + b14 + D24 > bas -+ b1z + bas -+ baa;

(i) »1 < Biz + Bo1, v2 < P11 + B2z o1

(i) bas 4 Doz > bos + bss, bss + Doy > Doz + bag;

(G) a4 an < por

(G') bss + bss -+ bas + bar > bis + b1s + bos + Do

(k) an + ase < p1, an + a2 < py or

(k") bos + 054 > bas + bas, b1+ b5 > b1z - bug;

(1) a1e + age < up Or

(1) ba1 + baz + bss > bz + bas + big;

(m) ay1 + a1 < ug Or

(m’) b3s > 0;
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(n) a1+ aze < pa, oas + s < pg Or
(n") bog + b1z + bis + b3s > bss - bas + D1,
by = bos -+ bas + bss > bss -+ bas + b1a;
(0) oz + ase < pg or
(0') b11 + boo + 15+ b1s + b2z + bas + b3y > 2(bss + bas + b12).

Now a’, b, d', ', ¢, i, 7/, X/, and m' are consequences of (3.3)~(3.7) while
the remaining conditions follow from the fact that

M(B) = E-B = by + boe + b1a.

Thus the condition that E-B > E'-B, where E' € @y, gives (¢’) and (n’);
the condition that E-B > E’-B, where E' € G4, E' = E, gives (¢} and (I');
the condition that E-B > E'-B, where E' € Gy, gives (h’); and the con-
dition that E-B » E’-B, where E' € @45, gives (0’). Thus system A has a
non-negative integral solution with x; = x4, = x3, = 0 and B is realizable.
It follows from (5.10) and (5.11) that Y., x. = M(B).

Suppose next that M(B) = E-B where E € €. There is no loss in general-
ity in assuming that

|

(5'12) M(B) = bll + b22 + b33 - 2b44 - b12 - b13 - b23 + b14 + b24 + b34-

[ X
Rl ek R[N R3]
DD Nl bl ol

il
Rl N Rt

so that

We seek an integral solution of system A for which xs=%14=%0s=X31=2%123=0.
This solution is readily found to be

%1 = b1 — b1z — b1z - b1s -+ Doy - bgs — 2byy,
Xy = bag — b1z — bas + b1a + bos + by — 2b4y,
x3 = bgz — b1z — Das + bis -+ bos 1 bgs — 2bu,
(5.13) X120 = b1z + bag — b1a — Doy,
K15 = b1z + bas — big — by,
%93 = bag + bas — bas — by,
%124 = bag — bgyy X134 = bag — bay, Xo34 = bas — byyy

X1234 = b1s - Doy + gy — 2b4a.

Here x12 > 0, %13 >0, %33 >0 by (3.5) and x124 > 0, x134 > 0, and
X232 > 0 by (38.4). The condition that E-B > E’-B, where E' € §,,, gives
%1231 > 0 and the condition that E-B » E'-B, where E' € Gy, gives x; > 0,
%2 > 0, x3 > 0. Hence system 4 has a non-negative integral solution so that
B is realizable. From (5.12) and (5.13) we calculate that Y., x, = M(B).
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Finally, let us suppose that M(B) = (E-B), where E € @, so that

|
|
[

|
|
|

S = WIS i
A Loled D
N ol Bl ol

S—

M

=
I
DI Bl O ot

|
!

and

(5.14) M((B) = (N(B)) ={(E-B) = (3(bu1 + bs2 + bazs + bss)
— 3(by2 + bus + Doz + bia + bas + Bag)).

Since this is the last case to be considered, we may assume that M (B) > E’- B,
i.e. strict inequality holds, where E’ is any extreme matrix not in §4. There
are three possibilities:

(i) M(B) = N(B),
(i) M(B) = N(B) + %,

(iii) M(B) = N(B) + %

In case (i) we seek a solution of system A4 with x1=%:=x3=%;=%1234=0.
Such a solution, which for future reference we label x15*, %15, etc., is

%12 = X12* = N(B) — bgs — bas + bsy,
X138 = xls* = N(B) - b22 - b44 + b247
X14 = x14* = N(B) - b22 - b33 + b23y
Xog = Xag* = N(B) — bux — bas + by,

(5.15) Ko = Kot = N(B) — by — bss + bus.
%31 = X34* = N(B) — b1y — bas + bya,
X123 = X1a8* = N(B) — bu1 — bge — bss -+ b1z + b1z + ba,
X124 = Xp24F = N(B) — by — baz — bag + baa + b1 -+ bay,
X134 = X1gs* = N(B) — b1 — bas — bas + b1z 4+ b1+ Daa,
Xogs = Xoga® = N(B) — boa — bsg — bas + bas + bas + b,

This solution is integral since N(B) is integral in case (i). Moreover, X;s3,
X124, X134, X234 are >0 since N(B) > E’-B, where E' € Gy, and x12, %13, %14,
%23, %24, and x4 are >0 since N(B) > E’-B, where E’ € §4;. Hence B is
realizable, and from (5.14) and (5.15) one calculates that

> . x, = N(B) = M(B).

Suppose next that (ii) holds, so that N(B) + % is an integer. There is no
loss in generality in assuming that by > 1. We seek a solution of system 4
with x; = 1, x2 = x3 = %4 = X123s = 0. System A4 now has the integral

solution
— 2 _ * 2 _ * 2
K12 = Xp¥ — ) X13 = X137 — 3, X14 = X147 — 3,
— 1 _ * 1 _ 1
(5.16) Koz = X23¥ 4+ %, X4 = Xos® + 3, X34 = X34 -+ 3§,
— * 1 — * 1 _ 1
X123 = X125 + % X124 = X124* + 3, X130 = X134 + 3
— 2
Koza = Xoga® — 3.
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It follows as before that xes, X4, X123, X124, and xy3: are non-negative. If
E' € @y, then M(B) = N(B)+ %> E-B so that NB)+ 1> E-B+1
or N(B) » E'-B + % from which it follows easily that x4 > 0 In a similar
way, we may show that x12 > 0, x13 > 0, and %14 > 0. Thus B is realizable
and from (5.14), (5.15), and (5.16) (remembering that x; = 1) we calculate
that 3., %, = M(B).

If (iii) holds, then N(B) + % is an integer. We shall investigate solutions
of system A of the types

(@) %1 = 1, %y = 1, X3 = X4 = X234 = 0,
(b) x1 =1, Xy = x3 = x4 = 0, X134 = 1.

A solution of type (a) will have two of the x; equal to 1, the other two zero,
and x123: = 0 while a solution of type (b) will have one of the x; equal to 1,
the others 0, and x193: = 1.

An integral solution of type (a) with x; =1 and x, = 1 is

— * _ * 2
X1z = X127 — 4, X34 = X34 + %,

_ * 1 — * 1 _ * 1 _ * 1

5.17 X13 = X137 — 3, X1g = X147 — 3y, KXoz = X237 — 3, Xag = Xog — 3,
( . ) _ * 2 _ * 2
X123 = X123° -+ %, X124 = Xi24® + 3,
— 1 _ 1
X134 = X134 F— 35 X934 = Xoaza® — 3§

Arguing as before, we see that (5.17) gives a non-negative integral solution
of system A with >, %, = M(B) unless x;2* = %. There will be a non-nega-
tive integral solution of type (a) to system A4 unless simultaneously we have

ool

(5-18) x12* = X3 = 21 = wg® = xp* = X3sF =

A solution of type (b) with x; = 1 and %1230 = 1 is

%12 = x12* — 3, X13 = x13* -5 X1 = x1* — 5
(5.19) Xo3 = X23* + %, Xog = * 4 3 X3e = Xp™ + %
X123 = X125F — 5 Xigs = X124* — §, X134 = Xyzqt — %,

Xo23s = Xazs* — 4.

Then, as before, (5.19) will yield a non-negative integral solution of system
A unless x234* = . There will be a solution of type (b) to system 4 unless
we have simultaneously

(520) x123* = X124 = x134* = Xg3a* = %

Theorem 5.4 is proved except for the case in which (5.18) and (5.20) both
hold. If (5.18) and (5.20) are inserted in (5.15), we have a system of linear
equations in the elements of B. This system has the unique solution b;; = 2,
by = 1,1 % j, so that b = I, + J4, the exceptional case of the theorem.

I, + J4is realizable by Corollary 2.2 and M (I, 4+ J4) = 4. But C(I, + J4)
cannot be <4 because the determinant of I, + J4is 5, which is not a square.
Thus C{I;+ J) > 5. But, by Corollary 2.2, C{,+ J;) < 5; hence
C(Is+ Js) = 5. This completes the proof of Theorem 5.4.
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One may inquire whether a proper subset of the 40 realizability conditions
(3.3)-(3.7) would be sufficient. We show that this is not the case by exhibiting
symmetric integral matrices B,, satisfying f,,(Bs,) < 0 but fo, (B,,) > 0 if
either ¢ = ¢’ or p # p’. Here (o, p), (¢, p’) are taken from the 40 pairs of
subsets of w4 used in (3.3)~(3.7). Clearly it is enough to produce one matrix
for each of the five types of inequality:

0
0
0
1

NN WO OO = QM D= OQ

U=ﬂ, p={1)2}!B€'P=

|

c={1}, p = {2,8}, B,, =

o= {1}, p = {2,8,4}, B,, =

o =1{1,2}, p=13,4}, B, =

DN O W ket e DN bk el et O OO OO
— DD DD O O DN O - = O OO O

o= DN = O O DN e =

Similarly one may show that the realizability conditions in Theorems 5.2
and 5.3 are independent. Also, matrices B with M (B) = E-B, where E is
any given extreme matrix of order not exceeding 4, may be exhibited. Hence
the portions of Theorems 5.2, 5.3, and 5.4 referring to C(B) cannot be
simplified.

6. (k, \) Matrices.

TrEOREM 6.1. If n > 3, the extreme matrices in %), of the form

al, + (B — a)J,
are the matrices
(6.1) E.; ={@2r — 1)L, = J,}/r(r — 1)

where v is an inleger and 2 <r < n — 1.
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Proof. Let F = F(a,B,n) =al, + (8 — a)J,. If g(t) is the sum of the
elements in a principal submatrix of F of order ¢, then

(6.2) gt) = B —a)i* + at.

Suppose that F is admissible and that there exists an integer r such that
2<r<n—1,gr—=1) <1, gr) =1, g(r + 1) < 1. We can represent F
in the form aE,,, + bE,, ;41 since the determination of ¢ and b requires the
solution of a consistent system of two linear equations in two unknowns. A
straightforward calculation shows that g(r — 1) < 1 implies that & > 0,
g(r) =1 implies that ¢+ b =1, and g(r + 1) < 1 implies that a > 0.
Consequently, F is not extreme. If g(1) = 1, g(2) < 1, then 8 = 1, a < 3/2,
and, for ¢t > 2, g(t) < 24 3/2(t — #*) < 1. Thus F has only = principal
submatrices for which the element sum is 1 so that F is not extreme. Simi-
larly, g(n) =1, gln — 1) < 1 is impossible if F is extreme. It follows that
F is extreme only if there exists an integer r with 2 <7 < # such that
g(r) = g(r — 1) = 1. This implies, by a simple computation, that F = E, ,.
However, E,,, has only » + 1 principal submatrices with element sum 1 and
so is not extreme if # > 3, since then

() mer

It is easy to see that E, , is admissible. The element sum of a principal
submatrix of E, , of order ¢ is given by

R(t) = {(2r — 1)t — 2} /r(r — 1),

a quadratic function of { having its maximum at { = 7 — %. Thus the value
of h(t) cannot exceed its values at » and » — 1, which are both 1. (Note that
it is essential that r be an integer for E,,, to be admissible.)

To prove that E, ., is extreme, we must show that the condition that all
principal submatrices of orders r — 1 and r have element sum 1 determines
E, .. uniquely. Let ¥ = (y;;) be a symmetric matrix of order » > r satisfying

this condition. Then the elements of ¥ satisfy (r f > equations of the type

1
r—1
(6.3) 2yu+2 ) yy=1
g=1 1<i<i<r—1
and (7:> equations of the type
(6.4) 2 yu+2 2 yy=1L
i=1 1< i<i<r

Subtracting (6.3) from (6.4) we have

r—1

3 yir =
yi,r = _zyrr-

=1
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By symmetry, the sum of any set of r — 1 off-diagonal elements in the rth
column of ¥ is —3vy,,. This implies that all these off-diagonal elements are
equal, so that we have, for 7 £ r,

Vir = —yr,r/{Q(r - 1)}
The same argument may be carried through for any column so that
Y = —¥5/12(r — 1)}, for 7 5 ;.

But since Y is symmetric we may proceed in the same way with the rows
of ¥ and deduce that

Vig = —3u/{2@ — 1)} for 7 5= ;.

Hence y:; = v;; = v and y;; = —v/{2(r — 1)} if 7 > j. Insertion in (6.3)
gives v = 2/r so that y; = 2/r, v, = —1/{r(r — 1)} fori % j,and Y=E, ..

Let B be a (k, \) matrix, B = A, + (¢ — A\)J,. If & > X, then B is non-
singular, since, as is well-known,

(6.5) det B = (B — M)k + (n — 1)N).

Let C(B) = C(n, k, \). An upper bound for C(#n, k, \) is given by Corol-
lary 2.2. We now establish a theorem giving a lower bound for C(n, k, A).

Let §,; be the Kronecker symbol. Consider the real linear programming
problem:

x> 0,
(6.6) Diperdr =N+ (k—Nsy, 1<i<ji<n,
Z,E‘.,,, X, = minimum.
Let us call the value of the program C*(n, k, ). Clearly
(6.7) Cln, &, 2) > (C*(n, k, )
since C(n, k, A) is the value of the integral program (6.6).

THEOREM 6.2.

C*(",k,k)=s_tl<2k__(ll_—_sﬂ>,

where

(6.8) s=[ﬁ:i2+l]
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On the other hand, a solution of (6.6) is
%, =0, || #s, s + 1,
—1
6.9) x,=u= (ks — ANn — 1))/ (?_ 1) , |7} = s,
x,=v=(A(n—l)—k(s—l))/(n:l>, 7| = s + 1.

For, from (6.8), we have immediately that x, > 0, for all 1 C w,. Now, if

1 # j,
n—2 n—2
(i%clx‘r_ <5'_2>u+ <S— 1>‘U— A

n—1 n—1
Le= () (07 ) n

so that (6.9) yields a solution of (6.6). Moreover, one can also deduce from
(6.9) that

2w = (?)u'*_(s—tl)”:sil@k_@—:sﬁ)'

n (n — 1)>\>
C"‘(n,k,k)<——s+1<2k———————s .
Theorem (6.2) follows.

and

Hence

Note that the solution (6.9) is integral if s =1 or if s =#n — 1. Now
s = 1 implies that & > (# — 1)A and s = #» — 1 implies that

n—1
k<n—2

In these cases, C(n, k, \) = C*(n, k, \).
From Theorem (6.2) we obtain

A

COROLLARY 6.1. If B > (n — 1)A,
Cln, b, \) = nk — (’;) A,

and if
E<B=IN k) =2k -2
= n — 2 ' y Yy - .
The first portion of Corollary 6.1 could also have been deduced from
Theorem 4.1.

In many combinatorial problems, & is a divisor of (z — 1)\. In particular,
this occurs with the configuration known as a symmetric block design. A
symmetric block design with parameters # > k > A is an incidence system
consisting of # objects, # sets of these objects (called blocks) such that any
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block has k objects, any object belongs to % blocks, any two blocks have X
objects in common, and any two objects belong to A\ blocks in common.
(These properties are not independent.) A finite projective plane of order N
is a symmetric block design with parameters N*4+ N 4+ 1, N + 1, and 1.

CoroLLARY 6.2. If k divides (n — 1)\, then

nk’

C*(n, k,A) = m .

Proof. In this case
s = ﬁn_—'kl_)x_ + 1.
The corollary follows at once.

It is interesting to compare the lower bound C*(x, k, A) for C(n, k, \) with
the lower bound 7 (the rank of a (k, A\) matrix of order # if 2 > )). From
Corollary 6.2 we see at once that when & divides (n — 1)\, C*(n, &, \) 3 n
according as k2 — & Z (n — 1)\. Notice that in the case of equality,
k* — k = (n — 1)\, This is always true for symmetric block designs.

TuEOREM 6.3. A symmetric block design with parameters n > k > M exists
if and only if C(n, k, \) = n.

Proof. If a design exists, there is a 0-1 matrix 4 of order » such that
AAT = (B — NI, + M, Hence C(n, k, \) < n. But C(n, &, \) > n since a
(k, \) matrix with & > \ is non-singular. Thus C(n, &, \) = =u.

On the other hand, if C(n, k, ) = n, there is a 0-1 matrix A of order =
such that 447 = (kB — \)I, + AJ,. Each row of 4 contains exactly k ones.
Hence AJ, = kJ,. It follows from a theorem of Ryser (9) that J, 4 = kJ,
and ATA = (B — NI, + M,. These imply that a design exists with para-
meters #, k, \.

COROLLARY 6.3. If k2 — k54 (n — 1)\ or if n is odd and k — \ is not a
square, then C(n, k, \) > n.

The corollary follows from Theorem 6.3 and the remarks preceding it and
from equation (6.5).

CoROLLARY 6.4. A projective plane of order N exists if and only if
C(NtE4+ N+ 1,N+1,1) =N24+ N+ L.

If a plane of order N does not exist, then
C(N*4+N+1,N+1,1) > N4+ N+ 1L

When # is large in comparison with k and A, C*(xn, k, \) can give a very
poor estimate of C(z, &, \). In fact, the crude upper bound of Corollary 2.2
actually gives C(n, k, \) in this situation. More precisely, we have
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TureoreM 6.4. If

(6.10) "> <§>(k—>\)+1 0> 0),

then C(n, k,\) = nk — (n — 1)\,

Proof. Let the matrix (B — NI, + \J, be the intersection matrix for a
certain family of subsets {S;}, ¢ =1,2,...,n, of a set, P. Let S; contain
objects 0y, 02, . . ., 0;. Some set of A of these objects, say {01, 02, ..., 0} = L,
must be contained in at least

=S/ ()

of the remaining sets. Let these sets be Sy, Ss, ..., S;.1. Consider now any
of the sets S, where ¢ > 1 4+ 1. Suppose that S, contains at most a proper
(possibly empty) subset M of L. Let |M] = u, where 0 < u < A. Then §,
must contain M — u objects from each of thesets Sy — L, S: — L,...,S,;1—L
and these objects are distinct, since S; M S; = Lior1 €7 < j <t + 1. Thus
S, contains at least u 4+ (¢ + 1) (A — u) objects. It follows from (6.10) and
the definition of ¢ that

E—u

¢t+1)>k—A+1= max

O<pA—1N = [

so that u + (¢ 4+ 1)(A — u) > k, contradicting |S,| = k.
It follows that all sets S;, 2 = 1, ..., n, contain L and have, therefore, no
further objects in common. Thus

1P| >

knJSil =N+nkk—)\) =nk— (n— D\
i=1

Hence C(n, k, ) > nk — (n — 1)A. The theorem now follows from Corollary
2.2.

Note that when 2 = N+ 1and A = 1,

<f)(k—x>+1=N2+N+1,

indicating that finite projective planes play a critical role in the theory of
content. We can see from Theorems 6.3 and 6.4 that C(n, k, \) may behave
quite irregularly (though of course monotonically) as a function of #. Thus,
since a plane of order 11 exists, C(133, 12, 1) = 133 but, according to Theorem
6.4, C(134,12,1) = 1475. It would be of considerable interest to know
C(N*+ N+ 1, N+ 1,1) when a plane of order N fails to exist.

We can now give an example of matrix B for which C(2B) < C(B). Let
B = I; + Jz. It follows from Theorem 6.4 that C(B) = 8. On the other hand
C(2B) = 7. To see this, observe that here £ = 4, A = 2, n = 7. Consider a

https://doi.org/10.4153/CJM-1968-029-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-029-7

ZERO—ONE MATRICES 323

plane II of order 2 with seven points and seven lines L;, 2 = 1,2,...,7. Let
S;=MT —L; Then |S)|=7—-3=4 and [S;NS)| =2 if i5j Thus
C(2B) < 7. But since the rank of 2B is 7 we have C(2B) = 7.

We turn to the case in which # is “small” in comparison with & and A,
First we have, as an immediate consequence of Theorems 5.1-5.4,

TueoreMm 6.5. C(1,k N) =k, C2,k,\) =2k — A If > 2)\ C(3, kN
=3k — 32N> E> N CB kA) = 28 — N Ifk > 3\, C(4, k, \) =4k —6);
if 3N > k> 3M2and (k,\) # (2,1), C(4, b, \) = 8/3k — 2\ while C(4, 2, 1)
= 5; 1f3)\/2>k>)\ then C(4,k, \) = 2k — A,

An alternative formulation is

CoROLLARY 6.5. If n <3, Cn, b, N) = C¥(m, R, N). If n =4, Cln, k)
= C*(n, k, \) save when k = 2, \ = 1.

Much of Theorem 6.5 can be deduced from Corollary 6.1.
Corollary 6.5 suggests

THEOREM 6.6. For each n there exists a positive integer D(n) such that
0 Cln, k,\) — C*(n, By, \) < D(n).

Proof. We seek solutions of the constraints in (6.6) with

X, =1, I I

X, = u, 7| = where s is given by (6.8),
(6.11) X, =, H*S+1

Xr = W, T = Wy,

x, = 0, otherwise.

The equations in (6.6) become

t—f—<n_1>u—l—<n~ 1>v w =k,

s —1 s

(6.12) ) 0
(?:2>”+ (1;: 1>”+w

Solving (6.8) for # and v in terms of ¢ and w, we have

u=((h—w—1t)s— (A—w)("*m/(f:i)’

Il
>

(6.13)
v= (A —w)m —1) — <k—w—t><8~1>>/<n;1>'

Letm = s<n ; 1). If ¢ and w are chosen so that

(6.14) t =k — N\ (modm), w= A (modm),
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then # and » will be integers. We now show that we can determine ¢ and w
so that # and v will also be non-negative.

If we set ks — \(# — 1) = qa, then 1 < a < k by (6.8). The conditions
u > 0, v > 0 may be written

wn —1—35)—ts+a>0,

(6.15) s —1) ~wn —s)+k—a>0.

It is evident that the estimate in Theorem 6.6 need be established only for
sufficiently large values of k. For since M < k, only a finite number of matrices
are excluded if we assume & > K (n). Therefore we can assume that at least
one of the numbers a/s, (£ — a)/(n — s) exceeds m. For otherwise we should
have an upper bound for k.

Suppose a/s > m and (¢ — a)/(n — s5) > m. Let Q; be the square of side
m in the (¢, w) plane with vertices (0,0), (0, m), (m, 0),and (m, m). If we
notice that m and s are bounded when # is fixed, we see that if & > K(n),
then (6.15) is satisfied at the vertices of @, and hence throughout Q; since
the solution set of (6.15) is convex. Thus we can find a point (¢, ws) in Q4
with integral coordinates at which the values of » and » given by (6.13) will
be non-negative integers. Note that |to| < m, |we| < m.

Now suppose that a/s < m and (¢ — a)/(n — s) > m. In the (!, w) plane
let Q; be the square of side m with vertices

<m, ms — a >’ (0, ms — a >’ <0’m(n— 1) —a>’ (m’m(n——l)—a)
n—1—s n—1—s n—1~—s n—1—s
Then Qs is in the first quadrant. One can see, as before, with somewhat more
computation, that at the vertices of Q; the inequalities (6.15) are satisfied.
Hence they are satisfied throughout Qs and we can find a point (ig, wy) in Q;
with integral coordinates at which the values of # and v given by (6.13) will
be non-negative integers and for which [¢] < m, |wo| < |m(n — 1)].

Finally, suppose a/s > m but (¢ — a)/(n — s) < m. We argue as above
with the square Q; with vertices

(m(n—s)—(k—a),()), (m(n—s)—(k—w’m)’

SR

and obtain a point (f, w,) giving non-negative integral values for u and v
from (6.13). In this case |t < mn — 1)/(s — 1), |w < m.

Thus equations (6.12) have a non-negative integral solution (¢, %, v, W)
with #; and w, bounded if # is fixed. It follows from (6.11) that

St (D (ot
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Eliminating %, and v, by (6.13), we have

_os—1 nn—1—2s
Z:x’_nSletH—< s(s+ 1)

Since C(n, k, V) < Y x,, the theorem follows.

4+ 1>wo + C*(n, k, N).

A set of m points in a projective plane II of order N is an m-arc if no three
of its points are collinear. Clearly m < N + 2. For, suppose m > N -+ 3 and
consider any point p on the arc. Then the m — 1 lines through p and the
m — 1 other points of the arc are distinct. Since m — 1 > N + 2, we have a
contradiction since there are only N + 1 lines through each point of II. Qvist
(8) has shown that if NV is odd, m < N 4+ 1. To complement this result,
Bose (2) has shown that there are (V + 2)-arcs in desarguesian planes of
even order.

We show how our theory of content provides an alternative proof of Qvist’s
theorem.

Let = be an (IV + 2)-arc in a plane II of odd order N. If $ is any point
of =, the lines joining p to the remaining N -+ 1 points of Z are all distinct.
N+ 2

2
of Z. If we remove from II the points of £ and the lines joining them, we
have a configuration I' consisting of N? — 1 points and 3(N? — N) lines,
with two lines of T’ intersecting in exactly one point. Hence C(3(N? — N),
N+1,1) <N —1.

Let us calculate C*(3(N? — N), N + 1, 1) for odd N. By (6.8), we have
s = [iN] = (N — 1), since N is odd. Theorem 6.2 then gives C*((N? — N),
N4+ 1,1) = N2 Since C(3(N? — N), N+ 1,1) » C*(3(N? — N), N+1, 1),
we have a contradiction.

Observe that we do not obtain a contradiction when % is even. For in this
case, s = 3N and C* = N? — 1. (It is perhaps of some significance that our
method, essentially based upon counting, is nevertheless able to exploit an
arithmetical distinction.)

These are all the lines through p. There are < ) lines joining points

7. Representation of quadratic forms. If D = (d;;) and B = (b,;) are
symmetric matrices over a field K of orders p and # respectively, where p > n,
we say that D represents B over K if there exists an #n X p matrix 4 over K
such that ADAT = B. Equivalently, one may say that the quadratic form
>3 di;x;x; represents the form >3 v,,v,y; over K. If B is a realizable
matrix of order n and C(B) = p > #n, then there is an # X p zero—one matrix
A such that 44T = AT, AT = B, so that I, represents B over the rational
field. Hasse (7), basing himsell upon earlier work of Minkowski, developed a
theory of representation of quadratic forms over the rational field, and it was
this theory that Bruck and Ryser (3) employed in their celebrated paper on
the non-existence of finite projective planes of certain orders.
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If g is prime, there is determined a certain invariant ¢,(B), called the
Hasse symbol, which has values +1 or —1. The Hasse-Minkowski theory
implies that I, represents B over the rationals if and only if the following
conditions hold:

1) p>mn

(7.2) B is positive semi-definite;
(7.3) If p=mn, ¢,(B) =11if g is odd; ¢c2(B) = —1.
(7.4) If p=n+1,c,(B)=1if ¢is odd; ¢c.(B) = —1.

(7.5) Ifp=n+4+2 ¢,(B)=1if ¢qis odd and —det B is a g-adic square;
ce(B) = —1 if —det B is a 2-adic square.

(7.2) is a necessary condition for realizability, but clearly not sufficient.

Counterexample:
1 2.
p=[; 3]

It would be interesting to have a direct proof of the fact that the realizability

conditions of Theorems 5.3 and 5.4 imply that B is positive semi-definite.
Conditions (7.3), (7.4), and (7.5) are useful when one suspects that

CB) =mn,n+ 1, or n + 2. Note that (7.3) and (7.4) are identical. In case

det B is an integral square, (7.5) may be replaced by

(7.5") Ifp=n+2 ¢,(B)=1if ¢g=1 (mod4).

If # is odd and if there exists a symmetric block design with parameters
n, k, \, it was demonstrated by Chowla and Ryser (4), without using the
Hasse—Minkowski theory, that the equation

(7.6) 22 = (b — 1)x? + (_1)%(n—1)}\y2

has an integral solution with x # 0.
If (7.6) fails to have a solution, then there exists a prime ¢ with

Cq(<k - )‘)17 + )\Jn) = CQ(In)-

Hence, not only will we have C(n, kB, \) > n + 1, as is implied by Theorem
6.3, but also, from (7.4), C(n, k, A) > n + 2. Thus we have

TuarorEM 7.1. If (7.6) fails to have o solution with x # 0, then
Clu, b, N) > n+ 2.

A slight strengthening of the Bruck-Ryser theorem is given by

CoroLLARY 7.1. If N =1 or 2 mod 4 and of N is not a sum of two squares,
then C(IN* 4+ N+ 1L, N+1,1) > N24 N+ 3.

In this case we cannot use (7.5") even though det B is a square, because
the prime ¢ for which ¢,(B) = —1 satisfies ¢ = 3 (mod 4).
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8. A non-symmetric analogue. Let {5}, 1 =1,2,...,#n, and {T}},
j=1,...,m, be two families of subsets of the finite set P with p elements.
Suppose that A; is the incidence matrix for the family {S;} and that 4, is
the transpose of the incidence matrix for the family {T';}. Then A;isan# X p
matrix and 4, is a p X m matrix. If B = (b;;) = A; Ay, then Bisan n X m
matrix and &,; = |S; M T}

Suppose, conversely, that B is a given matrix with non-negative integral
elements. We may ask whether there exists zero—one matrices 4; and A,
such that B = A; A,. In contrast with the symmetric problem we have been
discussing, the answer is always affirmative; hence no question of realizability
arises.

TuHEOREM 8.1. Let B be a matrix with non-negative integral elements. Then
there exist zero—one matrices A, and Ag such that B = A, A.,.

Proof. We construct families {S;} and {T';} of subsets of a sufficiently large

finite set P such that [S;N T, =by, i=1,...,n,j=1,...,m.
Let {R;,} be a family of mutually disjoint subsets of P such that |R;,[=0b;.
Let

Si = U Rij and Tj = U R”.
=1 i=1

Then S; N T; = Ry; so that |S;MN Ty = by,

As before, we may ask for the smallest value of  for which B = 4; 4, where
A;is an n X p zero-one matrix and A4, is a p X m zero—one matrix. In com-
binatorial terms, we ask for the smallest set P with two families of subsets
{Ss} and {7T,} having the intersection patterns presented by B. We call this
minimum value of p the non-symmetric content of B and denote it by C(B).
We conclude with some observations about C(B) which parallel the remarks
and theorems in §§ 2, 3, and 4.

The analogue of Theorem 2.1 holds and is proved in the same way; that
is, C(B1 + B,) < C(B;) + C(Bs). Again, it is obvious that C(B) > rank B
and that C(B) > u(B).

From our proof of Theorem 8.1 we can immediately deduce that

C(B) <22 biy

A better upper bound is given by
THEOREM 8.2, Let u; be the largest element in the jth column of B. Then

C(B) < 21 p;(B).
=
Proof. From a set P with
p =2 us(B)
pam

objects, we may select a family of mutually disjointsubsets T;,7 =1, 2, ..., m,
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with |T,] = u;(B). Let R;; be any subset of T, with b;; objects. Since
bi; < w; = |1}y, it is always possible to find such a subset. Let

Si = U Ru-
j=1

Then clearly S; M\ Ty = R;; so that |S; N\ T, = by,

CoroLLARY 8.1. Let v,(B) be the largest element in the ith row of B. Then

n

C(B) < z:l Vi(B)-
=
It is evident that the upper bound given by Theorem 8.2 is attained for
diagonal matrices. As in the symmetric case, it is immediate that a row (or
column) of zeros or one of two identical rows (or columns) may be removed
from B without altering C'(B). Also, if B is a submatrix of B, then

C(B) < C(B).

The problem of determining C(B) may be formulated as a problem in
integral linear programming. Let 7 be an arbitrary non-empty subset of w,
and let ¢ be an arbitrary non-empty subset of w,. Denote by x,, the number
of elements of P belonging to precisely those sets .S; for which 7 € 7 and
precisely those sets 1°; for which j € o. Then we have

(8.1) b= |SiNTyl = 2 %,

i€T, j€o
the summation being over all pairs of subsets of o, and w, satisfying the
stated conditions. C(B) is the minimum value of 3., %, subject to the
constraint (8.1) and the additional constraint x,, > 0, where, of course, we
require that x,, be integral.

Exactly as in the symmetric case we may formulate a dual problem. We
are led to study admissible matrices, Z, which are now defined as matrices
with # rows and m columns with the property that o/l submatrices have
element-sum < 1. The inequality

(8.2) CB)>Z-B (Z admissible)

is established by the same argument as before. Extreme matrices for the
present problem are admissible matrices for which there is a set of m#n inde-
pendent equations stating that a certain set of m#n submatrices have element
sum 1.

For example, when # = 2 and m = 2, the extreme matrices are of the

types
10 4 [t -1
0o ol * o 1
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It follows easily that when # = 2 and m = 2,

C(B) = max(bu, D12, boy, basy b1t + bao — b1y b1y + Doy — oy,
b12 + bar — b1y, b1s + b2 — bag)

so that C'(B) is the largest of eight integers.

We may anticipate here that the sets of extreme matrices will have a
more complicated structure than in the symmetric case, since we no longer
restrict our attention to principal submatrices.

If B is symmetric and realizable, then clearly C(B) < C(B). Strict in-
equality may occur. Let

4 2 2 2
2 4 2 2
31‘2242
2 2 2 2

It follows from Theorem 5.4 that Bj is realizable and C(B;) = 8. On the
other hand, the intersection pattern is presented by B is obtained for the sets

Sy = {01, 02, 03, 04}, Sy = {01, 02, 05, 06},

Ss = {03, 04, 05,06},  Sa = {03, 05, 01},

Ty = {01, 03, 03, 04, 07}, Ty = {01, 02, 03, Os, 07},
T3 = {03, 04, 05, 05}, Ty = {01, 03, 04, 07},

so that C(B); < 7.
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